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Limits of Semigroups Depending on Parameters

Jack K. Hale and Geneviéve Raugel

Abstract: It is reasonable to compare dissipative semi-
groups with a global attractor by restricting the flows to the
attractor. However, if the rate of approach to the attractor
is not uniform with respect to parameters, then the transient
behavior near the attractor will give more information. We
introduce a concept which takes into account this transient
behavior. The concept also is useful when the limit system
is conservative. We give the general theory with applications
to parabolic and hyperbolic PDE on thin domains as well as
situations where the limit problem is conservative.
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1. Introduction.

The basic problem in dynamical systems is to compare the flows defined by
different semigroups. In the study of finite dimensional semigroups restricted to
a finite dimensional compact manifold M without boundary, this comparison is
made most often through the notion of topological equivalence. Two semigroups
defined on M are said to be topologically equivalent if there is a homeomorphism
from M to M which preserves orbits and the sense of direction in time. If the
manifold M is compact with boundary, the same notion has been used provided
that the flow is transversal to the boundary.

If the semigroups are defined on a finite dimensional Banach space X, then
extreme care must be exercised in order to discuss the behavior of orbits at “co”
and only very special cases have been considered. One way to avoid the consid-
eration of oo is to assume that each semigroup T'(f), t > 0 has a global attractor
A. Recall that a global attractor for T'(t),t > 0, is a compact set A which is
invariant (that is, T'(t)A = A for t > 0) such that, for any bounded set B C X,
we have distx (7'(t)B,.A) — 0 as t — co. In such a situation, if the space is finite
dimensional, we often can reduce the discussion to the study of the topological
equivalence of the flows on a manifold with boundary. This manifold will contain
the attractor and also the boundary will be transversal to the flow.

In the infinite dimensional case, there is considerable literature devoted to
the adaptation of ideas of finite dimensions to infinite dimensions. (see [1], [4],
[6], [15], [20] and the references therein). If each of the semigroups has a global
attractor, then it is reasonable at first to consider the topological equivalence of
the flows on the attractors. Specific applications in this direction have been made
to functional differential equations [6] and some classes of parabolic and hyperbolic
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partial differential equations ([9], [10], [12], [18], [19]).

If we are considering a family of semigroups depending upon a parameter and
if each of the semigroups has a global attractor with the rate of approach to the
attractor being uniform with respect to the parameter, then the restriction of the
discussion to the attractor is reasonable. However, if the rate of approach to the
attractor is not uniform in the parameter, then the transient behavior near the
attractor may give more information about the limit semigroup. Such situations
arise when we consider dissipative systems for which the dissipation is approaching
zero. We introduce a new concept which takes into account some of this transient
behavior. When this is done, we do not expect to obtain very specific information
about any particular orbit of the limiting equation. We will discover only how slow
movement near the attractor is reflected in the way that the orbits wander around
in the phase space. For example, if the limit system is conservative, then orbits of
a nearby dissipative system should wander across several of the constant energy
surfaces and, therefore, across several of the orbits, of the conservative system.
Our concept is an attempt to capture some of this information. In this latter
situation, it sometimes is possible to obtain similar information by considering
only the limits of the attractors as we show below.

Although the presentation in the text will be more general, we begin the
discussion with the dissipative case. Let Yy, E be Banach spaces. For a fixed
set S in E with 0 € S, the closure of S, and any € € S, let T,(¢),t > 0, be a
CP-semigroup on Yy and suppose that A, is the global attractor for T,(t), t > 0.
Our objective is to compare some properties of the flow defined by Tp(t), ¢ > 0, to
analogous properties of the flow defined by T,(t), t > 0, for € € S with |¢] small.

If we suppose that Ty(2) also has a global attractor Ag, then we could compare
the flows by topological equivalence on the attractors. This is the strongest type of
comparison of flows that can be expected in the sense that it uses the very detailed
properties of the flows. However, it can be of interest to make the comparison of
flows with some weaker concept.

For any sets A, B in a Banach space X, we let

éx (A, B) = sup distx (a, B).
acA

We say that the attractors A, are upper semiconlinuous (resp. lower semicontin-
uous) on S at € = 0 if

uelis"ln Sy, (Ae, Ag) = O(resp. ,elis“105Y° (Ao, A) = 0).

We say that the attractors A, are continuouson S at € = 0 in the Hausdorff sense
if they are both upper and lower semicontinuous on S at € = 0. We say that the
dissipative semigroups T,(t), t > 0, are Hausdorff continuous on S at € = 0 if the
attractors A, € € S are continuous on S at € = 0 in the Hausdorff sense.

Upper semicontinuity of the attractors at ¢ = 0 have been considered in
several situations (see [1], [5], [6], [7], [9]). If, in addition, we want to have lower
semicontinuity (and therefore Hausdorff continuity) of the attractors, we must



Limits of Semigroups Depending on Parameters 3

impose some restriction on the flow. For gradient flows, for example, it is enough to
suppose that the equilibrium points of the semigroup Ty(t), t > 0, are hyperbolic
(see [1], [8], [11]).

From these remarks, it is clear that Hausdorff continuity is much weaker than
the concept of topological stability. Specific examples will be given later. We now
introduce another notion which is weaker than Hausdorff continuity.

Definition 1.1. Let Ng(0, ) be the é-neighborhood of 0 in E. The w-limit set
@s(A.) of the family of sets A, € € SN NEg(0, 6) is defined by the relation

(1:1) @ws(A.) = Ns>0Cl Ucesnag (o, 5) Ae -

We remark that the definition of @g(.A.) does not use directly the semigroup
To(t). On the other hand, if we assume that Tp(t) also has a global attractor Ag,
then, in Section 2, we show that Hausdorff continuity implies that

(1.2) ws(A.) = Ao

On the other hand, simple examples show that the relation (1.2) is weaker than
Hausdorff continuity. If we suppose that Cl U.esnag(o0,5)Ac is compact, then the
relation

(1.3) Ss(A.) C Ao

is equivalent to the statement that A, 0:< € < €, are upper semicontinuous at
e= 0.

The set @wg(A.) does not use much of the information about the semigroup
To(t),t > 0. Therefore, it is not necessary to have Ty(t),t > 0, dissipative. This
means that it is possible to consider, for example, dissispative systems of ordinary
differential equations or even dissipative partial differential equations for which the
dissipation approaches zero. In this way, we should be able to obtain information
about those orbits of the conservative system which can be obtained from the
limits of invariant sets (the attractors) of dissipative systems. In Section 7, we
give a complete description of @s(.A.) for a second order dissipative differential
equation. More general situations will be considered in later publications.

The limit @g(.A.) only uses information about the attractors. As a conse-
quence, the transient behavior of the semigroups { T.(t), t > 0} for initial data
not on the attractor is completely ignored. To gain some information about this
transient behavior which will apply also to situations where the limit semigroup is
conservative, we introduce another definition of w-limit set (in Section 3, a more
general situation is considered).

Definition 1.2. Let T,(t),t > 0,e € SN NEg(0, §), be a family of semigroups on
a Banach space Y. For a given set B C Yy, the w-limit set of B with respect
to the family of semigroups T,(t),t > 0,¢ € SN Ng(0, §), is denoted by ws(B)
and is defined in the following way: a point y € ws(B) if and only if there are
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sequences {¢, } C SNNEg(0,8), {ta} C [0, ), {yn} C B such that ¢, —
0, tn — 00, T¢, (tn)yn — y as n — oo.

Let us now suppose that B is a bounded set in Yy which contains

Usnas(0, 6)Ae -

Then it is easy to show that &s(B) D @s(A.). The set ©s(B) in the general
situation can be larger than @s(.A.). If the semigroups depend in a nice way upon
¢ and B is a bounded set in Yy such that the w-limit set wo(B) of B with respect
to Ty(t) exists and is nonempty, then ws(B) D wo(B) (Theorem 3.2). We remark
that it is not assumed that Ty(t) has a global attractor.

Now suppose that B is a bounded set in Yp such that Ueesnne(o,s) Ut>t,
T.(t)B is bounded. If the semigroups depend in a nice way upon ¢, then we
prove (Theorem 3.3) that the set @s(B) is invariant under Tp(t) if either Tp(t) is
asymptotically smooth or if Tp(1) is a group. In addition, if we assume that Ty(t)
also has a global attractor Ap, the semigroups depend in a nice way upon € and
B D Ay, then (Theorem 3.7)

(1.4) Gs(B) = Ao.

In Sections 4 and 5, we show that (1.4) is true for partial differential equations
of parabolic and hyperbolic type on thin domains. This requires a more general
definition than the one given above and also requires several a priori estimates
from our previous work ([9], [12], [13], [19]).

As remarked earlier, the limit semigroup need not be dissipative. In Section
6, we give examples of a retarded delay equation and a nonlinear partial differen-
tial equation of Fitzhugh-Nagumo type to indicate how additional information is
obtained by the consideration of the limit wg(B) rather than the limit @g(A.).

2. Properties of the limit @s(A.).

Let Yy, E be Banach spaces. For a fixed set S in E with 0 € S, the closure of
S, and any ¢ € S, we introduce a Banach subspace Y, of Y, and a C%-semigroup
Te(t), t > 0, 0on Y,. Wesuppose that there is a continuous projection P, : Yo — Y.
In the applications, we often have lim¢_¢ disty,(v, Y¢) = 0 for all v € Y. We also
suppose that T((t),t1 > 0, € € S, has a global attractor A,. Usually, we assume
that

(2.1) There exist § > 0 and a bounded set By C Yy such that

Ucesnag(0,6)Ac C Bo.

Frequently, we assume also that T,(t)P.y — Ty(t)y as € € S — 0 uniformly for
(, y) in compact sets; that is,
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For any o > 0 and any compact set U C [to, o0) X Y and any 5 > 0, there
is a 8o = 6o(n, U) > 0 such that, for e € SN NE(0, &) and (¢, y) € U, we have

(2:2) ITe(t) Pey — To(t)ullve < 7.

