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Abstract

Various studies from the perspective of early algebra have employed written tests to assess
students’ functional thinking. However, there has been little research on the validity of the
interpretations derived from these instruments. The purpose of this study was to validate
the scores of an instrument designed to assess functional thinking in third-grade students
by providing evidence based on response processes. A test and a retrospective cognitive
interview were administered to 24 third-grade students from a school in Santiago, Chile.
Responses from both the test and the interview were coded and compared to assess the
agreement between the interpretations derived from each instrument. The results showed
a strong and statistically significant correlation in overall performance and revealed
that the item with the greatest divergence between the test and the interview involved
describing the relationship between variables using natural language. In conclusion, the
instrument offers a reliable means of capturing students’ functional thinking, although
it may underestimate their performance when expressing functional rules using natural
language. Future research could use this instrument while incorporating brief interviews
for students in the numerical-functional category, in order to more accurately capture
their ability to generalize in natural language without relying on their writing skills.
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Introduction

Currently, various mathematics curricula have incorporated the teaching of algebra
as an integral component from the early years of schooling (Kieran, 2022; Blanton et
al., 2019; NCTM, 2000). These approaches recommend that students begin by identifying
general mathematical relationships and structures through age-appropriate situations,
thereby laying the foundation for a progressive understanding of more advanced
algebraic concepts, such as variable notation (Blanton et al., 2019; Mason et al., 2009).
The early development of algebraic thinking is thus expected to help address low levels
of mathematical achievement associated with the delayed introduction of algebra (Kaput,
2008; Moses & Cobb, 2001; Museus et al., 2013).

One key area of algebraic thinking is functional thinking, which involves the
generalization of covariational relationships, as well as expressing and justifying these
relationships through different forms of representation (Brizuela et al., 2015). Numerous
studies from this perspective have consistently shown that, even in the early grades,
students are capable of analyzing covarying quantities and gradually develop the ability
to generalize these relationships using registers of varying complexity, eventually
culminating in the expression of their generalizations through conventional symbolic
language (Kieran, 2022; Radford, 2018).

In this context, various studies have examined changes in students’ functional
thinking before and after the implementation of educational interventions (Blanton et
al., 2019; Chimoni et al., 2021; Ureia et al., 2019). A central methodological aspect of
these studies lies in how student learning is assessed. Two main forms of assessment have
been used for this purpose: written instruments (tests) and interviews. Studies employing
a qualitative approach have primarily relied on interviews (Blanton et al., 2017; Brizuela
et al., 2015; Goni-Cervera et al., 2022; Urefa et al., 2019), as they offer the advantage of
allowing students to express their ideas without relying on their reading and writing skills
(Larsson; Granhag, 2005), although they require considerable time for both administration
and analysis.

On the other hand, studies that take a quantitative approach to assessing functional
thinking (Blanton et al., 2015, 2019; Chimoni et al., 2021; Stylianou et al., 2019) have
predominantly relied on paper-and-pencil tests. This type of instrument offers the
advantage of assessing a larger number of students in a shorter period of time, which is
particularly relevant in studies involving large samples. It is important to note that, in
general, the instruments used were developed by the researchers themselves, without a
thorough analysis of their validity for measuring the intended construct.
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A key aspect of developing assessment instruments is the collection of validity
evidence; that is, evidence supporting the interpretations derived from the instrument
(AERA; APA; NCME, 2014). One important source of such evidence is known as response
process evidence, which involves examining the degree of alignment between the
assumptions made by the test developers about how respondents will answer and the
reasoning processes in which those respondents actually engage (AERA; APA; NCME;
2014; Willson; Miller, 2014). Despite its importance, this source of evidence has been
less frequently explored in validation studies (Padilla; Leighton, 2017). Nonetheless,
understanding it is essential for ensuring the validity of cognitive assessments.

With the aim of contributing response process validity evidence, this study sought
to examine the extent to which a test designed to assess functional thinking captures this
type of reasoning in third-grade students. Accordingly, the research questions guiding the
study are: 1) To what extent is the functional thinking of third-grade students, as captured
by a written test, consistent with that identified through a cognitive interview? and 2)
Which items show the greatest discrepancies between the conclusions drawn from the test
and those derived from the interview?

