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Abstract
The history of ocean circulation models utilizing sea water potential density as a vertical coordinate is de-
scribed. After a brief review of several models belonging to this class, emphasis in this article shifts to the
ocean models MICOM and HYCOM developed by the authors and others at the University of Miami during
the period 1980 – 2010.
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INTRODUCTION

The arrival of the electronic computer in the late
1940s paved the way for numerically solving the
nonlinear time-dependent partial differential equa-
tions – or rather, their algebraic analogs – governing
oceanic and atmospheric motion. Early computers,
slow by today’s standard, only allowed planetary-
scale fluid flows to be simulated in two spatial di-
mensions. More than a decade had to pass before
truly three-dimensional global simulations were pos-
sible. At that stage of development, models began
to diverge by their choice of vertical coordinate. In
weather prediction, a terrain-following (commonly
known as σ) coordinate became the most popular
choice, while in basin-scale ocean models depth
and – to a lesser extent – potential density prevailed.
This article deals with the latter, commonly referred
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to as isopycnic coordinate (with the word "potential"
omitted for brevity).

Geophysical Coordinate Systems

What follows is a brief review of coordinate systems
commonly used in solving the equations that govern
fluid motion on a rotating planet. Emphasis here is
on the vertical coordinate; a discussion of the many
ways in which a spherical surface can be mapped
onto a plane is beyond the scope of this article but
can be found in the review article by Staniforth &
Thuburn (2012).

Nevertheless, one remark regarding the choice
of horizontal coordinates (x, y) is in order. Given
the magnitude of the gravitational force compared
to horizontal forces acting on a geophysical fluid, it
is important to avoid "contaminating" the horizon-
tal force balance by even the smallest amount of
gravity projected onto the x and y axes. Hence,
regardless of the choice of vertical coordinate used
in a numerical model, the x, y axes must always
be oriented normal to the direction of gravity. This
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situation is depicted in Figure 1 (left) where the ver-
tical model coordinate is denoted by the letter s.
The sketch illustrates that even if the fluid moves
along an s surface, the u component of motion,
measured as the rate at which a fluid parcel pro-
gresses from, say, coordinate surface x = x1 to
x = x2 retains its original Cartesian meaning. The
same holds for the y component of motion. Accord-
ingly, the pressure gradient term in the horizontal
momentum equations in an s-coordinate model al-
ways represents the literally horizontal component
of the three-dimensional pressure force. Problems
encountered when evaluating it from data carried
on sloping s surfaces are a recurring theme in gen-
eralized coordinate modeling and will take up much
room in this article.

The standard approach to transforming spatial
derivatives from z to s space, demonstrated here for
the horizontal gradient of pressure p in x,z space,
is to form the total differential dp = (∂p/∂x)zdx +
(∂p/∂z)xdz where subscripts indicate variables
held constant during differentiation. Dividing this
expression by dx while holding s constant, we ob-
tain (∂p/∂x)z = (∂p/∂x)s − (∂p/∂z)x(∂z/∂x)s .
Under hydrostatic conditions, where the ratio of
gravitational acceleration g and specific volume
α equals −∂p/∂z , this leads in the case of
s = p to the familiar geopotential gradient expres-
sion α(∂p/∂x)z = (∂gz/∂x)p while in the case of
s = α(≡ ρ−1) it leads to Montgomery’s formula

α (∂p/∂x)z = (∂M/∂x)α (1)

where M = gz + pα. A similar expression holds in
isentropic coordinates in the atmosphere. M is most
easily computed – and in fact should be computed,
as explained shortly – from the hydrostatic equation
in the form ∂M/∂α = p.

Other partial differentials in the dynamic equa-
tions, including local time derivatives and the diver-
gence term in the continuity equation, are trans-
formed to s space in similar fashion. To trans-
form derivatives of the horizontal velocity vector
v = v(x,y ,s,t) in the momentum equation, for ex-
ample, one starts from

dv =(∂v/∂x)ystdx + (∂v/∂y)xstdy

+(∂v/∂s)xytds + (∂v/∂t)xysdt (2)

which immediately leads to an expression for dv/dt,
conveniently decomposed into a local time tendency
and a set of three advection terms in x,y ,s space.

To convert the three-dimensional divergence
term ∇z ·v+∂w/∂z in the continuity equation from
z to s space, we start by expressing the horizontal
component as ∇z · v = ∇s · v − (∂v/∂z) · ∇sz .
(Here, ∇ is the 2-dimensional gradient operator
whose subscript indicates the variable held con-
stant during differentiation.) Transformation of the
remaining term, ∂w/∂z , is slightly more complex
because the vertical velocity component, in contrast
to u and v , must reflect a possible movement of the
s surface. Our starting point is the expression

w ≡ dz/dt = (∂z/∂t)s + v · ∇sz + ṡ(∂z/∂s)

whose z-derivative is

∂w/∂z = (∂s/∂z)(∂w/∂s)

= (d/dt) log(∂z/∂s) + (∂v/∂z) · ∇sz
+ ∂ṡ/∂s

where ṡ ≡ ds/dt The final step in transforming the
continuity equation is to add to ∂w/∂z the remain-
ing terms (d/dt) log ρ+∇z ·v from the z -coordinate
form of the continuity equation, making use of the
expression for ∇z · v obtained earlier:

(d/dt) log ρ+∇z · v + ∂w/∂z =
(d/dt) log(ρ∂z/∂s) +∇s · v + ∂ṡ/∂s = 0

The flux form of this equation under hydrostatic
conditions is

∂

∂t

(
∂p

∂s

)
+∇s ·

(
v
∂p

∂s

)
+
∂

∂s

(
ṡ
∂p

∂s

)
= 0 (3)

The mass continuity equation in this form is the
basic building block for all tracer conservation equa-
tions in s space. Further details will be omitted here
but are laid out, for example, by Kasahara (1974)
and Bleck (1978a).

Vertical coordinates: σ and z

Due to the relative absence of erosion, shelf breaks
and mountain ranges on the seafloor are steeper by
far than terrestrial mountains. Hence, σ coordinate
surfaces tend to be more steeply inclined in basin-
scale ocean models than they are in atmospheric
models – to the point where diagnosis of the hori-
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Figure 1. Left: Layout of (x, y , s) coordinate surfaces, reproduced from Bleck (1978a). Right: Hybrid coordinate
version D, reproduced from Bleck (1978b).
.

zontal pressure force from mass field information
carried on sloping σ surfaces becomes a serious
problem. For this reason, terrain-following coordi-
nates in the ocean are mainly used in models of
shelf seas [e.g. Blumberg & Mellor (1987), Shchep-
etkin & McWilliams (2003)]. Figure 1 (right), which
we will discuss in a different context later, shows a
sketch of σ coordinate representation in the lower
part of a model atmosphere.

A better choice than σ in basin-scale models is
the z coordinate with bottom topography approxi-
mated by cuboids of different heights. This coor-
dinate, in which cuboid height is constrained by
the model’s vertical resolution to assure that grid
cells in x,y ,z space are cuboid-shaped as well, has
the advantage of allowing precise evaluation of the
horizontal pressure force. We should mention that
Mesinger et al. (2012) have introduced a similar fea-
ture in σ-coordinate weather models; their scheme
allows individual σ surfaces to laterally terminate
at the top of escarpments rather than being forced
to climb over mountainous obstacles. The weather
community has not fully embraced this elegant de-
sign, one reason being that vertical sidewalls tend
to create spikes in precipitation statistics.