Sometimes we need the following stronger convergence hypothesis:

For any {5 > 0 and any bounded set U C [tg, c0) X Yy and any 5 > 0, there
is a 8o = bo(n, U) > 0 such that, for ¢ € SN Ng(0, &) and (¢, y) € U, we have

(2.2bis) ITe(t) Py — To(t)vllye < n-

If (2.1) and (2.2bis) hold, then it is known that the sets A, are upper semi-
continuous at € = 0.

The hypotheses (2.1) and (2.2bis) can be modified slightly as follows. Let Y;
be a Banach subspace of Yy (usually Y; is more regular than Y;). We can assume
that

There exist § > 0 and a bounded set B; C Y; such that

(2.1ter) Ucesnae(0,6)Ac C By .

Then the hypothesis (2.2bis) is replaced by

For any to > 0 and any bounded set U; C [to, o) X Y1 and any n > 0, there
is a 8; = 61(n, Uy) > 0 such that, for ¢ € SN Ng(0, é,) and (t, y) € Uy, we have
(2.2ter) ITe(t) Pey — To()ully, < 7.

If (2.1ter) and (2.2ter) hold and if Ap is in a bounded set of Y;, then it is
known that the sets .4, are upper semicontinuous at ¢ = 0.

At first, we present a result relating the upper semicontinuity of the attractors
Ac at ¢ = 0 to the set ©5(A.) defined in (1.1).

Proposition 2.1. For € € S, suppose that the semigroup T(t) has a global
attractor A.. If the attractors A, € € S, are upper semicontinuous at € = 0, then
(2.3) @s(A.) C Ao.

If, in addition, we suppose t.‘iat. Cly,Ucesnng(0, 6)Ae is compact, then (2.3) implies
that the attractors A,, € € S, are upper semicontinuous at € = 0.

Proof. Assume that the attractors A,, € € S, are upper semicontinuous at € = 0.
Let ¢, — 0, yo € A, and y, — yo. Assume that yo & Ag. Since Ap is compact,
there exists a positive constant d such that

(2.4) bvo(yo, Ao) =d.
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Since the attractors .4, are upper semicontinuous at € = 0, for any > 0, there is
an integer ng = no(n) such that, for n > ng, we have

(25) ‘5Yn(yﬂl AG) < n.

If we choose n = d/2, then (2.5) contradicts (2.4).

To prove the last part of the proposition, assume that @s(A.) C Ag and
that the attractors .4, are not upper semicontinuous at ¢ = 0. Then there are
a constant d > 0 and sequences ¢, — 0 as n — oo and y, € A, such that
8y (yn, Ao) > d for all n. Since the set {y,, n > 1, } belongs to a compact set,
there is a subsequence y,,,n;r — 0o as k — oo such that y,, converges to a point
yo € @s(A.) C Ao as k — oo. This contradiction completes the proof.

We remark that the assumption that Cly, Ueesnag(0,5) Ae is compact is a
rather strong one.

Proposition 2.2. For ¢ € S, suppose that the semigroup T.(t) has a global
attractor A,. If the attractors A, € € S, are lower semicontinuous at ¢ = 0, then

(2.6) @s(A.) D Ap.
Therefore, Hausdorff continuity of the attractors A, € € S, at € = 0 implies that
(2.7) ws(A.) = Ap.

Proof. For any n, there is an §, € S, §, — 0 as n — oo, such that, for ¢ €
SNAN(0, é,), we have

sup inf lvo — vellv, <
yoed yeeA, P~ ¥ellve = -

For each fixed yo € Ao, there exist ¢, € SNN(0, é,) and y., € A,,, such that

1

190 = Yeullys < =

This implies that yo € @s(.A.) and the proof is complete.

We remark that relation (2.6) (resp. (2.7)) does not imply lower semiconti-
nuity (resp. Hausdorff continuity) of the attractors at ¢ = 0. In fact, consider the
ODE

&= —a((=1)n + (2 = 1)°)

with €, = 1/n; that is, the set S = {1,1/2,...,1/n,...}. We have @s(A) =
Ao = [0, 1], there is no continuity of the attractors at ¢ = 0. Thus, we see that
the notion of continuity of attractors and the relation (2.7) are distinct concepts.

We say that a set A is positively invariant (resp. negatively invariant) under
the semigroup Tp(t) if To(2)A C A (resp. To(t)A D A) fort > 0.
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Proposition 2.3. Suppose that, for ¢ € S, the semigroup T(t) has a global
attractor A,. If (2.2) holds (resp., (2.1ter) and (2.2ter) hold), then @g(A.) is

positively invariant under Ty(t). If, in addition, either
(i) Cly, Ueesnag(o, 5) Ae is compact
or
(i1) To(t) 1s a C°-group and (2.1), (2.2bis) (resp., (2.1ter), (2.2ler)) are satisfied,
then ©s(A.) is negatively invariant under Ty(t) and, thus, invariant under Ty(t).

Proof. If yo € @s(A.), then there exist sequences ¢, € S, yn € A, such that
Yn — Yo in Yp and €, — 0 in S as n — co.. Let t5 > 0 be given. Since Ty(to)y is
continuous in y and (2.2) holds, for any 5 > 0, there exists an integer no(7n) such
that, for n > no(n),

1To(t0)yo—Te, (to)yn|lv,
(2.8) < [ To(to)yo = To(to)ynllvs + [|To(to)yn — Te, (to)¥nllve
<2,

which implies that T, (t0)yn — To(to)yo as n — oco. This proves the first part of
the propostion.

We now show that there exists § € Yy such that Ty(tg)y = yo if (i) holds.
Since the set Cly, U.esnnz(0,5) Ae is compact, there are subsequences €,,, — 0
as m — oo and Yy, € A, such that T (—to)yn, — ¥ € Yo as m — co. Since
To(to)y is continuous in y, it follows that To(20)7,, (—t0)Yn,, — To(to)y € Yp as
m — oo. On the other hand, relation (2.2) implies that, for any n > 0, there
exists an integer nm,,(n) such that, for n > np, (),

[1To(to) T, (=t0)¥nm = Ten,, (t0)Ten,, (—t0)¥nnllyo < -

Since Te,,  (to)Te,, (—t0)¥n, = Yn,, also converges to yo, we conclude that
To(tg)g = Yo -

Assume now that (ii) holds. From (2.2 bis), we deduce that, for any > 0,
there exists an integer no(n) such that, for n > ng(7n),

(2.9) ITe, (to)Te, (—to)yn — To(to)Te, (—to)¥allve < 1,

which implies that Ty(20)T, (—t0)yn — Yo as n — oo. Since Ty(—1p)y is continuous
in y, we have that To(—20)Z0(to)T, (—t0o)yn — To(—to)yo as n — oo.

We can reproduce exactly the same proof when the hypotheses (2.1ter) and
(2.2ter) hold.

Proposition 2.4. Suppose that S is open and there is a &g > 0 such that, for
0 < 6 < 6o, the set SN AN (0, 6) is connected, and, for ¢ € S, the semigroup Te(t)
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has a global attractor A, and that Cly, U.esnag(0, 50) “Ac is compact. Moreover,
assume that the following property holds:

(2.10) (there is a time t; > 0 so that, for any ¢, € SN NEg(0, &),
for any n > 0 and for any ty > 1,1, there is a 6y = Og(€1, 1, t2) >0
such that, for e € SN NEg(0, &), ||lex — €|le < bo,y. € A,
|1 Te, (6) Pe,ye — Te()yellyo <mfor ty <t <ts.

If we assume also that Uze sane (0, 50) PiClUce snne (0, 50) Ac 15 bounded in Yy, then
@s(A.) is connected.

Proof. If &s(A.) is not connected, then, since &g(.A.) is compact, there exist two
compact sets Fy, F such that

(7) G}s(A ) =FUF,,
(2'11) (#2) " GF f:GF “fl fg”yu >dog>0.

Let F; = {y € Yo : infrer, |ly — fillvo < % }. Obviously, there is a positive
number 63 < &y such that, for ¢ € SNNE(0, 6;), we have A, C F, U Fy. Since A,
is connected, this implies that

(2.12) either A. C F} or A, C Fy for € € SNNE(0, &).

Let €; € SNNE(0, 63) be such that A,, C Fy. There is a time 7o = 7o(€1), 70 > 11,
such that

(2.13) To, (0P Ac C Nyo(Ar, ) for t2 70, € € SONE(D, <o)

On the other hand, by (2.10), there exists a 8y = (1) such that, for ||e; — ¢||g <
0o, € € SNNE(O, €0),

dg
(2.14) [|Te, (10) Pe,pe — Te(T0)ellye < 6 for p. € Ac.

From (2.13) and (2.14), we deduce that T,(70)A. C Ny,(A,, %) and, since A, is
invariant under T¢(70),

(2.15) A, C Nyy(Ae,, %) for [lex — €|l < 8o, € € SNNE(0, o).

The properties (2.11),(2.12) and (2.15) imply that

(2.16) A C Fy for |leg — €|lg < 0o, € € SN NE(D, €) .
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We now write the set SN NE(0, €) as SNNEg(0, ) = S1 U Sy, where S; = {e €
S :|lelle < €o, Ae C Fi }. By the above proof, the sets S; and S, are open. Since
SN NE(0, €) is connected, either S; = 0 or S, = 0. This contradicts (2.11) and,
therefore, @s(.A.) must be connected. This completes the proof.

We end this section with a few remarks.

Remark 2.1. There are situations in which, for each ¢ € S, the semigroups
Te(t),t > 0, may be dissipative and possess global attractors whereas the semi-
group Tp(t) may possess a first integral and therefore may not be dissipative. We
present such examples in Section 6.

Remark 2.2. In the numerical approximation of an evolutionary equation which
defines a semigroup 7Tp(t), we obtain approximate semigroups T¢(t) where € is a
measure of the accuracy of the approximation. The space Y, is usually a finite
dimensional subspace of Yy and the operator P, is a continuous projection onto
this subspace.

Remark 2.3. In this section (and in the following one), we consider only the
case where the spaces Y, are Banach subspaces of Y. The opposite situation
where Y} is a Banach subspace of the Banach space Y,, for ¢ € S, and where each
space Y, € € S, is a Banach subspace of another Banach space Y}, also is very
interesting. Unfortunately, general theorems in this situation seem to contain too
many hypotheses which would not help to clarify the concepts. For this reason,
we describe only a particular case of such situations in Sections 4 and 5. We will
define the limit sets @s(A.) and &g only for problems on thin domains.