Early algebraic thinking

Early algebraic thinking refers to the type of reasoning engaged in by children
aged 5 to 12 as they begin to make sense of the objects and ways of thinking they will
later encounter in secondary school algebra (Kieran, 2022). Various studies have shown
that students in this age range can successfully carry out core algebraic activities such as
identifying variables, organizing data in tables, generalizing structures, and expressing
generalizations through different forms of representation, including numbers, natural
language, and both conventional and non-conventional symbols (Brizuela et al., 2015;
Cafadas et al., 2019). According to Radford (2018), algebraic thinking is characterized by
the ability to reason analytically about indeterminate quantities (variables or unknowns).
In this regard, the use of alphanumeric symbolism is neither necessary nor sufficient
for algebraic thinking, as other semiotic systems may also demonstrate that a student
understands the structure of a sequence and can reason about it in a general and analytical
way (Cafiadas et al., 2019; Kieran, 2022; Radford, 2018).

Research in early algebra generally identifies three major strands based on the
domains involved: (i) equalities and equations, (ii) generalized arithmetic, and (iii)
functional thinking (Blanton et al., 2015). This study focuses on functional thinking,
which entails analyzing and generalizing relationships between covarying quantities and
expressing these relationships using a range of representations, such as tables, words,
or symbols (Blanton; Kaput, 2011). The aim is not to formally introduce the concept
of function, but rather to engage students in contextualized tasks involving covarying
quantities that can be modeled through functions. These tasks typically require students
to generalize a pattern and represent that generalization in multiple ways (Kieran, 2022;
Pinto; Canadas, 2021).
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Levels of sophistication in algebraic thinking

Mastery of algebraic language is a gradual process that entails the progressive use of
increasingly sophisticated forms of representation to express mathematical generalizations
(Blanton et al., 2015; Radford, 2018; Stephens et al., 2017). Various authors have described
the types of reasoning students use when analyzing patterns, organizing them according
to levels of complexity and sophistication. Radford (2018) identifies three forms of
algebraic thinking that emerge at different stages in students’ learning trajectories:
factual, contextual, and symbolic thinking. Factual thinking involves understanding the
operational structure of a sequence and applying it to any term, though without explicitly
referencing indeterminate quantities. Contextual thinking allows students to verbalize
operational structures in a generalized way, making the indeterminate explicit through
natural language. Finally, symbolic thinking reflects the ability to express operational
structures using conventional alphanumeric symbols.

Blanton and Kaput (2011) identified three types of reasoning used in pattern analysis,
ranging from the simplest to the most complex: (i) recursive thinking, which involves
identifying variation within a single sequence; (ii) covariational thinking, which entails
analyzing how two quantities change simultaneously, without necessarily identifying a
direct relationship; and (iii) correspondence thinking, which involves recognizing a direct
correlation between variables. Stephens et al. (2017) subsequently expanded Blanton
and Kaput’s (2011) framework by classifying students’ responses based on the type of
representation used and the completeness of the generalization. They organized responses
by level of difficulty according to the form of representation used—numerical, symbolic,
or natural language—and further distinguished whether the response made one or both
variables explicit.

It is important to note that the framework proposed by Stephens et al. (2017),
based on data from written tests, considers representing functional relationships in
natural language to be more complex than doing so through symbolic representation.
However, findings on whether natural language or symbolic notation is more accessible
to students have been mixed (Kieran, 2022). Despite these discrepancies, both models
agree that students working with covarying sequences typically begin with recursive and
covariational approaches. A significant shift toward algebraic generalization occurs when
they use correspondence strategies, initially represented through numerical expressions
and progressively through more complex forms such as natural language and symbolic
notation. Accordingly, a central issue in assessing functional thinking is determining
whether students are first able to identify variables, organize data into tables, and
recognize recursive and covariational patterns, and subsequently, whether they recognize
correspondence by generalizing the situation using numerical, verbal, and symbolic forms.

Validity evidence based on response processes

Validity is an argument supported by empirical and theoretical evidence that
justifies the interpretation of test scores for a specific intended use (AERA; APA; NCME,

Educ. Pesqui., Séo Paulo, v. 51, €287163, 2025. 4


https://creativecommons.org/licenses/by/4.0/deed.pt-br

Validity evidence based on response processes for an instrument assessing functional thinking...

2014). The evidence used to assess the validity of test scores can come from multiple
sources, including test content, relationships with other variables, and response processes,
among others. Together, these sources of evidence form an argument about whether the
interpretation of scores is valid for the intended purpose. As such, collecting validity
evidence is essential when making decisions about the use of a given test.