Density as vertical coordinate

Oceans and atmospheres are "shallow" fluids in
which horizontal motion dominates, but where verti-
cal displacement nevertheless plays an important

role in setting the vertical structure of heat and mo-
mentum fields. In the 1930s, when synoptic aerolog-
ical observations became frequent enough to allow
the charting of air flow in the free atmosphere, the
complexities of analyzing three-dimensional flow
patterns became apparent. In a seminal article,
Rossby & Collaborators (1937) addressed this prob-
lem by treating the atmosphere as a stack of quasi-
immiscible material layers, thereby effectively re-
ducing a three-dimensional analysis problem to a
set of two-dimensional ones. A suitable variable to
associate with those layers was entropy or a vari-
able related to it, such as buoyancy or potential
temperature, given that fluid motion in the ocean
and atmosphere away from boundaries can often
be treated as adiabatic.

Oceanographers were quick to follow
(Montgomery 1938) but had to use potential
density, another variable conserved in adiabatic
flow, in lieu of entropy due to the difficulty of
measuring entropy in the ocean. In fact, the
isentropic and isopycnic analogs of the isobaric
geopotential, crucial for analyzing synoptic-scale
flow patterns from sparse velocity and mass field
observations, were first derived in the oceanic
context (Montgomery 1937).

On the atmospheric side, an unfortunate flaw
in the computation of M from radiosonde data
severely complicated isentropic analysis and ar-
guably stood in the way of its being adopted in
operational meteorology. It was Danielsen (1959)
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Figure 2. Transport-induced vertical diffusion in (a) "level" models (models using a fixed-depth vertical coordinate) and
(b) "layer" models (models using a material vertical coordinate).

who pointed out that independent evaluation of the
two terms in the expression for M ignores the high
degree of error cancellation between the two terms.
A hydrostatic equation formulated with M as the
unknown accounts for this cancellation1.

Despite this setback, interest in simplifying the
study of three-dimensional flow by utilizing a quasi-
material vertical coordinate persisted, as this would
allow researchers to reduce the spatial complexity
of many phenomena. Starr (1945) laid the theoreti-
cal groundwork for this type of work by formulating
the dynamic equations in a material or, as he called
it, quasi-Lagrangian reference frame.

One welcome attribute of a material vertical co-
ordinate, which we will return to later, is its ability
to suppress numerical diffusion of tracer fields sub-
jected to fluctuating vertical velocities. To illustrate
this, we show in Figure 2 the evolution of a hypo-
thetical tracer lifted in the water column during one
time step and lowered during the next one, as may
happen during passage of an internal gravity wave.
In a fixed grid, the so-called rezoning step required
at the end of the first time step causes tracer mate-
rial to leak into the cell above. Only a small amount
of this material returns to the original cell during the

1In a personal letter written to one of us in the early 1970s,
Montgomery pointed out that oceanographers did not make
this mistake.

following subsidence step; furthermore, rezoning
now causes tracer to leak into the cell below. At the
end of the second time step, tracer concentration
in the original cell in this example has dropped by
32%.

The rightmost three columns in Figure 2 illustrate
the obvious, namely, that without rezoning the tracer
stays in the original grid cell.

The material presented in the remainder of this
article is organized in a way that mirrors the histori-
cal development of isopycnic ocean models. Sec-
tion 2 deals with early "process" models in rectan-
gular basins driven by idealized wind stress fields,
later extended to real ocean basins with variable
bottom depth forced by realistic wind fields. The
problem of applying buoyancy forcing to a model
which uses buoyancy as an independent variable
is dealt with in Section 3. Techniques to overcome
the incompressibility assumption traditionally made
in isopycnic ocean models are discussed in Sec-
tion 4. The hybrid-isopycnic coordinate framework,
developed to address various limitations of "pure"
isopycnic models, is covered in Section 5. Trans-
formation of gridded fields as it relates to isopycnic
model initialization and post-processing is briefly
discussed in Section 6. The article ends with con-
cluding remarks in Section 7.
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EARLY WIND-DRIVEN ISOPYCNIC
MODELS

Two-layer process models

Several barriers stand in the way of widespread
use of an entropy-related vertical coordinate in geo-
physical fluid modeling, the most important one
undoubtedly being that these coordinate surfaces
can intersect the upper or lower domain boundary.
Coordinate surfaces that cease to exist over parts of
the computational domain, or are not always nicely
separated from one another, complicate the design
of finite-difference operators. A number of remedies
for overcoming this layer "outcrop" problem (a term
borrowed from geology where it describes rock lay-
ers rising from the earth’s interior to the surface)
have been developed over the years, but before
these became available, applications of isopycnic-
layer models were restricted to scenarios where
outcropping did not occur. Consequently, early
isopycnic models were characterized by extremely
coarse vertical resolution (typically no more than 2
layers), uniform surface density, and a bottom layer
deep enough to prevent bottom topography from
intersecting the lowest interior layer interface.

While these models were incapable of simulating
real-world ocean circulations in great detail, they
served as important tools for explaining and un-
derstanding phenomena such as western bound-
ary currents and dynamic instabilities observed in
the real ocean. Theoretical treatment of these pro-
cesses typically involved one- or two-layer abstrac-
tions of the real ocean, e.g. Pedlosky (1964) and
Welander (1966). Examples of process-oriented
numerical simulations conducted in the two-layer
framework are the works of Holland & Lin (1975a),
Holland & Lin (1975b), Hurlburt & Thomson (1976),
and Hurlburt & Thomson (1980). The contributions
of Holland and Lin (loc.cit.) in particular set the
stage for later multi-layer work.

As explained by Orlanski (1969), for example,
baroclinic instability results from the interaction
of two properly-positioned potential vorticity (PV)
anomalies. In the classical Eady (1949) model
these anomalies are provided by thermal gradients
on both the upper and lower boundary, but in the
atmospheric context the anomalies typically are a

combination of a PV anomaly embedded in the up-
per troposphere and a temperature anomaly at the
lower boundary [Bretherton (1966), Bleck (1990)].
Importantly, PV anomalies created by a single slop-
ing interior interface in a 2-layer isopycnic model
are able to spawn baroclinic instability. This allowed
Holland & Lin (1975b) to study baroclinic instability
in their simple 2-layer, flat-bottom model devoid of
density anomalies at the surface or bottom.

As layers are added to an isopycnic model to
increase its vertical resolution, the layer outcrop
problem must sooner or later be addressed. This
issue is dealt with in the following section. Still,
multilayer models devoid of outcropped layers oc-
casionally find use in theoretical investigations of
geophysical fluid phenomena. An example of such
work can be found in Herbette et al. (2003). Note
that layer thickness – the denominator in the isopy-
cnic rendition of Ertel’s Potential Vorticity Theorem
– is a prognostic variable in “stacked shallow-water"
models of the type discussed here. This makes
them particularly useful for PV-oriented diagnostic
work. With a bit of poetic license, we can borrow
a term from biology and say that PV is important
because it sits at the top of the dynamic food chain.