As we have remarked in the introduction, we would like to be able to under-
stand more about the attractor for ¢ = 0 from the behavior of the semigroups for
€ > 0. To do this, we need a more general definition of limit as in Section 1. We
also must have a more general setup in order to treat more complicated situations.

3. Definition and properties of the limit set @g.

We keep the same spaces E, Yy, Y, and projections P, as in Section 2.

Definition 3.1. For a given set B C Yy, the w-limit set of B with respect to the
famaly of semigroups T,(t), t > 0, and projections P, e € SNNEg(0, §), is denoted
by ws(B) and is defined in the following way: a point y € Ws(B) if and only if
there are sequences {¢, } C SNNE(0, 8), {tn} C [0, ), {yn} C B such that
€n — 0,y — 00, T, (tn)Peoyyn — y as n — oo.

An equivalent definition of wg(B) is as follows.
Definition 3.1bis. For a given set B C Y), the w-limit set of B with respect to
the family of semigroups Tc(t), t > 0, and projections P,, ¢ € SN Ng(0, 8), is

@s(B) = Ns>0 Cl Uge(sxR+)nNg g4 (0,6) Te() PeB
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where

1

e=(6 1) Nexns(0,8)={e=(c 1) € ExR* :|ldls <6, 7 <6}.

The set @g(B) in the general situation can be larger than &s(.A.) and, in
some situations, coincides with Ao. If B D U,esnng (0, co)Ae for some €o > 0, then
ws(B) D ws(A.).

Theorem 3.1. Suppose that Cy is an invariant set of the C°-semigroup Ty(t)
on Yy which is compact in Yy (resp., bounded in Yp) (resp., bounded in Y;). If
hypothesis (2.2) (resp., (2.2bis)) (resp., (2.2ter)) holds and if B is a set in Yy such
that B D Cyp, then

ws(B) D Co.

Proof. Fix {9 > 0. If vg € Cp, there exist two sequences vy, € Cp and t,, — oo as
n — 00, tn, > to > 0, such that vo = Ty(tn)von. By (2.2), for any v, € Cy and t,,
we can find a positive number ¢, € S, ¢, — 0 as n — oo, such that

1
"Tt.(tn)Pt.VDn — To(tn)von|ly, < =

Therefore, we have sequences t,, — o0, €, — 0 and vg, € Cop C B such that

1
|Te. (2n) Pe, von — vo|ly, < =

This completes the proof.

Theorem 3.2. Let B be any bounded set in Yy and suppose that Ty(1) is a C°-
semigroup on Yy and that the w-limit set wo(B) = Ao(B) of B with respect to
To(t) exists and is nonempty. If (2.2bis) is satisfied, then ws(B) D Ao(B).

Proof. If z € Ay(B), then there are sequences t, — o0, y, € B, such that
To(tn)yn — z as n — oo. Let {5 > 0 be fixed. For any integer m, there exists an
integer n,, such that, for n > nn,, we have ||To(tn)yn — 2|y, < 1/2m and t,, > 1.
From the property (2.2bis), there exist ¢,,, € S, €¢,,, — 0 as m — oo, such that,
for any y € B,

1
I]To(tﬂn)y - T(um (tﬂn)Ptumy”YO S Q_m .

Therefore, we have

1

|z = Teo. (tnm) Pen,. Ynmllyo < g

This shows that z € &s(B) and completes the proof.

Theorem 3.3. (i) Let B be any set in Yy. If To(t) is a C°-semigroup on Yy and
the condition (2.2) is satisfied, then To(t)ws(B) C ws(B).
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(i) If to > 0 is a fixed constant and we suppose in addition that
B = Ucesnng(0,6) Utst, Te(t) P B
is bounded, that (2.2bis) holds and either that
(H,y) To(t) is asymptotically smooth and U;>o To(t) B, is bounded
or that
(H3) To(t) is a C°-group on R,

then wg(B) is invariant under Ty(1).

Proof. If y € ws(B), then there are sequences {¢, } C SNNE(0, §), {t.} C
[0, ), { yn } C B such that ¢, — 0, t,, — o0, T, (tn) Pe,yn — y as n — oo. Let
to > 0 be fixed. From (2.2) and the continuity of Ty()y in y, for any 5 > 0, there
is an integer ng(7n) such that, for n > ng(n), we have

ITo()Tew (tn) Peabn = Ten (b + 1) Peviallve < 3

I76(6)y — To(6)Te, (tn) PesUnllve < 3 -

As a consequence of these inequalities, we have
IITD(t)y - ’r(a(t"‘ + t)PE.yﬂ”Yo <1,

which implies that Tp(t)y € ws(B). This completes the proof of the first part of
the theorem.

To prove the last part of the theorem, it is sufficient to show that, for y as
above and any t; > 0, there is a § € wg(B) such that Tp(t1)y = y. Assume that
(H,) is satisfied and let By = Cl Uy To(t)B1. The set By is a closed bounded
set in Yp and Tp(1)Bo C Bp. Since Ty(t) is asymptotically smooth, there exists a
compact set J C Bp such that J attracts By. Let {; > 0 be fixed. For any integer
k > 0, there exists an integer m; such that

(31] To(?ngtl)B[) C N}’O(J,Q—lk) and mt, >to.

If we choose n large enough so that {, — (m; + 1)t; > tg, then, from (3.1), we
deduce that there exists ji n € J such that

. 1
(3.2) ”TD(mkti)Tt..(tn — (my + 1)t1) P, yn “.?k.n“}'o < 2%

Since B, is bounded, hypothesis (2.2bis) implies that there exists a positive num-
ber €, such that, for 0 < ¢, < €,

(3.3)

”TO(’nktl)Te..(tn = (mk + 1)‘1JP(.yn - Tc.(mktl)Tc"(tn - (mk + l)tl)P(,.yn”Yg
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L
2k
From inequalities (3.2) and (3.3), for 0 < ¢, < €, , we have

<

. 1
(3.4) ”Tc.(tn —11)Pe Yn — Jl:.n”Yo < ¥

In particular, there exists a subsequence ny — oo such that for 0 < ¢,, < €m,,

; 1
(3.5) ITen, (tar = t1) Pes, Yns — Jkinllve < £

where jr = Ji,n,. Since J is compact, we can extract a subsequence of the
sequence ji, which we still denote by ji, such that j. — § as k — oo. Therefore,
for any n > 0, there exists ko such that, for k > ko, we have, from (3.5),

i 1
(36) |Te, (tns = t1)Pen, v = Gllve < £ +3 <,

Therefore, Te,, (ta, — t1)Pe,, Yn, — § as nx.— oo and § € &(B). Also,

bl 3

TD(il)Tzn, (tm. == tl)P( Yny, — TD(tl)g as np — 00.

bl
On the other hand,
T.., (tl)Tt.,, (tns — il)Pe.,, Ynp = Te,, (tni)Pen, Unk — Y-
Since, for any 5 > 0, there exists ng such that, for np > ny,
"Tt‘u,, (tl)Ttn,, (tﬂk = tl)Pt-,, Yny — Tﬂ(tl)q}“ (tﬂk i tl)PE..‘I yﬂk”YD <,

it follows that To(tl)T(_k (tn, —t1)P,, yn, — y as np — co. As a consequence, we
have Ty(t1)¥ = y and the theorem is proved under hypothesis (H;).

Let us now suppose that (H2) is satisfied. We show that, for y as in the proof
of part (i) and, for any t; > 0, there exists § € ws(B) such that To(¢;)§ = y. Let
t; > 0 be fixed. For any ¢, t — t; > to, Te(t — t1)PcB is contained in the bounded
set B;. Therefore, from the condition (2.2bis), for any 7, > 0, there is a positive
number €y = €o(71, 11), such that, for 0 < € < ¢q, for z € B,

(3.7 1 Te(t1)Te(t — t1) Pex — To(t1)Te(t — 1) Pez|ly, < m -

Since To(—11)z is continuous in z at z = y, for any 72 > 0, there exists a positive
number @y such that

(3.8) 17o(—t1)z — To(—t1)yllyv, < m2 if ||y — z|ly, < bo.
Choosing 171 = 6p/3 in (3.7) and using the fact that

Te,(ta)Peu¥n = T, (t1)Te, (tn — 1) PeYn — y as n — o0,
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we can find an integer ng such that, for n > ng, we have

20
(3.9) lly = To(t1)Tew (tn = t1) Peatinllve < =57
From (3.9) and (3.8), we deduce that, for n > no,
(3.10) 1To(=t1)y = To(=t1)To(t1)Ten (tn = 11) Peynllye < 12

This implies that T, (tn — 11)Pe, yn — To(—11)y as n — oo.
Thus, To(—t1)y € @s(B) and the theorem is proved.

Remark 3.4. The second part of the theorem also is true if the hypothesis (H,)
is replaced by the following one:

(H3) there is a positive time ¢, such that Tp(t) is compact for ¢ > t; .

Remark 3.5. If the hypothesis (H;) of Theorem 3.3 holds, then, since wg(B) is
closed and invariant under Ty(t), we conclude from the asymptotically smoothness
of To(t) that ws(B) is compact.

We now want to present some situations where wgs(B) = wo(B). As a direct
consequence of Theorems 3.2 and 3.3, we have the following result.

Corollary 3.6. Let B be a bounded set in Yy. Suppose that Tp(t) is a C°-
semigroup on Yy and that the w-limit set wo(B) = Ao(B) of B with respect to
To(t) exists, is nonempty and attracts B. If the hypotheses of Theorem 3.3 are
satisfied and &s(B) C B, then

ws(B) = Ao(B).

Proof. From Theorem 3.2, we have ws(B) D Ag(B). From Theorem 3.3,
To(t)ws(B) = ws(B) for all t > 0. Since ws(B) C B and Ay(B) attracts B,
by invariance of wg(B), it follows that &s(B) C A¢(B). This completes the proof.