One source of validity evidence relates to the response process. This type of evidence
aims to support the appropriate alignment between the construct being assessed and the
nature of the response provided by the test taker. For example, if a test is intended to
assess mathematical reasoning, it is important to ensure that the respondent is in fact
applying that reasoning and not relying on a procedure that leads to the correct answer
by chance (AERA; APA; NCME, 2014). This kind of evidence is generally obtained through
the analysis of individual responses collected via cognitive interviews.

The cognitive interview is a technique that allows access to the mental processes
of individuals being assessed as they respond to test items. This type of interview collects
additional verbal information about a respondent’s answer to a question. The information
gathered helps determine whether the question is eliciting the mental process intended by
the item designer (Padilla; Benitez, 2014).

The techniques used to conduct cognitive interviews include think-aloud protocols
and retrospective designs (Caicedo; Zalazar-Jaime, 2018; Willis, 2019). In the think-aloud
technique, participants verbalize their thoughts as they respond to the items. In contrast,
retrospective designs involve having participants answer the test items under conditions
similar to its intended administration and then take part in a cognitive interview, during
which they describe the reasoning they used to formulate their responses. The advantages
and disadvantages of each technique have been discussed in the literature (Conrad; Blair,
2009). One advantage of the retrospective interview is that participants complete the test
without being influenced by the interviewer or distracted by the need to verbalize their
thoughts, which can be an important considering for complex items that require multiple
steps (Meadows, 2021).

Methodology

As a way to provide validity evidence based on response processes, this study
aimed to analyze the extent to which a test designed to assess functional thinking is
able to capture this type of reasoning in third-grade students. To this end, the analysis
focused on the degree of alignment between the interpretations derived from the test
and the reasoning described by students in a retrospective cognitive interview (Caicedo;
Zalazar-Jaime, 2018). Both the students’ written and interview responses were coded, and
quantitative analyses were applied to assess the level of agreement between these two
sources of evidence.

Regarding ethical considerations, informed and voluntary consent to participate
in the study was obtained from the students, their parents/guardians, and the school
principal. All procedures and consent forms were reviewed and approved by an
institutional ethics committee.
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Participants

Twenty-four third-grade students from a public school in Santiago, Chile, participated
in the study. These students had previously taken part in a six-week intervention designed
to develop functional thinking. Once a week, they worked on a functional situation using
various forms of generalization, including variable notation. The tasks in the intervention
did not involve the context or function addressed in the test. Participants were selected
through purposive non-probability sampling (Castillo; Padilla, 2012), with the objective
of including both male and female students with varying performance levels. A sample of
this size (N = 24) is considered adequate for collecting validity evidence based on response
processes (Padilla; Benitez, 2014; Willis, 2019).

Instruments

The test was developed based on one of the contexts used by Blanton et al.
(2015) (see Figure 1), from which all test items were derived. Four groups of items were
constructed. The first group assessed arithmetic skills, specifically solving near-term
cases and organizing the results in a table. The second group included items requiring
students to generalize the functional relationship numerically, that is, to calculate the
value of a distant term in the sequence. The third group consisted of a single item
asking students to describe the relationship between variables using natural language.
The fourth group focused on expressing the relationship using symbolic notation. The
items, item groups, and targeted skills are detailed in Table 1. The full test is available
in Appendix 1 on Dataverse®.

Figure 1- Functional situation used in the test

Maria is organizing the tables and chairs where the guests at her party will be seated.
She has several small square tables that will be organized in a row so that everyone
can sit together. If she uses only one table, 4 guests can be seated. If she uses 2 tables,

6 guests can be seated, and if she uses 3 tables, 8 guests can be seated.

© e © ® ©® ©
Q © O © ® @)
© © © ® © O

1 table 2 tables 3 tables

Source: Prepared by the authors.

6~ Annexes available on Dataverse: https://doi.org/10.7910/DVN/4JALQ7
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Table 1- Test items by group, targeted skill, and prompts

. Group Targeted skill Item No. Prompt
(items on...) : :
: : ’ How many guests can be seated if 4 tables are put
© Apply the sequence structure to near : 5 together?
: terms 9 © How many guests can be seated if 7 tables are put
: : together?
Arithmetic thinking Identify variables P .
- - — = Organize the number of tables and number of guests
Organize data in a table identifying 38 i inthefollowing chart (2x9 table is provided).
the values :
|dentify patterns in the table 4 Do you notice any pattern in the table? Describe it.
: 5 How many guests can be seated if 100 tables are put
. . © Generalize the sequence structure by : together?
Numerical generalization ~ : S ; ; -
applying it to distant terms g 6 ¢ How many guests can be seated if 204 tables are put
: : together?
. Generalize the sequence structure  : Describe how to calculate the number of guests that
Verbal generalization ) : 7 :
using natural language : : can be seated for any number of tables.