Treatment of layer outcropping

Replicating or extending theoretical investigations of
ocean dynamics in a 2-layer environment is enlight-
ening but not the ultimate goal of ocean modeling.
To expand the range of phenomena tractable by
isopycnic ocean models, the roadblock mentioned
earlier regarding the outcropping of coordinate lay-
ers quickly became the number-one issue. The
course taken by modelers at the University of Miami
was to extend outcropped layers as zero thickness
or "massless" layers into regions where they do not
physically exist, and to find numerical algorithms
capable of handling the transition between mass-
containing and massless portions of a coordinate
layer. The massless layer concept was first intro-
duced by Lorenz (1955); it has more recently been
exploited by de Verdière et al. (2018) in their work
on available potential energy in isopycnic models.

A promising algorithm for the stated task was
found in the Flux-Correct Transport (FCT) scheme
[Boris & Book (1973), Zalesak (1979)]. A model
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incorporating this scheme was first used in simula-
tions by Bleck & Boudra (1986). This model, many
of whose features were inherited from a hybrid-
isopycnic coordinate model published a few years
earlier (more on that below), consisted of four ac-
tive layers in a rectangular flat-bottom basin. Un-
welcome spikes in the intensity of wind forcing in
a surface layer transitioning to a massless state
were avoided by distributing wind stress over a
fixed depth interval, assuming a linear stress profile.
Bleck & Boudra (1986) compared this model to the
earlier hybrid model of Bleck & Boudra (1981) and
to a version reconfigured in traditional depth coordi-
nates to shed light on the sensitivity of the solutions
to different coordinates choices.

Other investigators, including Huang (1986) and
Bogue et al. (1986), followed the lead of Bleck &
Boudra (1986) in using the FCT algorithm, though
only in models with one active layer. Other work to
be mentioned in this context is the one by Sun et al.
(1993) who compared FCT in a 3-layer buoyancy-
forced model to the MPDATA (Multidimensional
Positive Definite Advection Transport Algorithm)
scheme of Smolarkiewicz (1984) – an alternate
and equally successful algorithm permitting par-
tially massless layers. Only minor differences in the
performance of the two schemes were found.

Another positive-definite advection scheme suit-
able for handling massless layers, this one devel-
oped by Hsu & Arakawa (1990) for use in an atmo-
spheric isentropic model, was applied in an oceanic
process study by Hallberg & Rhines (1996).

Barotropic/baroclinic mode separation

The next step in isopycnic model design was the
development of a procedure for independently time-
stepping the barotropic and baroclinic modes. Since
barotropic gravity waves typically propagate through
the ocean at least 20 times faster than other signals,
numerical efficiency can greatly be increased by
filtering these waves from the time-consuming layer-
by-layer integration of the prognostic equations. His-
torically, mode splitting was achieved through the
so-called rigid-lid approximation (Bryan 1959), but
this approach requires solving an elliptic equation
for the barotropic stream function, a complex en-
deavor in the presence of islands.

A simple way around the numerical efficiency
problem created by barotropic gravity waves is to
totally eliminate the barotropic mode by making the
bottom layer infinitely deep, and thus motionless.
Multilayer isopycnic models belonging to this so-
called reduced-gravity class have been used in work
by, among others, Jensen (1991), Jensen (1993),
Schopf & Loughe (1995), and Burgman et al. (2008).
The Schopf & Loughe (1995) model, which was
equipped to handle buoyancy- in addition to wind-
forcing, became known as the POSEIDON model.

Reduced-gravity models, i.e. models with a
motionless bottom layer, are useful for studying
near-surface processes but are essentially inca-
pable of simulating the global thermohaline-driven
overturning circulation or the influence of variable
bathymetry on abyssal flows. For this reason, mod-
elers at the University of Miami opted for the so-
called split-explicit approach which in essence sub-
tracts the barotropic mode from the model state at
the beginning of each long (baroclinic) time step,
advances the barotropic mode in a single-layer cal-
culation using multiple short (barotropic) time steps,
and adds it back at the end of the baroclinic step.

The work of Browning & Kreiss (1994) tells us
that split-explicit integration schemes are a verita-
ble breeding ground for numerical instabilities. Af-
ter much experimentation, Bleck & Smith (1990)
arrived at a splitting technique which, though sad-
dled with some undesirable side effects, was suf-
ficiently stable to hold up under the rigors of real-
basin modeling. The need to dampen unstable
modes in the adopted scheme by increasing lateral
viscosity was avoided in their model by formulating
the nonlinear terms in the momentum equation in
enstrophy-conserving form and applying a heavy
time smoother.

Finite-difference approximations of the shallow-
water equations that are designed to conserve en-
strophy (the domain integral of squared vorticity)
are attractive because the built-in conservation of a
squared quantity immunizes them against certain
types of numerical instability. One aggravating as-
pect is that they require division by layer thickness,
so a workaround had to be developed to cope with
layers transitioning to a massless state at the sea
surface or sea floor. Details can be found in Bleck
& Smith (1990).
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For further discussion of barotropic-baroclinic
mode splitting in layer models, see Dukowicz (2006)
and Higdon (2008).

One of the undesirable side effects just alluded
to is that the Bleck & Smith (1990) scheme treats
salinity as massless because the baroclinic part
of the circulation is not allowed to change bottom
pressure. Surface freshwater fluxes therefore must
be applied in the form of virtual salt fluxes. This
not only precludes faithful rendition of what Huang
(1993) calls "natural" boundary conditions but also
requires special steps to assure global salt con-
servation, given that salinity tends to be high [low]
in regions where evaporation [precipitation] domi-
nates.

Other numerical refinements of the model, also
outlined in Bleck & Smith (1990), include a scheme
for applying sidewall drag in partially blocked layers
(layers whose lower interface intersects the bottom
but whose upper interface does not), and a lateral
extrapolation scheme for computing the horizontal
pressure force in locations where a layer intersects
a steep bottom slope.

Results from wind-forced simulations of the
North Atlantic basin making use of the above re-
finements are given in Smith et al. (1990). This
particular model, later equipped to allow buoyancy
forcing, became known as MICOM, the Miami isopy-
cnic coordinate ocean model. A key accomplish-
ment at the time were truly eddy-resolving simu-
lations [mesh size 0.08◦× cos(lat.)] of the North
Atlantic, made possible through collaboration with
computer scientists at the University of Minnesota
(Bleck et al. 1995).

SURFACE BUOYANCY FORCING OF
ISOPYCNIC MODELS
The Kraus-Turner model

While wind stress is an externally imposed forcing
field which is fairly independent of the ocean state,
not all buoyancy forces can be treated this way.
Physical reasoning suggests that sensible and la-
tent heat fluxes in particular should depend on differ-
ences of the pertinent variables across the air-sea
interface; hence, the strength of surface buoyancy
forcing is a function of ocean surface conditions.