Theorem 3.7. Let B be a bounded set in Y, and suppose that Ty(t) is a C°-
semigroup on Yy and that the w-limit set wo(B) = Ao(B) of B with respect to
To(t) exists, is nonempty and attracts B. If, moreover, (2.2bis) holds and either

Ao(B) Cl.é (the interior of B) or Ao(B) attracts also a neighborhood of B, then
ws(B) = Ao(B) -

In particular, if To(t) has a global attractor Ay, if A9 C B and (2.2bis) holds,
then
os(B) = Ao.

o
Proof. We prove the theorem only in the case where Ap(B) CB, since the proof in
the other cases is similar. From Theorem 3.2, we know that &s(B) D Ag(B). Since
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Ao(B) Cf?, there exists o > 0 such that, for 0 < < no, Ny, (Ao(B), 1) CEB. Let
us show that, for 0 < 9 < no,, ws(B) C Ny,(Ao(B), n). Since Ap(B) attracts B,
for any 0 < 1 < 1o, there exists a positive time 79 = 7o(7, B) such that

(3.11) To(t)B C Ny,(Ao(B), 1) for t > 7o

By (2.2bis), there exists a positive constant €y = €o(n, B, 7o) such that, for 0 <
€< €, for y€ B,

(3.12) ITe(t) Pey — To(t)ylly, < g for o < 1 < 27.
From (3.11) and (3.12), we conclude that

(3.13) Te(t)Pey € Ny,(Ao(B), n) C B for 1o <t < 27, y€ B.

Since T (t)P.B C B for 9 <t < 279, we can apply again the above argument
with T, (70)P.B. By a recursion argument, we then show that

(3.14) Te(t)P.B C Ny,(Ao(B), n) fort > 19, 0 < € < €g,

which implies that

(3.15) ws(B) C Ny,(Ao(B), n).

Since (3.15) holds for any 7, 0 < < 79, we conclude that ©s(B) C Ag(B). This

completes the proof of the theorem.

In the case where each of the semigroups, including the one for ¢ = 0, has a
global attractor and the rate at which it attracts a bounded set is exponential and
uniform in €, we do not gain much additional information by considering the set
w(B); that is, we may as well consider the limits of the attractors. This concept
becomes more important when there is no global attractor for the semigroup at
e=0.

4. A parabolic equation on thin domains.

In this section, we obtain the analogues of Sections 2 and 3 for a parabolic
equation on thin domains. At first, we define carefully the thin domains @, over
a bounded domain Q € R"?, n = 1, 2, with a smooth boundary. Suppose that ¢
is a positive number and g : Q x [0,¢€0] — R is a function of class C3 satisfying:

oX,00=0,  go(X)= 2(x,00>0for X €0,
g(X,e)>0for X €9, €€ (0,¢].

(4.1)
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For 0 < € < €g, let Q. be the domain
(4.2) Q.= {(X,Y)ER?: 0<Y < g(X,¢), X € Q)

and denote by v, the outward normal to Q.. Choose § > 0 so that Q = Q x (0, )
contains @, for 0 < € < ¢q.

For a a positive constant and G* a function belonging to W°°(Q), we con-
sider the equation

(4.3) U — Au+au=—f(u)—G* in Q.

with the boundary conditions

Ou .
(44) *bju—" =0 in 3Q, ‘

The function f: R — R is a C?-function satisfying

(4.5) lim sup alild
|z|—=400 T

<ap < a,

(4.6) f"(2)| < o1 +|a]") for z € R

where0<y< 4o ifn=1land0<y<1lifn=2.

The hypotheses on a, G* and g could be weakened, but we avoid additional
technicalities by imposing them.

In the remainder of this section, we suppose that n = 2. The modifications
that are necessary for n = 1 will be clear. If we transform coordinates to the
canonical domain @ = §2 x (0, 1) by letting X = z, Y = g(z, €)y, we obtain the
system

(4.7)¢ u+Lut+au=—f(u)—G: inQ

with the boundary conditions

ou _ e
(4.8) ava, =Bau-vr=0 indQ,
where
(4.9) Gi(z,y) = G*(z,9(z,€)y),

v is the unit outward normal to Q and L. is the operator:

(4.10) Li= —i divBu
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where

guz, — gz, Yy
(4.1 1) Bgu = qur, — gsgy“y
—9z, YUz, = G2,z + 214 (92,9)7 + (92,9)%)uy

We also need to write the equation (4.7),, (4.8), as an abstract evolutionary
equation. For notation, we let ||.||o,q, ||-|l1,¢ and ||.||2,q denote respectively the
classical norms in L?(Q), H'(Q) and H?(Q). For 0 < € < ¢g,we let H, = X? be
the space L?(Q) endowed with the norm || - ||u, induced by the inner product

(“1; “2)!{, "-"[ Eﬂluz d;rdy.
Q €

The hypothesis (4.1) implies that there are positive constants c;, C; (independent
of €) such that ¢||ullo,q < ||ulla#. < Ci|lullo,q@ for any u € L%(Q). To rewrite the
equation (4.7)¢, (4.8)¢, we need the bilinear form a.(-,-) on (H'(Q))? (which is
derived from the form:

(ul, ﬂg) — (VuIVuz + cmlug) dXdY
Qe

by the change of variables in going from @, to Q):
ac(uy, uz) = (L %uy, L us), + a(uy, u2)n,

where £1/? is the gradient operator on H'(Q) :
g g 1
c}f?u = (url == ?ﬂ“y‘ Ug, — fgusﬂ E“y) .

It is well known that a(-,-) defines an unbounded linear operator A, on H!(Q)
which is selfadjoint on H,, positive, A, = L.+ al with homogeneous Neumann

boundary conditions, and D(A:n) = H1(Q). By the definition of AY? we have,

for all u € H'(Q), the following relation: [a.(u, u)]'/? = ||A}?u||y,. Furthermore,
the conditions (4.1) on g imply that there are constants c3, C2 such that

1 1
(412) ca(llullf @ + lluslld @)/ < 14 *ull, < Calllullf @ + 5 llwyllF. @)
For s = 0,1,2, let X! be the space D(A:"z) endowed with the norm |Jul|x. =
|A2/?u|| 5, . From [9, Appendix A)), we have

Ou

D(A) ={u€e H¥Q): ;o

=0in 3Q}.
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With this notation, the equations (4.7),, (4.8), are equivalent to l.he abstract evo-
lutionary equation

(4.13), ur+ Acu = —f(u) —
We remark that the function f : u € HY(Q) — f(u) € L*(Q) is a C!-

mapping. We compare the problem (4.7),, (4.8)¢ with the following problem on
Q:

1 1 .
(4'7)0 L E(gﬂvﬂ ):1 - E(gﬂv:: )xz +oav = _f(v) = GE inQ,

where Gj = G*(z, 0), with the boundary conditions

dv :
(4.8)0 = 0 in8Q.

As above, we let Hy = X§ be the space L?(f2) endowed with the norm || - ||,
induced by the inner product

(v1, va)m, = f govive dz.
1]

By hypothesis (4.1), the norm || - ||n, is equivalent to the classical norm || - [|o, @
of L?(Q2). We also introduce the bilinear form aq(-, -) on (H'(2))? :

ap(vy, v2) = / Vo, - Vuagodz + a(vy, v2)h, -
a

The form aq(-, -) defines an unbounded linear operator Ag on H'(Q) which is
selfadjoint on Hy, positive. We have H!(Q) ~ D(A”z),

D(Ao) = {ve H*Q): 8_ =0ondQN},

and Ag = _g_ga_n(gﬂ =) = EE(Q’Q ) + ol with homogeneous Neumann
boundary conditions. As above, for s = U. 1,2, we let X§ be the space D(A'E”)
endowed with the norm |[v||x: = 14320 .

With the above notation, the abstract evolutionary equation corresponding
to the problem (4.7)o, (4.8)¢ is

(4.13)0 vy + Agv = —f(v) —

The problems (4.13), have been studied in detail in [9]. Let T¢(t) (resp. To(t)) be
the semigroup generated by (4.13), on X! (resp. (4.13)¢ on X}).
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The family of maps { T,(t), t > 0, } is, of course, also a semigroup on H(Q).
In this section, we will define w(B) in the latter topology. In order to avoid
confusion, we repeat the definition for this case.

Definition 4.1. For a given set B C H'(Q) and a given set S C IR* with 0 € S,
the w-limit set of B with respect to the family of semigroups T,(t), £ > 0, € € S,
is denoted by ws(B) and is defined in the following way: a point ug € ws(B) if
and only if there are sequences {¢, } C S, {tn} C [0, o0), {un } C B such that
€n — 0,1, = 00, T¢, (tn)un — uo in H'(Q) as n — oo.

We define the operator M : H'(Q) — H'(Q) by the relation

1
(M)(z) = /0 ¢(z, y)dy for z € Q and for any p € H'(Q)

We will need the following property which is proved in [19].

Proposition 4.1. Let ty be any fixed positive number. For any bounded set
U C [to, 00) x H}(Q) and any n > 0, there exists a positive number ¢y = €o(n, U)
such that, for e € SNN(0, €o), and (t,ug) € U, we have

(4.14) || Te(t)uo — To(i)ﬂ’f'uo”xtl <0

Moreover, for any positive constant r, there is a positive constant K (r) depending
only on r such that, if sup,ep ||@||H1(Q) < r, then, for ug € B, for t > 0,

(4.15) t||Te(t)uo — To(t)Mug||x: < K (r)eK (Dt

Theorem 4.2. For any bounded set B in H'(Q2), we have:
1. The set ws(B) is contained in H'(R), is invariant under Ty(t) and @s(B) D
Ao(M B) = wo(M B).

o
2. If we assume moreover that either Ag(M B) is contained in B or Ao(M B) C B
attracts also a neighborhood of M B, then

(4.16) ws(B) = Ao(MB).

In particular, if we assume that B contains the global attractor Ag of Tp(t), then
ws(B) = Ao .

Proof. Let {; be a fixed positive number. Let us first show that @gs(B) is

contained in H!(2); in particular, the points in wg(B) do not depend upon y.