: How would you describe the total number of guests
8 ¢ that can be seated at any number of tables using
: variables (letters)?

Generalization using symbolic Generalize the sequence structure
language : using symbolic language

Source: Prepared by the authors.

A script with specific questions was developed for each item on the test. The script
followed what Willson and Miller (2014) describe as the role of the story teller, in which
interviewees are asked to explain why they responded to each item as they did. For
example: “In item 4, you wrote that 100 tables would seat 200 guests. Why did you write
2007 How did you arrive at that number?” If the student’s answer clearly conveyed a line
of reasoning, the interviewer moved on to the next item; otherwise, follow-up prompts
were used, such as: “I don’t think I quite understand. Could you explain it again?”

To code the students’ responses for both the test and the interview, a rubric based
on theoretical categories was developed. One advantage of this type of rubric is that each
performance level is described qualitatively, facilitating the classification of responses
into different performance levels (Forster et al., 2017).

In this study, the rubric was applied in two stages. First, responses to each item
were coded. For illustration, Table 2 presents part of the rubric showing the codes used
for item 7.

In the second stage, the students’ performance was categorized for each item group
(see Table 1) based on the codes assigned in the first stage. Each student was assigned a
performance level—high, medium, or low—for each group. For example, a student who
performed well on items 5 and 6, which comprise the numerical generalization group, was
classified as having a high level. The criteria used to assign performance levels for each
group are detailed in Appendix 2, available on Dataverse.
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Table 2- Rubric codes for item 7: “Describe how to calculate the number of guests that can be seated at
any number of tables”

Code : Descriptor

A Includes the correct operation and correctly names both variables: “the number of tables is multiplied by two and then two
is added to get the number of guests.”

B Includes the correct operation and names one variable: “the number of tables is multiplied by two and then two is added.”

C Describes the correct operation: “multiply by two and add two,” or “add the same number twice and then add two.”

D1 |dentifies only the addition and includes at least one variable. Example: “two is added to the number of tables.”

D2 |dentifies only the multiplication and includes at least one variable. Example: “the number of tables is multiplied by two.”

E Describes an incomplete operation without mentioning variables. Example: “you multiply by two.”

F Provides an incorrect answer but consistent with the student’s previous responses to large-number cases. For example, the
student previously multiplied by four and now writes “you multiply by four.”

G Uses an irrelevant strategy. Example: “you draw the tables and the people and then count the people.”

H The explanation described by the student is not understandable.
Writes a correct example, with or without an accompanying explanation. For instance, “for example, if you gave 70 tables

J )
you have to do 70+70+2=142".

NR No response.

Source: Prepared by the authors.
Administration of instruments

The test was administered by a project researcher one week after the intervention
ended. At the start of the session, the researcher carefully read the questions aloud and
instructed students to write down all the calculations they performed while completing
the test. The administration lasted 60 minutes, during which all students were able to
complete the entire test.

The retrospective interviews were conducted the following day in a room at the
school equipped with a video camera. The interviewer called the students one by one and
gave them their completed test to help them recall their responses during the interview.

Coding process

The rubric was applied independently by two coders, and their results were
subsequently compared. To measure the degree of intercoder agreement, Cohen’s
Kappa coefficient was calculated for each item. The resulting values ranged from
0.742 to 1, indicating an acceptable level of agreement (Cerda; Villarroel, 2008). Any
discrepancies were discussed and resolved through consensus to arrive at a single
coding for each response.
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To illustrate the coding process, Figure 2 shows the responses of two students to
item 7. Student E02’s response was coded as “C” (as described in Table 2), while student
E29’s response was coded as “J”.

Figure 2- Responses from two students to item p7

(E02) (E29)

7. Describe how to calculate the number of guests that can be seated for 7. Describe how to calculate the number of guests that can be
any number of tables seated for any number of tables.