Atmospheric temperature and moisture are typ-
ically supplied as fields varying in space and time
and require matching ocean surface fields for the
proper evaluation of buoyancy fluxes. However,
buoyancy in an isopycnic model serves as a dis-
cretized vertical coordinate. This creates a conun-
drum for which no universally accepted solution has
been found.

One strategy in buoyancy-forced isopycnic ocean
models is to add a variable-density surface layer
representing the oceanic mixed layer. This layer
is then capable of properly handling turbulent air-
sea exchange processes along the lines of Kraus &
Turner (1967) (KT for short), Niiler & Kraus (1977)
and Gaspar (1988).

There is a sizable list of isopycnic model appli-
cations incorporating various renditions of the KT
scheme for surface forcing. The list, most likely
incomplete, includes contributions of Kraus et al.
(1988), Bleck et al. (1989), Bleck et al. (1992), Ober-
huber (1993), Mikhailova & Shapiro (1993), Bleck &
Chassignet (1994), Schopf & Loughe (1995), New
et al. (1995), Chassignet et al. (1996), Roberts et al.
(1996), Bleck et al. (1997), Hallberg (1997), Hu
& Chao (1999), Vigan et al. (2000), Sun & Bleck
(2001), Schmid et al. (2003), Furevik et al. (2003),
Wallcraft et al. (2003), and Hallberg & Gnanade-
sikan (2006).

Oberhuber’s model is special in that it uses (i)
movable sidewalls to overcome the layer outcrop-
ping problem and (ii) an implicit scheme to advance
the model state in time.

With the addition of a variable-density surface
mixed layer, the isopycnic layer outcropping prob-
lem shifts from the sea surface to the bottom of
the mixed layer. In this case, the location where an
isopycnic layer outcrops now depends on the mixed-
layer density field. To maintain stable stratification,
mixed-layer density may not exceed the density of
mass-containing layers below. Whenever this hap-
pens in a grid column, the mixed layer must absorb
the respective layers which thereby are rendered
massless.

An important process captured by the KT
scheme is the annual (as well as daily) variation
in mixed layer depth. When the mixed layer deep-
ens, as happens, for example, during surface cool-
ing, entrainment of water from layers below poses
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no numerical challenge. Mixed-layer shoaling, on
the other hand, requires special treatment because
the mixed layer cannot, due to the discrete density
structure of the ocean interior, simply detrain water
into the interior. Two possible strategies to deal with
this issue are described below.

Mixed layer detrainment options

One strategy to deal with the mixed-layer detrain-
ment problem is to simply add the detrained water
to the uppermost mass-containing isopycnic layer
(Schopf & Loughe 1995) and then gradually restore
its target density by entraining denser water from
below. Another possibility, this one employed by
Bleck et al. (1989) and Bleck et al. (1992) in MI-
COM, amounts to dividing the uppermost layer into
an active and a "fossil" mixed layer residing un-
derneath the active one. This fossil layer acts as
a temporary receptacle for detrained mixed-layer
water.

Caution must be exercised in either approach to
avoid long-term trends in layer structure, i.e. exces-
sive expansion of nonisopycnic subsurface layers.
If the fossil layer scheme is used, it is important to
always look for opportunities to return fossil mixed
layer water to the isopycnic interior. This involves
further dividing the fossil layer into two sublayers
and vertically transferring density in each grid col-
umn in such a way that the top sublayer tracks the
density field of the mixed layer (thereby maintaining
stable stratification) while the bottom one matches
the density of the uppermost interior layer. The
lower sublayer so defined can then be transferred
to the isopycnic layer.

The amount of water detrained this way can
strongly vary, both temporally and spatially. If the
mixed layer density decreases only slowly, the lower
sublayer detrainable after each time step will in gen-
eral be very shallow. Yet even in the case where
the total fossil layer can be detrained, the overall
column density structure will hardly be affected; the
top interface of the entraining isopycnic layer merely
moves up to the bottom of the active mixed layer.
However, the resulting thickness bumps, both in
the fossil layer and the interacting interior layers,
may lead to undesirable lateral diffusion of layer
thickness when solving the dynamic equations; this

must be taken into consideration.
We will not dwell on additional complexities in

the fossil-layer approach arising from the fact that
in models carrying variable temperature and salinity
it is difficult to achieve the correct target density
when combining the lower fossil sublayer with the
chosen interior layer. Suffice it to say that coordi-
nate maintenance is a broader issue extending past
mixed-layer detrainment in isopycnic models car-
rying both temperature and salinity as prognostic
variables. Due to the nonlinearity of the equation
of state for seawater, maintaining target coordinate
values in this model class is most easily achieved
iteratively via small interlayer mass exchange, as is
done in the Schopf & Loughe (1995) scheme.

The buoyancy forcing complexities just dis-
cussed were a major driver toward the hybrid coor-
dinate concept (see Section 5) where near-surface
coordinate layers can be configured as prescribed-
thickness layers which seamlessly revert to isopyc-
nic ones at depth. The hybrid coordinate approach,
which among other advantages allows the KT bulk
mixed layer to be replaced by more elaborate turbu-
lent closure schemes, see Halliwell (2004) and Kara
et al. (2008), will be discussed in a later section.

For a summary of MICOM’s design features, in-
cluding the governing equations and additional top-
ics such as iso- and diapycnal mixing, see Bleck
& Chassignet (1994). Note that coarse-mesh (i.e.
non-eddy-resolving) isopycnic coordinate models al-
low subgrid-scale diapycnal mixing to be parameter-
ized as lateral diffusion of isopycnic layer thickness,
in line with the work of Gent & McWilliams (1990)
and Drijfhout & Hazeleger (2001). In practice, this
boils down to adding a mixing term to the continuity
equation (Eqn. 3). The term captures the effect of
baroclinic instability whose overall function in the
ocean is to counteract the steepening of isopycnals
by differential thermohaline forcing.

THERMOBARICITY
As pointed out at the beginning of this article, the
purpose of mapping three-dimensional oceanic and
atmospheric flow onto a set of isopycnic or isen-
tropic surfaces is to simplify the dynamics by elimi-
nating the vertical component of motion wherever
the flow is adiabatic. In the atmosphere, where com-
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pressibility is constant except for minor variations
due to water vapor, potential density (buoyancy)
is a close proxy for entropy. Thus, not only does
large-scale adiabatic flow in the atmosphere take
place along isentropic surfaces, but subgrid-scale
eddy mixing, which mainly takes place among fluid
parcels of equal buoyancy, occurs along these sur-
faces as well. In other words, atmospheric adiabatic
motion on both resolved and unresolved scales is
confined to isentropic surfaces.

The situation is more complex in the ocean
where temperature and salinity have comparable
effects on buoyancy and affect compressibility in
different ways. A direct result is that comparing the
buoyancy of two water parcels can yield different
answers depending on the reference pressure at
which the comparison is made.

All isopycnic layers, even the densest ones, out-
crop at least intermittently somewhere in the global
domain. This is to say that a layer can potentially
span the whole oceanic depth range. Thus, the
option of using layer-index dependent reference
pressures for potential density calculations is not
available, except possibly in the subtropical warm-
water sphere.