By [19], for any 7o > 0, there exist a positive constant r = r(B, f, 7o) and a

bounded set Bg in H'(Q) such that, for ¢ € SNN(0, ¢o) and all ug € B, we have

(4.17) ITe(t)uollx; < 7, for > 70,
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and
(418) U(ESHN(O, co)(uiz‘roTt(t)B) C BB :

If o € HY(Q) Nws(B) and uo ¢ HY(N), then ug # Mug and |Jup —
Mug||pa(@y # 0. We will obtain a contradiction to this statement by showing
that, for any > 0, we have

(4.19) luo — Muo||zag) < m.

Since up € Wg(B), there are sequences {€,} C SNN(0, &), {tn} C [0, 00),
tp > to, {un} C B such that ¢, — 0, ¢, — 00, T¢, (tn)un — uo in HY(Q) as
n — oo. Thus there is an integer ng such that, for n > ng, we have ||T¢, (tn)un —
uo||1,@ < n/3. Therefore,

|luo — Muo||La(q)
< llwo = Te (tn)unllLaq@) + 1 Ten (tn)un — MTe, (ta)unllza()
(4.20) + [|M (T, (tn)un — uo)|lL2(Q)

2
< E'! + |7, (tn)un — MTe, (tn )“n"L’(Q) .
From Lemma 3.1 of [9] and from (4.17), we deduce that, for 0 < ¢, < €,
||T,n(t,,)un — MT[‘ (t,.)u,,”L:{Q) S CEnT.

Thus, choosing an integer n; > ng such that ce,r < /3 for n > n,, we obtain

(4.21) I Te, (tn)un — MT, (tn)un||L2(Q) < g :
From (4.20) and (4.21), we infer (4.19) with the conclusion that ug € H'(2).

Let us now show that wg(B) is invariant under Tp(t). If vo € ws(B), there
are sequences {€, } C SNN(0, €), {tn} C [0, ), {un } C B such that ¢, —
0,t, — 00, Te (tn)un — vo in HY(Q) as n — co. Fix t > 0. For any n > 0,
there exists a positive number § > 0 such that, if |[vy — vo|lg1(n) < 6, then
[17To(t)v1 — To(t)vo||mi(n) < m/2. There exists also an integer ng = ng(é) such
that, for n > ng, we have ||T¢, (tn)un — vo|lHi1(@) < 6 and, since v = Muy,
[|MTe,(tn)un — vol|m1(n) < 6. As a consequence of this inequality, we obtain

(4.22) ITo(t) M T (tn)n — To(t)vollirscay < 3 -

On the other hand, from (4.15), we have

(4.23) 1 To()M T, (tn)tn — Te, () Te,. (tn)tn||mr(Q) < ﬂe" (r2
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Fix ¢t > 0. As a consequence of (4.22) and (4.23), we can choose n; > ng(4) such
that, for n > n,,
I To(t)vo — Te,, (t)Te, (tn)tin|lH1(Q) < 7-

This shows that To(t)ws(B) C ws(B).

We now need to show that, if vo € wg(B), then Ty(—t)vy € ws(B). The
sequence To(1)MT,, (tn — 2{)u, has a subsequence (which we label the same)
which converges to a point 9 € H!(§2). From (4.15), we know that

I To(t) M T, (tn — 2t)un — Tew (tn — )tnllxs < %{(")e“(fﬁ .

Therefore, T, (t, — t)up, — ¥ in H(Q) as n — oco. Hence, 9y € @(B). Using
the estimate (4.15), we see that To(t)M T, (tn — t)un — vo in H}(Q) as n — oo.
On the other hand, since T, (tn — t)un, — 9o in H(Q) as n — oo, we have that
To(t)MT,, (tn — t)u, — To(t)Mo = To(t)Do. Therefore, vo = To(t)vo € ws(B)
and ws(B) is invariant.

One proves as in Theorem 3.7, with very minor changes, that wg(B) C
Ao(M B).

It remains to show that wg(B) D Ao(MB). If vo € A¢(MB), there are
sequences t, — 00, v, € M B such that Ty(¢,)v, — vo as n — co. Let 1 > 0 be
fixed. For any integer m, there exists an integer n,, such that, for n > n,,, we
have

(4.24) tn > to and |[To(tn)vn — vollmcay < len _

Since v, € M B, there exists u, = v, + w, in B such that Mu, = v,. By (4.15),

there is an ¢,,, € S, €5, — 0 as m — o0, such that

(4.25) 1To(tnm)vnm = Ten,. (tnn)tnllaig) < o

Therefore, we have

L
m L

(4.26) llvo = T, (tn ) tinnllm1@) <

which implies that vy € @s(B) and completes the proof.
Remark 4.3. As in Definition 1.1, we can introduce the limit
@s(A.) = Ns>0 Clyi(Q) Uees, e <s Ae -

In [9], we have proved that the attractors A, are upper semicontinuous at ¢ = 0.
Therefore, as in Proposition 2.1, one shows that

(4.27) ws(A.) C Ao.
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In [9], we have shown also that U.es.A¢ is contained in a closed, bounded ball in
H?(Q). Therefore, the hypothesis (i) of Proposition 2.3 holds and one can show,
as in Proposition 2.3, that @g(A.) is invariant under Tp(t).

If all of the equilibrium points are hyperbolic, then, by [19], the attractors
A. are lower semicontinuous at ¢ = 0, which implies, by Proposition 2.2, that
ws(A.) = Ao.

If we assume that S = (0, &g), then it is easy to verify that all of the hypothe-
ses of Proposition 2.4 are satisfied. Thus, ©g(A.) is connected.

5. A damped wave equation on thin domains.

In this section, we obtain the analogues of Sections 2 and 3 for a hyperbolic
equation on thin domains. We keep the notation of Section 4. In particular, we
consider the same thin domain Q.. But now, for @ and f# positive constants, we
consider the damped wave equation:

(5.1) Uge + Buy — Au+ au = — f(u) — G* in Q,

with the boundary conditions

du ;
(52) —8';; =01n 3Q¢.

where f and G* are the functions introduced in Section 4.1. In particular, f
satisfies the conditions (4.5), (4.6) with ¥ < 1 if n = 2. If we make the change of
variables X = z, Y = g(z, ¢)y which transforms Q. into the canonical domain Q,
we obtain the system

(5.3)¢ ug + Pug+ Leu+ au = —f(u) — G in Q,

with the boundary conditions

du
dvg

(5.4)c = Beu-v =0 in 9Q,

where L., B¢, G* are given in (4.10), (4.11) and (4.9). As in Section 4, we intro-
duce the operator A, and the spaces X!, s = 0,1,2. For s = 1,2, we also define
the space Y2 = D(A!/?) x D(AL™"/?) endowed with the norm [|(¢,%)|lys =
(el + 1¥|%.-.) /2. Clearly, Y,! is isomorphic to H(Q) x L?*(Q) and Y2 is

isomorphic to {p € H*(Q) : 22& =0in 9Q} x H(Q).
With this notation, the equations (5.3),, (5.4), with initial data
(¢,¥) € Y, are equivalent to the abstract evolutionary equation

(5.5) Uy + Puy + Acu = — f(u) — G .
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‘We compare the problem (5.3), (5.4), with the following problem on Q:

(5.3)0 vt + P — -glo(yuvs,)s. - 9—10(9'01-"::):-; +av=—f(v) -Gy in Q,

with the boundary conditions
dv
A4 — = ,

(5.-4)0 5 0 on 89

As in Section 4, we introduce the operator Ag and, for s = 0, 1, 2, the spaces
X3. For s = 1,2, we also define the spaces Yg = D(A/?) x D(AS~"?) endowed
with the norm ||(¢, Yy = ("‘P”i’; + ||¥||%.-,)2. Clearly, Y is isomorphic to
HY(Q) x L?(Q) and Y§ is isomorphic to {p € H?(Q); $2 = 0 on 99} x H'(Q).
With this notation, the abstract evolutionary equation corresponding to the prob-
lem (5.3)0, (5.4)0 is
(55)0 Vit +,3‘U: +AD‘U = —f(t.') —GE

The problems (5.5),, for 0 < ¢ < ¢o, have been studied in detail in [12]. Let
Te(t) (resp. To(t)) be the semigroup generated by (5.5) on Y,! = X! x X0 (resp.
by (5.5)0 on Y3 = X} x XJ).

At first, we recall the following results from [12].

Proposition 5.1. Fix By > 0, ¢0 > 0 and suppose that 8 > By and v < 1. For
any ro > 0, there is a constant Cy(ro) such that, for 0 < € < €q, the solution
U(t) = (u(t), ui(t)) of (5.5)c with ||U¢(0)|ly; < ro, satisfies, for t > 0,

(5.6) U@)llys < Co(ro)-
If, in addition, Q2 satisfies hypothesis (H) of [12], then:
(1) There exist a constant K > 0 and, for any r; > 0, ro > 0, two positive

constants K7 (ry), K5(r1, r2) such that, for 0 < ¢ < €, any solution U(t) of (5.5).
with ||U(0)|ly; < 7, i =1, 2. satisfies, for t > 0,

(5.7) luge ko + U (Dllya < K7 (r1) + K3(r1, ra)e™ .

(2) There is a constant K3 such that, for 0 < € < €p, we have

(5.8) lte, ¥)llvs < Ks for (p, ¥) € A,

where A, is the global attractor of (5.5), in Y,!.

(3) There is a positive constant ¢ and, for any r > 0, there is a posi-
tive constant k(r) such that, for 0 < € < €, any solution U¢(t) of (5.5), with
lU<(0)|lyz < r satisfies, for t > 0,

IU“(6) — To@MU“©)I3s < (€ +II(T = MYUS(O)[E. )k(r)eHr)"
< cek(r)e* M
|U“(t) = To(@)MU Ol qyxacy < (€ + (1 = MYUO)IF2)k(r)et
< cek(r)ek(t,

(5.9)
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Let S,(t) be the semigroup on Y,! generated by the linear equation
(5.10). Uy + Pur + Acu =0

with initial data (u(0), u¢(0)) = Up € Y;!. Let A} be the first eigenvalue of Ao and
let b be any positive number satisfying

B 3\ \/3)«
(5.11) 0<b<mln(8 138

In [12, Lemma 2.2], it is proved that, for 0 < € < ¢q, for t > 0,

(5.12) ISe(t)Vollyx < V3e= % ||Uslly; -
In [12, Proof of Theorem 3.4], we also have shown that, for 0 < € < €, for t > 0,
(5.13) ISe(t)Uollya < Cae™*||Us]lya

where C3, c; are positive constants.