Qo s ewr maideer do e X, Movon X )] [ (O e)ervlo. 520 y Se S
4

B Ques uHCAR) S CANTI AP GUBES EST 4 ARRI PAALA
VEAPA) 5o mE bos OF Prbes LADOY ZO qu
|
Translation: "I added the same amount that's on top to the one below QO Translation: For example: 520 and you add them
and | added the ones on the sides" 2 520+ 520 = 1042

Source: Study data.

The interviews were transcribed, and two coders independently assigned each
response the rubric code that best reflected the reasoning expressed by the student.
Cohen’s Kappa coefficient was calculated to assess the level of agreement between coders
for each item, with values ranging from 0.646 to 1.0, indicating an acceptable level of
agreement. Any discrepancies were discussed and resolved.

To illustrate this coding process, excerpts from interviews with two students, EO8
and E16, are presented, focusing on their responses to the question, “How did you arrive
at your answer for item 57”7 Although both students had written the same incorrect
answer—102 guests—on their tests, their interview explanations revealed different lines of
reasoning. The excerpts and the analysis are presented below:

E08: I did make a mistake here.

I: Let’s see, tell me about it.

E08: What happened is that I should have added 100 to 100 plus 2, but I got it wrong and wrote
102.

I: Why would you need to add 100 to 100 plus 2?7

E08: Because at the top, like here, the same number of guests always appears, and there are
always two more. So it’s 100 plus 100 plus 2, which is 202.

E16: I realized I couldn’t do 100 tables because it would take me until tomorrow. So, I imagined
it in my mind and knew the answer was 102, because it goes up by twos... so 100+2.

Analysis of the interview showed that, although E08 made a calculation error, the

student correctly identified the underlying structure of the functional situation (code A).
In contrast, E16 identified only one of the operations involved (code B1).
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Analysis

Based on the coding process, the following variables were defined for each student:
performance on each individual test item and interview item, performance across each
group of test items, and performance across each group of interview items. To assess the
degree of alignment between the codes assigned in the test and those from the interview,
the percentage agreement was calculated for each item and each item group.

Subsequently, to examine the relationship between students’ responses in the
interview and on the test, Kendall’s tau correlation coefficient (Kendall, 1938) was applied.
This coefficient is appropriate for establishing associations between ordinal variables.
Given that the variables in this study reflect ordinal performance categories derived from
the assessment, Kendall’s tau is particularly well suited for analyzing the associations
between them.

To describe overall performance on the test, five categories were established based
on the theoretical model employed (see Table 3). All students were classified into one of
these categories according to their performance across the item groups, with the exception
of two students whose performance did not align with the model. For this reason, a sixth
category was added, termed irregular trajectory.

Table 3- Criteria for assigning performance levels based on item group results

Performance categories Item groups
Arithmetic thinking Numerical generalization Verbal generalization Symbolic generalization
Symbolic functional thinking High or medium High High High
Verbal functional thinking High or medium High High Medium or low
Numerical functional thinking High or medium High Medium or low Medium or low
Arithmetic thinking High or medium Medium or low Medium or low Medium or low
Low performance Low Medium or low Medium or low Medium or low

Source: Prepared by the authors.

The performance categories, including the irregular trajectory category, were
converted into ordinal variables for the purposes of correlation analysis. The categories
were ranked from highest to the lowest level of sophistication as follows: symbolic
functional thinking, verbal functional thinking, numerical functional thinking, irregular
trajectory, arithmetic thinking, and low performance. The irregular trajectory category

Educ. Pesqui., Sdo Paulo, v. 51, 287163, 2025. 10
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was placed above arithmetic thinking because all cases within it corresponded to students
who demonstrated high performance on the numerical generalization items but showed
only medium or low performance on all other item groups.

Results

The following section presents the percentages of agreement between the codes
assigned based on the interview data and those assigned based on the test responses for
each item (see Table 4). Agreement levels exceeded 90% for items p1, p2, p3a, p3b, p5, and
p8, while the lowest level of agreement (58.5%) was observed for item 7.

Table 4- Percentage of agreement between the codes assigned based on the test and the interview for

each item
Question No. P11 i 2 i 3 P 3B i 4 i 5 1 6 I 7 i 8
Agreement L 05.8% i 958% : 958% : 958% : 87.5% i O1.7% i 83.3% : 58.3% : 91.7%

Source: Study data.

For the items assessing arithmetic skills (p1 to p4), there was higher agreement between
students’ written responses on the test and what they expressed during the interview.