The need to settle on a global reference pressure
has various implications. No matter which reference
pressure is chosen, there will be oceanic regions
where subgrid-scale eddy mixing is not well aligned
with coordinate surfaces based on this reference
pressure – or worse yet, where potential density
surfaces computed from the observed temperature
and salinity fields will fold.

The latter issue is of particular concern in lo-
cations like the Southern Ocean where success-
ful simulation of seasonal ice coverage requires
maintenance of the summertime meltwater cap and
accurate rendition of vertical heat fluxes. These
processes will be affected if the model falsely ini-
tiates convective adjustment to remove misdiag-
nosed static instabilities. An inappropriate refer-
ence pressure can also render the water in the
lower branch of the Atlantic meridional overturning
circulation too light and thus subject to convective
mixing (Lynn & Reid 1968).

Eddy mixing predominantly takes place along
buoyancy-neutral surfaces (McDougall 1987). The
orientation of a neutral surface is defined locally by

its normal vector β∇S−α∇θ, where S, θ are salin-
ity and potential temperature, and α, β are the ther-
mal expansion and saline contraction coefficients,
respectively. As Jackett & McDougall (1997) explain,
the local planes so defined can be extended into a
well-defined global surface only if, after multiplica-
tion by an integrating factor if needed, the normal
vector can be expressed as the gradient of a single
scalar function. This condition would be satisfied if
α, β were constants, but since both are functions of
S, θ, and pressure p, this integrability condition is
only approximately satisfied. Jackett & McDougall
(1997) developed an algorithm for finding global sur-
faces that are close to neutral, but their algorithm is
an iterative one which appears to be too complex
for time-dependent ocean modeling.

Virtual potential density

Sun et al. (1999) (S99 hereafter) proposed a
scheme that goes a long way toward solving the
problem of (θ, S)-dependent sea water compress-
ibility. Recall that potential density ρpot is the ver-
tical coordinate of choice because this variable is
conserved in adiabatic flow. Traditional isopycnic
models go one step further: they not only define
their vertical grid in terms of ρpot but also assume
water in each coordinate layer to have a density
equal to the ρpot value assigned to that particular
layer. This is to say that they do not distinguish
between in-situ and potential density. Sea water is
thereby rendered incompressible, though the layer
density so defined is by choice layer-dependent.
The reason for this particular treatment is clear
when retracing the steps leading to Eqn. 1: A hydro-
static equation of the form ∂M/∂αpot = p (where
αpot = 1/ρpot ) allows the horizontal pressure gradi-
ent in the momentum equation to retain its single-
term form, namely, the isopycnic gradient of Mont-
gomery potential M = gz + pαpot .

The crucial step taken by S99 is to sever the con-
nection between the definition of coordinate layers
and the buoyancy properties of the water residing
inside them. However, allowing layer density to
deviate from ρpot spawns a second term on the
right-hand side of Eqn. 1. Replacing the variable
αpot by an as yet undefined variable α′ in both the
hydrostatic equation and the pressure force term
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converts Eqn. 1 into

α′
(
∂p

∂x

)
z

=

(
∂(gz + pα′)

∂x

)
αpot

− p
(
∂α′

∂x

)
αpot

(4)

with an analogous expression for the y component.
The extra term on the right-hand side involves the
isopycnal gradient of whichever variable replaces
potential specific volume in the coordinate layers.
The goal of S99 is to find a buoyancy variable that
retains compressibility effects yet avoids making
the last term in Eqn. 4 in steeply inclined isopycnic
layers as large as it would be, for example, if in-situ
specific volume were the variable of choice for α′.

S99 achieves this goal by defining a new variable
called "virtual" potential density which is numerically
close to regular potential density but retains infor-
mation about the effect of θ, S variations on the
buoyancy in each layer.

Virtual potential density is obtained by splitting
sea water compressibility into a purely p-dependent
component and a residual "thermobaric" compo-
nent which is primarily a function of θ and S. Com-
pression caused by the former, though much larger
than the latter in the relevant θ, S range, is dy-
namically irrelevant. Hence, removing from the
in-situ density the compression effect of the purely
p-dependent component of compressibility will have
no dynamic consequences while serving the pur-
pose of producing a density field rather similar to
regular potential density. A different way of saying
this is that virtual potential density is computed by
using constant (but representative) values of θ, S in
the compressibility formula when moving a parcel
to its chosen reference pressure.

S99 demonstrates the capabilities of their ap-
proach by reproducing the double reversal with
depth of the interhemispheric meridional pressure
force responsible for the alternating flow direction in
the Atlantic – northward at top and bottom, south-
ward in between. This double reversal cannot be
achieved in the traditional incompressible isopycnic
framework.

The contact-pressure integral

Hallberg (2005) has been able to isolate a numerical
instability related to the treatment of thermobaricity
in layered ocean models. The instability is caused
by the second term in the pressure gradient formula

(Eqn. 4) whose partial suppression is the aim of
S99. Since thermobaricity-related instabilities do
occasionally surface in fine-mesh HYCOM2 applica-
tions [e.g. Arbic et al. (2018)], the search continues
for a reliable algorithm for numerically evaluating
the horizontal pressure gradient force in the chal-
lenging situation where density varies laterally in
steeply inclined coordinate layers.

A compelling alternative to the S99 treatment
has been presented by Adcroft et al. (2008).
Their approach, which builds upon Lin (1997) and
Shchepetkin & McWilliams (2003), is to replace the
ordinary finite-difference pressure gradient expres-
sion by a numerically precise evaluation of the net
contact pressure on the six faces of each grid cell.
In the name of accuracy they not only evaluate the
vertical legs of the contact pressure integral in exact
form by using an integrable equation of state, but
they also replace the standard logarithm function in
the computer library by a more accurate version. To-
gether, these steps allow them to use in-situ density
as the buoyancy-controlling variable – precisely the
choice causing instability when approximating the
horizontal pressure gradient by a standard two-term
finite-difference formula.

Attempts to implement the Adcroft et al. (2008)
approach in HYCOM have failed so far. Possi-
ble reasons include the use of a standard single-
precision version of the log function, as well as
subtle differences in the evaluation of the surface in-
tegral around grid cells truncated by bottom topogra-
phy. One potential remedy is to combine the Adcroft
et al. (2008) approach with S99, i.e., replace in-situ
density by virtual potential density when evaluating
the contact pressure integral. To our knowledge,
this option is yet to be explored.

We should mention again that the vertical coor-
dinate in HYCOM continues to be regular potential
density. This variable, diagnosed independently of
virtual potential density, still controls the algorithm
maintaining isopycnic conditions in individual co-
ordinate layers. (Recall that such an algorithm is
needed because independently advected tempera-
ture and salinity do not always combine to yield the

2HYCOM is an offshoot of MICOM, to be formally introduced
in the following section.
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correct "target" potential density.)
The main reason for not switching to virtual po-

tential density as vertical coordinate is that the latter,
in contrast to potential density, is not conserved in
adiabatic flow; hence, its isosurfaces are not mate-
rial in adiabatic flow. The ability to relate the vertical
velocity component ṡ to diabatic processes is an
advantage of the isopycnic system worth retaining.