Let @ be a real number, 0 < 8 < 1, and let [Y2,Y]s = [X2, X}]o x [X}, X?]s
be an interpolation space between Y2 and Y!. Thanks to (5. 12) and (5.13), there
exist two positive constants C,, c. such that., for0<e<e€,0<60<1,t>0,

(5.14) ISe(t)Volly2,v230 < Cue™*"||Uolly2,¥2 »

We also will need the following auxiliary result.

Lemma 5.2. There is a positive constant co and, for any r > 0, there is a positive
constant ko(r) such that, for 0 < € < €g, any solution U*(t) = (u*(t), uf(t)) of
(5.5) with |[U(0)|ly; < r satisfies, for t > 0,

(5.15) AT 2(u§(t) — ve(®)lla, + llus(t)

< cole + |47 *(u{(0) = v (0)lla, + [[u(0) - »(0)]
where (v(t), vi(1)) = To(t)MU<(0).

Sketch of the proof. The proof is very similar to the proof of the estimate (5.9)
(see [12, Proposition 5.1]). For this reason, we are not going to give the entire
proof. We only point out two arguments which are not contained in [12]. In the
proof of (5.15), one needs the following two estimates. At first, by (4.12), we can
write

H. )el‘n(r]i ,

1 = qe = - €
(5.16) ”?a_y(A' Hui(t) = v®)lm. < CNATY2(ui(t) — ve(®))lla. -
On the other hand, we have the following estimate:

o (fl f’('ﬂ i S(t.l‘ U))(ﬂ‘ v)ds, w)H-
A 1!2 u‘ — v = sup 0
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Jo(1+ 0|7+ + |ucP*1)|u¢ — v| jw|dzdy
sup 0
weX} [|Ac" w]| e,
1 1
< Cllu® = v||u, (1 4+ ”””I:.(ﬁ-u(q) + ”“t"},t{f-n)(Q))!
which implies that

(5.17) AT 2(f(u) = S@Dla. < Cha(r)llu® = vl ,

<C

where k;(r) is a positive increasing function of r, independent of ¢, for 0 < € < ¢.

Let us now consider the limit set @. We can consider T,(t) as a semigroup
on HY(Q) x L?(Q) and, in the definition of w(B), we will use the topology of
H'Y(Q) x L?(Q). We may always define @(B) for any bounded subset of H!(f) x
L?(Q), but are not able to consider an arbitrary bounded set in H}(Q) x L?(Q).
The precise definition is as follows.

Definition 5.1. Let S C IR* be a given set such that 0 € S. For fixed positive
constants C; and ¢o, let W = {W,, e € S,¢e < €g} be a collection of sets W, in
(I = M)Y? such that

(5.18) (¢, ¥)llyr <C1 for all (¢, ¢¥¢) € We.

For a given bounded set B in H'(Q) x L?(Q), the w-limit set of B with respect to
the family of semigroups T(t),t > 0, ¢ € S, and the family of seis W is denoted
by @s(B) = @s(B, W) and is defined in the following way: a point Uy € @s(B) if
and only if there are sequences {¢, } C S, {1} C [0, 00), {Un = V, + W, } with
Vi. € B, Wa € W._, such that e, — 0, & — 00, Ts. (tn)Un — Uo in H}(Q)x L2(Q)
as n — 0o.

Theorem 5.3. Assume that Q satisfies the hypothesis (H) of [12] and let W be
a family of sets as in Definition 5.1. For any bounded set B in H'(Q) x L*(Q),
we have

1. For any sequences {¢,} C S, {tn} C [0,00), {Un = Vo + Wy, } with
Vo € B, W, € W,,, such that ¢, — 0,1, — oo, the set Up>oTe,(tn)Un is
precompact in H}(Q) x L?(Q) and all limit points belong to H*(S2) x L*().

2. The set ws(B) is contained in Yy, is invariant under Ty(t) and ws(B) D
Ao(B) = wo(B).

3. Finally, if B contains the global attractor Ao of Ty(t), then

(5.19) @(B) = A -

Proof. We give the proof in the case n = 2. The case n = 1 is similar and even
simpler. If we set

(5.20) g¢=[_°G:], f(U):[_f{()ul)]. U=[ﬂ;],
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then the variation of constants formula implies that the solution T,(¢)Ug of (5.5),
can be written as

(5.21) T(t)Up = Se(t)Up + f; Se(8)[F(Te(t — s)Up) + Gclds .

To prove Part 1, it is sufficient to show that, for every § > 0, there is an
integer ns such that Un>n,Te,(tn)Un is covered by a finite number of balls in
Y= HY(Q) x L*(Q) of radius .

Let § > 0 be given. Thanks to the estimate (5.12), there is a time T} > 0 such
that, for any € € S, ¢ < €0, and any Up = Vo+ W, Vo € B, Wp € W,, the Y.! norm
and the Y norm of S¢(t)Uj are less than §/8 for ¢ > T}. Therefore, if we choose an
integer ns such that ¢, > T} for n > n;s, we obtain the same bounds for S, (t,)Un
for n > ns. As a consequence, it remains to cover Un>n, f{:" Se.($)F(Te.(tn —
s)Un) + G, ]ds by a finite number of balls in Y of radius é/4.

Since, by (4.6) and (5.6), Ut>0,n>0(F (T, (t — s)Un) + G, ) is bounded in Y!
by a positive constant which is inaept;ndent of €, we deduce from (5.12) that there
exists a positive time 77 such that, for t > TZ,

I ]D Sen()F(Ten ( = 8)Un) + e Jds —

T3
Sen (8)[F(Te, (t — 8)Un) + G, Jds|[y

0

+oo ,

If we further restrict ns so that ¢, > T? for n > ns, then we conclude that the
proof of Part 1 will be complete if we show that

72
UnZne/D Sen(8)F(Ten(tn — 8)Un) + Ge,1ds

can be covered by a finite number of balls in Y'! of radius §/8.
We introduce a method of interpolation to define the spaces

[H+1(Q), H (@)l = HE+DH0-0(Q) for i=0,1

and [ (Q), L(Q)ls = L"(Q) where 1 = £ 4+ 1=2, 1 < ¢ < g, < +ov.

It is shown in [12] that there is a positive constant C such that, for 0 < € < ¢,
IUlly: < C||U|lys for i = 1,2, where Y2 = H?(Q) x H'(Q). Therefore, by
interpolation, we have

(5.22) IUllyess < ClIU Nz,
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where Y? = H1+9(Q) x H(Q).

We now introduce the linear mapping
T : (u,uz, (1/€)uy) € (LP(Q))° — u € LP(Q).
We know that 7 is a bounded linear mapping from (L%(Q))3 to X! and from

(L8/5(Q))® to X° with a norm less than some constant C independent of e.
Therefore, by interpolation, 7 is a bounded linear mapping from (L"(Q))? into

(X}, X?2)e, where 1 = £ + :"_(.1.6:11 = 5=20 4pq
1
(5.23) lullix:,xe3 < C’||(u,u,,;uv)||(b(q)), )
If we let Ug(t) = Te, (t)Un = (uir (1), ui (1)), then, by the hypotheses made

on the sequence U, and by the estimate (5.6), we know that there is a positive
constant Cp such that, fort > 0,n > 1,

(5.24) sup([[Uz@lly,» Uz (@Olly») < Co..

We set ¢ = 6/(y + 4). Since v < 1, we have ¢ > 6/5. We want to show that

(F s (), g (00, - S ()

belongs to (L9(Q))® and that there is a positive constant C; such that, for t > 0,
n>1,

(5.25) ||(f(u,‘,"(t)), Sy (t)). =Dy f( w ONllzs@)s < Ci-

To show this, we observe that

”é%f(“('(t))”LQ(Q) < C(/ 1+ Iu(.(t)|(1+l)q) 1 iaun (t)lqd d )Uq

c( f (1 + Juge (1) 52 )dxdy)f‘u——nmm

<SCA+[luz O DIui @llxy, < Cr,

by the Sobolev embedding of H!(Q) into L%(Q). In a similar way, we estimate
the other terms in (5.25).
Since ¢ > 6/5, there exists a real number 6,0 < 65 < 1, such that ‘ = g.} +

uﬁ')- By (5.23), this remark and the estimate (5.25) imply that F(T, (t)U,.) is
umformly bounded in [Y?2,Y/!]s,. Likewise, the hypothesis made on G‘ implies
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that G, is uniformly bounded in [Y2,Y.!]s, and there exists a positive constant
C, such that, for t > 0, n > 1,

(5.26) "T(T;_ (f)Un) + Gt_ "[y"a_ Y2 Joo < C,.

From the properties (5.14) and (5.26), we deduce that

2
&

T,
Il Seo (8)[F(Ten(tn — 8)Un) + gt-]dsll[Y,’_.YJ_]a, < C.CoT7,
0
which implies by (5.22) that there is a positive constant C3 such that, for n > 1,

T
I Sen (8)[F(Te, (tn — 8)Un) + G, )ds||yso+r < Cs.
0

Therefore, Up>n, f:“a Se.(8)[F(T.,.(tn — s)Un) + Ge,]ds belongs to a bounded set
of Y?+! and hence to a compact set of Y!. As a consequence, this set can be
covered by a finite number of balls in Y! of radius 6/8.

We can extract subsequences {¢n,} C S, {tn,} C [0,00), {Un, = Vo, + Wa, }
such that T¢, (¢n,)Un, = (un, (1), un,t(t)) converges to an element Uy = (uo1, uo2)
in Y. Let us now show that Up belongs to H'(Q) x L3(Q).