For items p5 and p6 (which involve generalizing the functional situation to distant
terms), agreement between the test and interview was 91.7% and 83.3%, respectively. In
these cases, students who answered correctly did engage in the expected reasoning, that is,
generalizing the structure of the functional situation (double plus two) to specific numbers.
The greatest discrepancies between the test and interview coding occurred for item p6. These
corresponded to students who arrived at incorrect results through correct procedures but did
not include their calculations in their written answers. For example, student E14 stated, “I
added 204 to 204 plus 2 and got 500.” Since several students made a calculation error when
adding 408 + 2, a future version of the test should consider modifying item p6, by replacing
the value 204 with 203, for example, to reduce this type of error.

Item p8 also showed a high degree of agreement (91%) between the test and the
interview, suggesting that most students wrote algebraic expressions they considered
appropriate to represent the observed relationship.

The item with the lowest level of agreement (58.5%) between the written test and
the interview was p7. This item asked students to describe the relationship between the
variables in their own words. Discrepancies in coding primarily arose because students’
responses in the interviews were generally more complete. For example, student E06 wrote
“add 2” on the test but said in the interview, “I wanted to explain it, but couldn’t find the
words, so I just wrote ‘add 2’,” and then provided an explanation that demonstrated an
understanding of the structure of the functional situation. Another example is EO1, who
wrote the relationship without naming the variables on the test (code C in Table 2), but
identified them clearly in the interview and was therefore assigned code A.

Educ. Pesqui., Sdo Paulo, v. 51, 8287163, 2025. 1
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Table 5 presents the percentage of agreement between item groups based on the
test and interview results. Agreement exceeded 83% in all groups. Once again, the group
containing item p7 had the lowest level of agreement. Overall, the grouping of items
and the definition of high, medium, and low performance levels made it possible to
consolidate different performances whose codes reflected similar levels of achievement,
leading to improved agreement percentages. In the previous example, the performance
of student EO1 was coded as high both on the test (code C) and in the interview (code A).

Table 5- Percentage agreement between codes assigned from the test and the interview for each item group

ltem groups  ©  Avithmetic items Numerical generalization - : Natural language © Symbolic generalization items
: : items : generalization items  :
Agreement 87.5% 91.7% 83.3% 91.7%

Source: Study data.

Table 6 presents the results of the correlation analysis between the test and the
interview, both for each item group and for the overall performance category on the test. A
strong and statistically significant correlation was found across the item groups, indicating
that, despite the discrepancies previously described, the performance levels assigned to
each group tended to follow the same pattern. Moreover, the overall performance category
showed a high and significant correlation (r,=0.913; p<0.001, N=24), suggesting that
the conclusions drawn from the test regarding students’ functional thinking are largely
consistent with those derived from the interviews.

Table 6- Correlation between test and interview by item group and performance category

[tem group
(items on...)
: : : Performance category
P Numerical i Generalizationin i  Generalization in
: Arithmetic thinking o : : ) :
: generalization @ natural language : symbolic language :
Correlation 0.891*** YT kel 0.868*** 0.920°** 0913

Note: Kendall’s tau was used to estimate correlations.
***p<0.001.
Source: Study data.

Finally, the scatterplot in Figure 3 illustrates the correlation between the overall
performance categories derived from the test and the interview. Most cases (19 out of 24)
fall along the diagonal, indicating agreement between the two instruments. In cases where
there was no agreement, the interview placed students in a higher performance category
than the test, suggesting that the test tended to underestimate the performance of these
five students.
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Figure 3- Scatterplot of performance categories assigned based on the test and the interview
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Regarding the cases that do not fall along the diagonal, three students (E06, E12,
and E14) are concentrated at the same point. In all three cases, the students were initially
categorized as functional numeric based on the test, but the interview revealed that they
belonged in the functional verbal category. These students were unable to respond to
item p7 on the written test but answered it correctly during the interview. The remaining
two cases arose from less common circumstances. Student EO8 was moved from the
arithmetic thinking category to functional numeric, as their incorrect responses to the
numerical generalization items on the test were shown in the interview to result solely
from calculation errors. Meanwhile, E27 had been classified under irregular trajectory on
the test for not responding to items p1 and p2 and only producing drawings. However, in
the interview, they demonstrated knowledge of the results and were therefore reclassified
as functional numeric.