The S99 scheme has been in use in MICOM and
HYCOM for both ocean-only and coupled ocean-
atmosphere simulations. Examples of the former
are Sun & Bleck (2001), Chassignet et al. (2003),
Sun & Bleck (2006a), Cheng et al. (2007), Kara
et al. (2010), Bozec et al. (2011), Le Hénaff et al.
(2012), Haza et al. (2012), Mensa et al. (2013),
Xu et al. (2016), Chassignet & Xu (2017), Xu et al.
(2018), and Chassignet et al. (2020). For exam-
ples of the latter, see Furevik et al. (2003), Cheng
et al. (2004), Cheng & Rhines (2004), Bentsen et al.
(2004), Bleck (2005), Sun & Bleck (2006b), Otterå
et al. (2009), Megann et al. (2010), Romanou et al.
(2013), Gabioux et al. (2013), Kim et al. (2014), Sun
et al. (2018), Miller & Coauthors (2020), and Barton
et al. (2021).

TRANSITION TO HYBRID COORDI-
NATES
To trace the history of hybrid coordinates we need to
go back to Bleck (1978b) who compared the perfor-
mance of various combinations of terrain-following
and isentropic coordinates in the atmosphere. His
version D, which uses an especially compelling
blend of the two coordinates and is illustrated here
in Figure 1 (right), may be viewed as the ancestor of
"hybrid"-coordinate ocean models, hybrid defined
here as a blend of density and prescribed-depth
coordinates. An early ocean model encompass-
ing this concept was developed by Bleck & Boudra
(1981). Their 4-layer wind-forced box model, built
before the layer outcrop problem was solved, used
hybridization essentially as a safety valve to keep
the uppermost interior layer interface from rising
to the sea surface under the influence of cyclonic
wind stress. The model was shelved when positive-
definite transport schemes like FCT and MPDATA
became available (Bleck & Boudra 1986), only to
be resurrected when complications with buoyancy

forcing began to stand in the way of wider use of
isopycnic models.

The hybrid coordinate concept was further for-
malized by Bleck (2002), yielding a MICOM-based
model named HYCOM. A simple formula compris-
ing the essence of hybrid coordinate design is


vertical

motion

OF

layer

interface

+


vertical

motion

THROUGH

layer

interface

 =

vertically

integrated

horizontal

mass flux

divergence


(5)

This equation makes use of the well-known fact
that hydrostatic models diagnose the vertical ma-
terial motion dp/dt from the layer-discretized form
of the continuity equation (Eqn. 3), specifically from
the vertically integrated layerwise mass flux diver-
gence. It furthermore makes the almost trivial state-
ment that the physical vertical motion so obtained
can be divided into motion of a coordinate surface
and motion relative to it. Note that Eqn. 5 covers
the extreme cases of a fixed grid (zero first term on
the left), a material vertical coordinate (zero second
term on the left), and everything in-between.

Unstructured (free-form) hybridization

Eqn. 5 empowers the model architect to decide
where in a grid column to place individual grid points
– resting or moving – and to solve for the coordinate-
specific vertical velocity component consistent with
that placement. An analytic formula specifying the
location of a grid point in p space as a function
of, say, bottom pressure, potential density, or layer
index is not required.

Hybrid-coordinate models have one additional
time-dependent variable not found in traditional
fixed-grid models, namely, coordinate layer thick-
ness. Therefore, one additional equation is needed
in the set of model equations. This equation basi-
cally is a prescription for how to divide the quantity
on the right-hand side of Eqn. 5 among the two
terms on the left. It is commonly called the grid
generator.

One of the duties of the grid generator is to pre-
vent the occurrence of massless layers in the upper
ocean, which can be accomplished by prescribing
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a minimum layer thickness typically chosen to be
layer-index dependent. The algorithm should also
be equipped to smooth out the transition between
subdomains where interfaces follow isopycnals and
subdomains (typically near the sea surface) where
interfaces are depth-constrained. This can be ac-
complished, for example, by reducing layer-to-layer
thickness contrasts in the transition region. [For a
rudimentary attempt to accomplish the latter, see
Appendix C of Bleck & Boudra (1981)]. For numer-
ical efficiency reasons, the grid generator should
be designed to operate on each grid column sep-
arately, i.e. should not have to look sideways at
neighboring columns.

Hybrid-coordinate models are members of the
ALE model class, where ALE stands for arbitrary
Langrangian-Eulerian (Hirt et al. 1974). The ALE
approach was originally developed for initial-value
problems, so its use in geophysical fluid modeling
required development of methods to maintain the
overall balance between Eulerian and Lagrangian
grid representation in long-term model runs. To
maintain this balance, the grid generator must in-
clude a mechanism to restore the isopycnic char-
acter of coordinate layers wherever this can be
achieved without violating minimum-thickness con-
straints. Details of such a grid maintenance algo-
rithm are described in Bleck (2002), Halliwell (2004),
Bleck (2006), and Adcroft et al. (2019).

For related work on introducing a generalized
vertical coordinate into a lake model, in this case
as a flexible generalization of a terrain-following
coordinate, see Zhang et al. (2015).

Formula-guided hybridization

An alternative approach to generalized-coordinate
modeling, mainly pursued in the meteorological
community, should be mentioned here. Zhu et al.
(1992), Zhu & Schneider (1997), Konor & Arakawa
(1997), Johnson & Yuan (1998), Webster et al.
(1999), Mahowald et al. (2002) (and possibly oth-
ers) avoid coordinate intersection problems in their
isentropic models by defining coordinate surfaces
as F (θ, σ, p) = const. where the function F is con-
structed so as to approach the terrain-following co-
ordinate σ near the ground, potential temperature
θ in the free atmosphere, and (optionally) pressure

p near the model top. Various alternatives are pro-
posed for F with the goal of maximizing the grid
space occupied by purely isentropic surfaces while
smoothing the transition between the σ,θ,p domains
and, importantly, avoiding the problem of coordinate
surface entangling. Version D of the four alterna-
tives considered by Bleck (1978b), illustrated in
Figure 1 (right), falls into this model class.

While the availability of an analytic formula for
an intersection-free hybrid vertical coordinate offers
advantages in terms of both elegance and ease of
documentation, a formula robust enough to hold
up everywhere in the global ocean or atmosphere
imposes restrictions which are circumvented by the
free-form grid-generator approach advocated by
Bleck (2002).

A brief remark regarding the expression "free
form" is in order. The Bleck (1978b) paradigm does
not require the vertical coordinate s to be defined
in mathematical or physical terms. In particular, s
does not have to be differentiable with respect to
height or pressure. This requires that the governing
equations can be written in a form where (i) partial
derivatives with respect to s are eliminated (with the
exception of ∂p/∂s whose finite-difference analog
represents layer thickness) and (ii) the potentially
meaningless quantity ṡ≡ds/dt is multiplied wher-
ever it occurs by ∂p/∂s. The purpose of (ii) is to
produce a physically meaningful vertical velocity
component, dimensioned pressure/time, which is
independent of the meaning of s. The fused prod-
uct (ṡ∂p/∂s) so created is easily recognized as the
vertical motion referred to in the second term in
Eqn. 5. There never is any reason to break it up
into its two components.