For any é > 0 there exists an integer ns such that, for n > ns,

)
(5-27) lluor = wn, (tni)llar@) + lluoz = tn,e(tn)llLaQ) < 7 -
However, by Lemma 3.1 of [9], we have

(5.28) |[u01 = Muq||La(q)
< 2||uoyr — ug, (tm)”L"(Q) + ||tn,y(tny) = Mu,, ("m)”L’(Q)
< 2lluor = un, (tau)llzac@) + Censllunillxs, -
Thus, from the estimates (5.24),(5.27) and (5.28), we deduce that, for any § > 0,

[luoy — Muoy||za(@) < 8, which implies that ug; belongs to L2(2) N H'(Q) and
thus to H1(Q2). We also have, for n > ns,

|luo2 — Muoz||Laq)
< 2||uoz = tn,(tn, )"L’(Q) + [[unse(tny) — M“ﬂut(tm)”L’(Q) <

é
_2' + “uﬂti(tnt) = M“nnt(tn;)”L’(Q) .

By Lemma 3.1 of [9], for 0 < ¢ < ¢, for u € X}, i = 0,1, we have |lu —
Mul|L3(@) < C¢'||u||x;. Therefore, by interpolation, we obtain, for u € [X}, X{]s,,
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lu — Mu||lzaq) < Ce®|lu|lix1, xo),, - Using the variation of constants formula

€

(5.21), as well as the estimates (5.12), (5.14),(5.24), (5.26), we obtain
[tnie(tni) — M“ﬂni(tnn)llf-"(‘?) < 2C°V,§e—a"‘h"‘ + f:‘:.CCE .

We now choose m; such that ms > ns and, for n > ms, 2CoV3e—%tn +€%CC; <
6/2. As a consequence, we have proved that, for any § > 0, ||uoz—Muoz||L2(q) < 4,
which implies that ug2 belongs to L2(2). This completes the proof of Part 1 of
the theorem.

We have just shown that &g(B) is included in Yy. Let us now show that
ws(B) is invariant under Ty(t). If Ug € @s(B), then there exist sequences {¢, } C
S, {ta} C [0,00), {Un = Vo + W, } with V,, € B, W, € W,,, such that ¢, —
0, tn — 00, T, (tn)Un — Upin H}(Q)x L?(Q) as n — co. Let tg > 0 be given. The
sequence {T¢, (tn —10)Un }n>1 is precompact and so there is a subsequence ny — oo
such that €5, — 0, Te,, (tn, —t0)Un, — Ui, in H'(Q) x L?(Q). Let us show that
To(to)Us, = Ug. To this end, we are going to show that To(to)U;, — Up is as small
as we want in the norm of L?(Q) x D(A5'). If U = (uy,uz) € Yy, we introduce
the mappings P, € L(Yy, H(Q)), P2 € L(Y{, L%(Q)) as PLU = uy, P,U = uy. If
Uty = (U101, U192), We can write

(5.29) 1P1(To(t0)Uto — Uo)llL2(q) <

| P1(To(to)Vi, — To(to) M Te,, (tax — to)Uni)llL2(Q)
H[Pi(To(to) MTe,, (tn, — to)Un, — Te,, (t0)T,, (tns = t0)Un)l|L2(Q)
+[IP1(TC-*(tﬂl)Uﬂi - UD)”L"(Q)'

Since To(to)U is continuous in Yy at Uy, and MT,, (tn, — t0)Un, converges to
MUy, in Y, there exists an integer ns such that, for ny > ng, the first term in
the right hand side of (5.29) is less than §/3. We also can choose n;s such that,
for ng > n;, the third term in the right hand side of (5.29) is less than §/3. By
the estimate (5.15) of Lemma 5.2, we can write

||A:’_1."2P2(T," (tn)T,_k (tm. - tli')”ﬂn - Tﬂ(tD)MTt., (tm - tﬂ)Unn )”L?(Q}

+||Pi(Te,, (20)T,, (tny = to)Un, — To(to)M T, (tn, = to)Un,)llLa2(Q)
< Cleny + AT Po(I = M)T,, (tn, — t0)Un, 1.,

(5.30) HIP(T = M)T,,, (tn — to)Unilln.,, ) -

We remark that

(5.31) NAZY?(u — Mu)lln, =
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i (u—Mu,w)g, _ = (4= My,w— Muw)y,
vext A wll,  wex: AL wlla,

From the estimates (5.30), (5.31), (5.24) as well as from Lemma 3.1 of [9], we infer
that

|AZL2 Py(Te,, (t0) e, (tns — t0)Uny — To(to) M T, (tny — to)Uny)llL3(q)

+”P1(T£-, (tD)Tf-, (tny — t0)Un, — Tﬂ(tﬂ)MTtn,, (tnx —t0)Un, )"L’(Q)

(5.32) € Ceiy.»

Thus, from (5.32), it is clear that we can choose the integer ns such that, for
n > ng, the second term in the right hand side of (5.29) is less than /3.
It remains to show that

(5.33) 145 Pa(To(to)Uss — Uo)|lzagay < 6.

We can write
(5.34)
145} P2(To(to)Ut, — Uo)llLacay < (A5 = AZL ) Pa(To(to) U, — Uo)llza(q)

+||AZ), Pa(To(to)Ut, — Uo)llza(q) -
Thanks to [9, Lemma 4.5] and to the estimate (5.24), we obtain
(5.35) (45! - A(_,l,, )P2(To(to)Ut, — Uo)l|La(@) £ CCoén, -
To estimate the last term in (5.34), we note first that
(5.36) 1AL, Pa(To(to)Us, — Uo)llLacq)
< |AZ) Pa(To(to)Ut, — To(to) M T, (tny — to)Un,)lIL2(Q)
HIAZL Po(To(to) MT.,, (ta, = t0)Un, — T, (t0)Te,, (tni —10)Un,)llz2(Q)

+“Ae‘_..lk P?(Tc,.k (tn.,)Un,, o UD)”L’(Q) .

One shows easily that there exists a positive constant C such that, for 0 < € < ¢,
for h € H,

(5.37) A7 R||a, < Cllh||H, -

Since MT,, (tn, — to)Un, converges to MUy, in Yy and To(to)U is continuous
in Yy at U, we conclude from (5.37) that there exists an integer ns such that,
for n; > ng, the first term in the right hand side of (5.36) is less than 6/4.
Likewise, we can choose ns such that, for np > ngs, the third term in the right
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hand side of (5.36) is less than §/4. Finally, from the estimates (5.32), (5.34) to
(5.37), we deduce that we can choose ns such that, for np > ns, the estimate
(5.33) holds. This shows that wg(B) C To(to)ws(B). In the same way, we have
To(to)ws(B) C @ws(B) and so wg(B) is invariant under Tp(t). Since ws(B) is
a bounded subset of Yy and is invariant under Tp(2), it follows that @s(B) is
contained in the global attractor Ap and, in particular, is a bounded subset of Y.

It remains to prove that &g(B) contains the set Ag(B) = wo(B). If Vp =
(vo1,vo2) € Ao(B), then there exist sequences t, — 00, V;; = (vn1,vn2) € B such
that To(tn)Va — Vo in Y. In particular, for any integer m, there exists an integer
n, such that, for n > n,y,,

&

(5.38) I7o(tn)Va = Vollyg < 5

By Lemma 5.2, the estimate (5.31) and the Lemma 3.1 of [9], we can write, for
0 < €< €, for any W in (I — M)Y! with ||W|ly: < Cy, that

1A UZP?(TO(tﬂ)Vn = Te(tn)(Va + W))||u.+

||P1(T0(tn)vn = T¢(t,,)(V.-, + W))HH.
< C(e +|A7 2P W |, + ||PWln,)eKo'> < Ceeotn,
where Ky and C are positive constants, independent of ¢. Therefore, we can

construct a sequence ¢, € S converging to 0 and choose W,,,, € W, _ such that

472 Py(To(tnn)Vam = Tew,. (tnn)(Vam + Wa ).,
(5.39) 1

+ "Pl(Tﬂ(in-)Vn_ —Tt__(tn_)(V.-._ g wﬂ-))”H-., < 3m

From Part 1, there is a subsequence n,,, of the sequence n,, such that
T‘n-. (tnm. )(Vﬂu. + Wﬂ-i)

converges to an element V* in Y! and V* belongs to Y. We shall show that
Vo = V* by proving that ||V — V-”L’(ﬂ)xv(ﬁi’) is as small as we wish. We can
write
Vo = V*llLaayx p(az?) < ClIVo = To(tan, )Van, llvg
+I(45" - A?.l_i )P2To(tn,., )Va ., llLa@)
+C||P1(Tﬂ(tnu. )Vm.,, o T.__. (tn-. )( Vn..,, + Wﬂ—. ))”H.._’
+ClIAZY Po(To(tnn, Vam, = Tean, (tnm, )(Vam, + Wao, )lla

+C||Tew, (tnm,)(Vam, + Wan,) = Vllys,

Cnmy
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which, by (5.38), (5.35), (5.39) and the convergence Oth-...,, (tnm, ) (Vam, +Wa,,)
to V*, implies that ||V — V‘"L=(ﬂ)xD(A;‘) is as small as we want. This completes
the proof of Part 2.

If B contains the global attractor Ag of Tp(t), then, by Part 2, we have
ws(B) D Ayp. Since ws(B) C Ao, (5.19) holds and the theorem is proved.

Remark 5.1. We have not found any simple condition implying that ©s(B) = Ap
when the set B does not contain Ag.

Remark 5.2. As in Definition 1.1, we can introduce the limit

@s(A.) = Ns>0Cla1(Q)xL2(Q) Uces, e <5 Ae -

In [12], we have shown that the attractors .4, are upper semicontinuous at ¢ = 0.
Therefore, as in Proposition 2.1, we prove that @gs(A.) C Ap. If all of the equilib-
rium points are hyperbolic, then, by [13], the attractors A, are lower semicontin-
uous at € = 0, which implies, by Proposition 2.2, that @s(A.) = Ag.

Using the properties (5.8) and (5.9) of Proposition 5.1, we can show as in
Proposition 2.3 that &s(A.) is invariant under Ty(t).