Discussion
Tests designed to assess functional thinking are often based on the assumption

that students, when responding to various items, will engage in reasoning processes such
as identifying patterns and generalizing relationships between variables. Examining the
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extent to which students actually employ these forms of reasoning constitutes a crucial
type of evidence. This study aimed to contribute evidence of validity based on response
processes (AERA; APA; NCME, 2014) by analyzing the extent to which interpretations
derived from a test designed to assess the functional thinking of third-grade students were
consistent with the reasoning expressed by those students during cognitive interviews.
The agreement analysis between the test and the interview helped identify the items with
the greatest discrepancies. Overall, a high and statistically significant correlation was
found (, ; N=24) between the level of functional thinking assigned based on the test and
that identified during the interview, supporting the conclusion that the test effectively
elicits the mental processes it is intended to measure.

In line with other scholars such as Radford (2018), Stephens et al. (2017), and
Blanton et al. (2015), the instrument developed in this study enabled the identification of
a discernible trajectory in the development of students’ functional thinking. Along this
trajectory, performance categories can be distinguished according to varying levels of
sophistication. The arithmetic thinking category included students who were only able to
work with near terms and record some data in a table. The numerical functional category
comprised students who managed to establish relationships between variables and
applied them to distant terms, although they did not formulate general rules. In the verbal
functional category, students generalized not only through numerical representations but
also using indeterminate expressions in spoken or written natural language. The symbolic
functional category identified students who generalized using all representational registers,
including variable notation.

Unlike Stephens et al. (2017), the results of this study did not reveal instances of
students using symbolic representations without also demonstrating the ability to express
the relationship in words, whether written or spoken. That is, students who successfully
generalized using variable notation were also able to describe the relationship in natural
language, even if some experienced difficulties articulating their ideas in writing. In line
with authors such as Radford (2018) and Pinto and Cafiadas (2021), our findings suggest
that students tend to express relationships between variables in natural language before
acquiring the ability to use symbolic representations.

A detailed, item-by-item analysis of the alignment between the written test and
the interview revealed that the most significant discrepancies occurred in item p7, in
which students were asked to describe the relationship between the variables in their own
words. It was found that only 58% of students conveyed in the written test what they
actually understood, while the remaining 42% provided more complete responses during
the interview. This suggests that formulating a generalized functional rule in writing
may pose a challenge for many students. These findings are consistent with studies that
highlight the difficulties that younger students face in expressing mathematical ideas in
written form (Blackstock-Bernstein et al., 2022; Hughes et al., 2020).

Considering this aspect may be important when drawing conclusions based on this
type of item. For example, in the study by Stephens et al. (2017), which used written
instruments, students were reported to find it easier to express generalizations using
variable notation than in words. The findings of our study suggest that the difficulty in
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generalizing using natural language may be more closely linked to the written format
than to the use of natural language itself.

Lastly, the analysis of the overall performance category assignments showed that for
79% of the students (19 out of 24), the test and interview yielded the same classification.
In the remaining 21% of cases, the test underestimated the level assigned based on the
interview. These discrepancies were primarily observed among students categorized
as functional numeric. For these students, the interview provided a more accurate
understanding of their ability to generalize functional rules using natural language. These
results suggest that the application of the instrument could be improved by incorporating
brief follow-up interviews focused on item p7 and on students placed in the functional
numeric category. Such a methodological adjustment could enhance the assessment of
functional thinking without relying too heavily on students’ writing skills.

Conclusions

This study provides validity evidence based on response processes that supports the
interpretations derived from a written test designed to assess functional thinking in third-
grade students (ages 9-10). Overall, the instrument under analysis—comprising the test and
an accompanying rubric—proved effective in reliably capturing the students’ functional
thinking. One noteworthy finding was that the item showing the greatest discrepancy
between the test and the interview involved articulating the functional relationship
using natural language. This suggests that future research could consider incorporating
complementary tools, such as brief interviews, to examine whether students classified
in the functional numeric thinking category are able to express their generalizations in
natural language, regardless of their writing skills.

While these findings are significant, it is important to note that the evidence was
obtained from a primary school grade in a public school serving a low socioeconomic
context. To assess its applicability in other settings, additional validity analyses would
be needed with students from diverse socioeconomic backgrounds. Such an expansion
would not only help to explore the generalizability of the findings, but also to determine
whether difficulties with written language are present in other sociodemographic groups.
Furthermore, it should be noted that response processes represent only one of several
possible sources of validity evidence; therefore, future studies could investigate other
sources to strengthen the validity of the interpretations derived from the test.
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