Requirements (i) and (ii) can be met simultane-
ously by multiplying and dividing nonconforming
terms in the governing equations by ∂p/∂s. The
vertical advection term (∂v/∂s)ds in Eqn. (2), for
example, can be written in light of ds = ṡdt as

∂v

∂p

[
ṡ
∂p

∂s

]
dt

which satisfies both (i) and (ii). Evaluating the
vertical advection term written in this form, with
(ṡ∂p/∂s) supplied by the second term in Eqn. 5, is
straightforward. Solving Eqn. 5 is often called the
regridding step, followed by a remapping step in

Ocean and Coastal Research 2025, v73:e25029 12



Bleck and Sun Isopycnic Modeling of Ocean Circulation

which the prognostic variable in question is interpo-
lated from the old to the new grid. In the parlance of
ALE, the two-step process, also illustrated in Figure
2, is referred to as rezoning (Hirt et al. 1974).

The effort of Cummings (2005), Chassignet
et al. (2007) and Srinivasan et al. (2011), among
others, to develop a data assimilation system
for HYCOM has cemented the model’s role as a
dependable provider of real-time, global fields at
horizontal resolutions as high as 1/250 for use
in ocean research and as boundary conditions
for regional models [e.g. Hurlburt et al. (2008),
Zamudio & Hogan (2008), Kourafalou et al. (2009),
Chassignet et al. (2009), Hansen et al. (2010), Jia
et al. (2011), Shay et al. (2011), Halo et al. (2014),
Metzger et al. (2014), Hurlburt et al. (2015), Hewitt
et al. (2022), Zhang & Xue (2022), Zhang et al.
(2023) ]. At the time of this writing, the website
https://www.hycom.org/ lists 148 HYCOM-related
publications during the period 2001 – 2016. The
introduction of tides into HYCOM is discussed
by Arbic et al. (2010). A few randomly chosen
examples of work benefitting from the availability of
HYCOM products, in the U.S. and elsewhere, are
Jensen et al. (2016), Meza-Padilla et al. (2019),
deVos et al. (2021), Pata et al. (2021), Brown et al.
(2022), Roberts et al. (2022), and Sooknanan
& Hosein (2022). For references to the use of
MICOM and HYCOM in coupled ocean-atmosphere
modeling, see Bentsen et al. (2013), Schmidt et al.
(2014), and Sun et al. (2018). Real-time HYCOM-
based fine-mesh ocean analyses and forecasts
are currently distributed by the U.S. Navy (https://
www7320.nrlssc.navy.mil/dynamic/gofs/gofs.php)
and NOAA (https://polar.ncep.noaa.gov/global/).

A question arising during offline work with
archived model fields, particularly when attempting
to construct trajectories for tracer transport, con-
cerns the availability of the genuine vertical velocity
in the moving ALE grid. As pointed out earlier, this
quantity can be obtained from the right-hand side of
Eqn. 5 which under hydrostatic conditions yields the
material vertical velocity dp/dt in s space. When
mapping the velocity vector (u, v , dp/dt) to a fixed
grid in p or z space, it is important to note that u
and v represent layer averages typically assigned to
layer mid-depth while dp/dt is defined on interfaces.

Offline transport of a field representing a tracer

Figure 3. Illustration of vertical regridding, taken from a
random grid location in an atmospheric model run. Black:
original distribution of potential temperature (abscissa, K)
as a function of pressure (ordinate, hPa). Red: piecewise
linear curve fit based on Bleck (1984). Green: New
stairsteps adhering to prescribed potential temperature
target values 334K, 346K, 350K, etc.

density (exotic example: lobster larvae per kg of
water) is impractical, because doing so conserva-
tively requires solving a transport equation anal-
ogous to the conservation equations for temper-
ature and salinity. Performing this procedure of-
fline would require archiving all three mass fluxes
and layer thickness, i.e., the complete set of fields
used in the model to solve the continuity equation
(Eqn. 3). Note that conservation cannot be built into
a trajectory-based transport scheme.

MODEL INITIALIZATION
One topic that has not been covered so far is the
preparation of initial conditions for models framed
in isopycnic coordinates. Depending on the source
of the required data, this often involves more than
simple vertical interpolation because mass field vari-
ables in a numerical model typically represent aver-
ages over coordinate layers. The implied stairstep
shape of vertical profiles complicates the task of
preserving column integrals during interpolation,
especially if both "input" and "output" profiles (not
just one of the two) are stairstep functions.

Technical aspects of transforming data between
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physical and model space for isopycnic model ini-
tialization, as well as for rendering output fields for
postprocessing, are discussed in Bleck (1984), Ap-
pendix D of Bleck (2002), Griffies et al. (2020), In
the special case of the buoyancy variable used as
vertical coordinate, the crux of this transformation
is a swap of dependent and independent variables,
specifically between potential density as a function
of pressure and pressure as a function of potential
density. The Bleck (1984) procedure aims to im-
prove the accuracy of this swap in situations where
the input profile is a stairstep function. It converts a
piecewise constant profile into a continuous, piece-
wise linear profile, as illustrated in Figure 3. The
continuous curve, shown in red, is the outcome of
a constrained least-squares fit which preserves the
column integral taken over the input profile (shown
in black) while minimizing kinks in the curve. Con-
version of the curve into another stairstep profile, if
needed, is straightforward. A stairstep profile whose
"risers" are at prescribed locations on the abscissa
is shown in green.

CONCLUDING REMARKS
In this article we have attempted to explain the moti-
vation for modeling the oceanic circulation in a verti-
cally quasi-Lagrangian framework and have traced
isopycnic model development from its initial stage
of two-layer process studies to full-fledged general
circulation modeling.

Numerical problems requiring attention as isopy-
cnic modeling gained ground on traditional fixed-
grid models included, first and foremost, the layer
outcrop problem. Once numerically stable solutions
to that problem were found, emphasis shifted to the
complexities of applying buoyancy forcing at the sea
surface. The confounding issue here is that buoy-
ancy, a variable set by two continuously varying,
boundary-forced fields (temperature and salinity),
plays a double role as vertical coordinate where it
is discretized into a finite set of fixed values.

Modelers eventually learned to deal with the com-
plexities of buoyancy’s double role. Nevertheless,
while the numerical schemes developed to cope
with layer outcropping and buoyancy forcing passed
numerical stability tests, other more subtle issues re-
mained, such as the conservation properties of the

nonlinear terms in the momentum equation and cer-
tain physical restrictions inherent in the bulk mixed
layer models used to handle surface buoyancy forc-
ing.

It became clear in the end that the pure isopycnic
approach had to be modified to address the issues
just mentioned. The compromise gaining ground at
that time was the hybrid-isopycnic modeling frame-
work which sacrifices the material layer concept
in the near-surface ocean in favor of a prescribed
vertical grid but gradually nudges the grid toward
isopycnic layer representation further down in the
water column where layer outcropping and mixed
layer processes are no longer an issue. The main
strength of the hybrid-isopycnic model is the inher-
ent simplicity and flexibility of the grid generation
process.

The impetus for engaging in isopycnic modeling
has slightly shifted over the years. At the begin-
ning, the primary motivation was to build a bridge
between numerical modeling and both geophysi-
cal fluid dynamics and hydrographic research of
the type conducted, for example, by Lynn & Reid
(1968), Worthington (1981), and many others.

There also was – and still is – the promise of nu-
merical efficiency gain in simulating frontal discon-
tinuities. With fronts for dynamic reasons typically
aligned with isopycnals, they manifest themselves in
an isopycnic grid as geographically wide regions of
small layer thickness. Thus, fine horizontal resolu-
tion to resolve fronts ceases to be an issue because
their existence is encoded in the vertical grid where
they expand into large-scale features. [This expan-
sion is illustrated, for example, in Figure 7.10 in the
Dutton (1976) textbook.] The above argument car-
ries over to the simulation of quasi-circular front-like
structures in ocean eddies.

A topic that came to the forefront in later years
is the prevention of what has become known as
the Veronis effect [Veronis (1973), Lazar et al.
(1999)]. To the extent that isopycnic surfaces re-
semble buoyancy-neutral surfaces, the numerically-
induced lateral leakage of properties across frontal
surfaces diagnosed by Veronis (loc.cit.) is greatly
suppressed in an isopycnic model. However, nu-
merical refinements based on mixing-tensor rota-
tion [Redi (1982), Griffies et al. (1998), Shao et al.
(2020)] have reduced the severity of this problem
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in depth-coordinate models. The same can be said
for the treatment of dense bottom water overflows
(Legg et al. 2006) which are particularly easy to
simulate in an isopycnic coordinate framework.

One variation on the hybrid coordinate theme we
need to mention is the technique of Lin (2004) and
of Leclair & Madec (2011) who aim to reduce ver-
tical diffusion in fixed grids resulting from frequent
sign changes in the vertical velocity field caused, for
example, by internal gravity waves. These authors
suppress the diluting effect of alternating vertical
mass exchange between adjacent grid cells, illus-
trated in Figure 2, by treating coordinate surfaces
as material during a number of time steps before
restoring them to their original location. From the
perspective of Eqn. 5, this entails setting the sec-
ond term on the left-hand side to zero for several
consecutive time steps, followed by a single step
where the first term in Eqn. 5 reflects the process
of grid restoration while the second term – the un-
known in this case – yields the accumulated vertical
transport velocity.

One important aspect of modeling fluid flow is
the simulation of dynamic instabilities on meshes
that are too coarse to explicitly resolve the accom-
panying vortex rollup process. It is worth mention-
ing here that the overall effect of baroclinic insta-
bility, namely, reduction of the horizontal buoyancy
contrast, can be simulated in coarse-mesh isopy-
cnic models through the addition of a lateral layer-
thickness diffusion term in the continuity equation
(Eqn. 3). This diffusive mass flux in an isopycnic
reference frame is often referred to as peristaltic or
bolus flux (Dukowicz & Greatbatch 1999).

Needless to say, the ease of simulating neutral-
surface mixing and baroclinic instability is sacri-
ficed in regions where isopycnic layers are replaced
by fixed-depth layers. This is one of the compro-
mises one has to accept when engaging in hybrid-
isopycnic modeling.

Inclusion of sea water compressibility was the
last stepping stone toward full-fledged global ocean
modeling in an isopycnic reference frame. The is-
sue here is the difficulty of diagnosing the horizontal
pressure force from data carried on steeply inclined
coordinate surfaces. Fortuitously, this problem does
not arise if water in isopycnic layers is treated as
incompressible, but neglecting compressibility (in

particular thermobaricity) has undesirable conse-
quences in neutrally stratified or convectively un-
stable water columns. Techniques for removing the
incompressibility assumption from isopycnic models
are available today.

A summary of the tradeoffs between isopycnic
and depth-coordinate global ocean models, as well
as additional references, can be found in Griffies
et al. (2010). These tradeoffs are also discussed by
Willebrand et al. (2001) in a triple model study in-
volving MICOM. An intercomparison of four oceanic
general circulation models carried out by Chas-
signet et al. (2020) confirms HYCOM’s standing
among its peers as a mature, well-performing cir-
culation model. Recent work by Leclair & Madec
(2011), Petersen et al. (2015), and Adcroft et al.
(2019) indicates that the vertical ALE coordinate,
though not necessarily in HYCOM’s isopycnic in-
carnation, is increasingly finding its way into other
ocean models.

A word of caution: wholesale conversion of
ocean models to an ALE coordinate, especially the
isopycnic kind, might turn out to be a double-edged
sword. As ocean ensemble forecasting gains trac-
tion (Thoppil et al. 2021), it is important to avoid "in-
breeding" of models, especially when the ensemble
concept is broadened toward multimodel ensem-
bles, an approach already popular in climate and
seasonal weather prediction. To reap the full bene-
fits of ensemble prediction, the range of forecasts
produced by individual ensemble members must
be wide enough to include the actually observed
evolution of the system. From this point of view, fos-
tering differences in model numerics is undoubtedly
beneficial. Concern about model genetic diversity
has historically been one reason for engaging in
isopycnic ocean modeling as a counterweight to
traditional z-coordinate modeling.

We wish to close by showing a product that illus-
trates ways in which isopycnic model output can be
used to verify observation-based notions about the
global thermohaline circulation. The stylized cur-
rent threads pictured in Figure 4 were constructed
by first diagnosing multi-year averages of diapycnal
mass fluxes across a mid-depth isopycnal interface.
This involved vertically summing up the divergence
of the isopycnal mass flux above and below the
chosen interface in each grid column, followed by
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Figure 4. Simplified schematic of the “deep” global thermohaline circulation in the isopycnal ocean model of Sun &
Bleck (2001), in a format inspired by Broecker (1991) and Schmitz (1995). Circled numbers represent transport in Sv (1
Sv = 106m3s−1). Reproduced from Sun & Bleck (2006a).

use of Eqn. 5. Diapycnal fluxes of the same sign in
contiguous geographic regions were subsequently
summed up, resulting in regional totals of water
mass conversion. Next, isopycnal mass flux compo-
nents of the same sign were combined into bundles
depicting regional totals of zonal and meridional
horizontal mass flux. The bundles so obtained were
subsequently simplified by removing intra-basin re-
circulation cells.

The threads shown in Figure 4 represent the
end product of the above simplification process.
They bear a strong quantitative relationship to
observation-based illustrations by Broecker (1991)
and Schmitz (1995), suggesting that isopycnic coor-
dinate models are capable of arriving at a credible
rendition of the global thermohaline-forced circula-
tion. (Many details, such as the double reversal
with depth of the meridional transport in the Atlantic
mentioned earlier, obviously remain hidden in a
two-layer breakdown.)

The particular model which Figure 4 is based on

is the thermobarically active version of MICOM, a
model choice motivated by the desire to maximize
the purely isopycnic coordinate domain. Transports
represent 100-yr averages from a multi-century
model run driven by Coordinated Ocean-ice Ref-
erence Experiments (CORE) atmospheric forcing
fields. More elaborate graphs of this type, based
on a more detailed 4-layer breakdown of the world
ocean mimicking Schmitz (1995), can be found in
Sun & Bleck (2001).
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