Finally, if we assume that S = (0,ép), then it is easy to verify that, as in
Proposition 2.4, the set &s(.A.) is connected.

6. Limits with first integrals.

In order to illustrate the difference between the set @g(.A.) and the set ws(B),
we give some simple examples of evolutionary systems for which the limit equation,
as a parameter approaches zero, has a first integral.

6.1. A relarded delay equation. As a first example, consider the family of retarded
differential difference equations

(6.1) z(t) = —(1+€)f(z(1)) + f(=(t - 1)),

where € > 0 is a parameter, f € C'(IR,IR), there is positive constant § such that
f'(z) > & for all z, and f(0) = 0.

A solution z(t) of (6.1) is a continuous function on [-1, a), @ > 0, which
is continuously differentiable on (0, «), has a right hand derivative at ¢ = 0 and
satisfies (6.1) on [0, a). If Yy = C([—1, 0], R), then, for ¢ € Yo, a solution z(t) of
(6.1) with initial data ¢ at ¢t = 0 satisfies the relations

2(1) = p(0) + [ [-(1+f(z(o) + flzls = D)ds, t20,
=p(t), -1<t<0.

(6.2)

In [3], it is shown that (6.2) has a unique solution defined on some interval
[-1, a), @ > 0. We show later that a = oco. If we define (T, (t)p)(0) = z(t +
8), =1 < 6 < 0, then T,(t),t > 0, is a C’-semigroup on Y; if all solutions are
defined for t > 0.
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Our first assertion is that, for any ¢ > 0 and for any bounded set B C Yy, the
positive orbit v} (B) = U;»0T(¢)B is defined and bounded. In fact, let B(0, r)
be the closed ball in Yy of radius r and center 0. If W(z) = z2/2 and z(t + 0) =
(Te(t)p)(6) for 6 € [-1, 0], then

(6.3) W(z(t)) = —ez(t)f(2(1) — 2(t) f(z(1)) + z()f(=(t - 1))

If ¢ € B(0, r) and there is a time ¢o such that T,(to)p € dB(0, r), then |z(to+08)| <
|z(to)| for @ € [-1, 0]. Since

1
(6.4) 2(/(@) - F0) = (=" —2v) [ F/(u+s(z - ))ds

for all z,y € IR, it follows that z(to) f(z(to)) > z(to)f(z(to — 1)). From (6.3), this
implies that W(z(to)) < —ez(to)f(z(to)) < 0. Thus, the solution cannot leave
B(0, r); that is, T.(t)B(0, r) C B(0, r) for all ¢ > 0. This proves that y}(B) is
defined and bounded if B is bounded. In particular, it implies that T(t),t > 0 is
a C%semigroup on Y.

Thanks to the above assertion and to (6.1), if ¢ € B(0, r), then (1) is
uniformly bounded for ¢ > 0. This fact, together with the Arzela-Ascoli Theorem
imply that T,(?) is a compact map for ¢ > 1. As a consequence, for any ¢ > 0 and
any bounded set B C Y, the w-limit set w.(B) of B with respect to Te(t) is a
compact invariant set of T,(t).

We can even say more. If we define the maps

S(t)p(8) = p(t +0) — ¢(0), t+ 6 < 0,
=0,t+62>0,
Ue(t)p(0) = ¢(0), t +6 < 0,

i+8
=0+ [ =1+ f(a(6)) + S(als — D) ds, t+020,

where z(s) = (T¢(s)¥)(0), then U(t) is a compact map for each ¢ > 0 and, for
any B > 0, there exists a constant K = K(8) such that ||S(¢)|| < Ke~#! for t > 0.
Since T, (t) = S(t) + U(1), it follows that T,(t) is asymptotically smooth.

We have shown that (H,) of Theorem 3.3 is satisfied. It is not difficult to
show from (6.2) that condition (2.2bis) is satisfied as well. If S = (0, 1), then it
follows from Theorem 3.3 that wg(B) is invariant under Tp(t).

Since T, (1)B(0, r) C B(0, r) for t > 0, € > 0, it follows that

ws(B(0, r)) C B(0, r).

As a consequence, all of the conditions of Corollary 3.6 are satisfied. Therefore,
we conclude that, for any r > 0, @s(B(0, r)) = Ao(B(0, r)) = wo(B(0, 7)).

We next discuss w.(y) for any ¢ € Yy and any € > 0. For € = 0, it is shown
in [2, Example 3.3] that, for any ¢ € Y, wo(¢p) is an equilibrium point. It is clear
that any constant function satisfies the differential equation

(6.5) #(t) = —f(=(1)) + f(z(t - 1)),
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and equation (6.5) has the first integral

0
(6.6) wm=mm+[gwmww

On each level set V~1(c), there is a unique equilibrium solution e(¢) of (6.5)
given by the unique solution of the equation e + f(e) = c. If we linearize about
any equilibrium point of (6.5), then it is easy to verify that all eigenvalues have
real parts < 0 and that the only eigenvalue on the imaginary axis is 0 and it is
a simple eigenvalue. Since wq(p) belongs to the set of equilibrium points and lies
on V=1(cy), cp, = (0) + ffl F((0))db, it follows that wo(y) = e(cy,), and e(cy)
is uniformly asymptotically stable relative to the set V=1(c,). From this fact, we
deduce that Tp(t)|V~1(c) has the global attractor {e(c)}. If B is an arbitrary
closed bounded set in Yp, then, for any ¢ € B, there is a unique ¢(yp) such that
¢ € V=1(c(yp)). It follows that wo(B) = Ao(B) = I(B), where I(B) = {e(p) :
p€B}.

Now suppose that ¢ > 0. In this case, (6.1) has a unique equilibrium point
0. We want to show that w,(¢) = {0} for each ¢ € Y. Let ¢ = g > 1 be a fixed
constant such that € — (¢ — 1) > 0. If |z(t — 1)| < g|=(¢)|, then (6.3), (6.4) imply
that W(z(t)) < —6(¢ — (¢ — 1))z2(t). From [3, Theorem 4.2, Chapter 5], we see
that the origin of (6.1) is uniformly asymptotically stable and w.(¢) = {0} for all
@ € Y. These properties imply that the attractor A, = {0} for every ¢ > 0. Asa
consequence, ws(A.) = {0}, whereas ws(B) is generally much larger.

If we assume that f is analytic, then we can assume only that f is a non-
decreasing function and obtain the same results as above. We outline the proof.
It is based on a simple invariance principle in [2, Theorem 2.1]. It is not diffi-
cult to show that W(z(t)) < 0 for |z(t)| > |z(t + 0)|, 8 € [-1,0] implies that
W(z,) = maxge[-1,0) W(z(t + 6)) is a nonincreasing function of ¢. Therefore,
W (z:) approaches a constant as ¢ — co. Since w(y) is an invariant set, it follows
that, for any ¢ € w(y), we have W(z;) = W(¥), where z(t) is the solution of
(6.1) with initial data ¢ at ¢ = 0. This implies that maxge[—1,0) |2(t + )] is a
constant for all ¢ € IR. If f is analytic, then z(¢) is an analytic function [17]. If
z(tpr) is a point where this maximum is attained, then z(tpr) = 0 and, from (6.1),
for any integer k > 1, we deduce that d*z(t,,)/dt* = 0. Thus, z(t) is a constant
function. This shows that w.(¢) € E, the set of equilibrium points of (6.1). For
€ > 0, 0 is the only equilibrium point and it is easy to verify that it is uniformly
asymptotically stable. This is enough to assert that A, = {0}. For ¢ = 0, we have
Ao(B) = I(B) as above.

6.2. An ordinary differential equation. Suppose that ¢ > 0,7 > 0,0 < a < 1/2, are
constants, f(u) = u(l —u)(u — a), and consider the system of ordinary differential
equations

E=1€)-n

7
=D n=e(y§—n).
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We fix the parameters a and 7 so that (6.7) has exactly three hyperbolic
equilibrium points P; = (€7, 79),j = 1,2,3, with 0 = <8<l =9«
79 < n3. We fix €0 > 0 small enough so that, for 0 < € < ¢, the points P, Ps
are stable and P, is a saddle point with a one dimensional unstable manifold. To
see that this can be done, let AY; and (£;, 1;), i = 1,2, be the eigenvalues and
corresponding elgenfunctlons of t.he linearization of (6.7) near the equlilibrium
point Pj, j = 1,2,3. A few computations reveal that, as ¢ — 0,

u—f&ﬂ+0®,n%=&?%§+mfm%,

3, =228 4 o2, a8, = (£(69) + 0(©)e:
@)

where f/(€9) and f'(£2) — v are positive. For j = 1, 3 (the stable equilibrium
points), we have

1= 1€
&
Xy = £16) + 0(@),

Al = % = (F'(&)) + 0()&1;

'Ig; ( f;({ﬂ) + O( 2))&2} 1
where f(£7) is negative.

We now show that equation (6.7) has a global attractor A, for each ¢ > 0. If
we define V/(€, 1) = 3(|€]*+[n|?), then it is not difficult to show that the derivative
of V(&€,n) along the solutlons of (6.7) is < —a&? — £7? outside the ball of radius
re and center zero if r, is sufficiently large. This implies that the system (6.7)
is bounded dissipative and thus has a global attractor .4,. We also remark that
the curve n = f(£) divides the plane IR? into two regions Ry (resp. R_) where
f(€) —n has constant sign + (resp. —). Let § now be a small positive number and
let Us be the é-neighborhood of the curve n = f(£). If (§,9) € IR?\ Us, then € > 6
(resp. € < 68) if (€,7) € Ry (resp. R_). From this observation, we deduce that
each solution (£(t), n(t)) of (6.7) must enter Us and stay in Us after a finite time,
depending, of course, on the initial data (£(0),n(0)). Notice that, for some data
(£(0),7(0)) in Us, (£(1),n(t)) will leave Us for some to > 0, but will enter again
in Us and stay there after some t; > tp. From all of the above considerations, we
conclude that every solution (£(¢), (t)) of (6.7) stays in UsN B, after some positive
time, where B, is a bounded set. As a consequence, for 0 < € < ¢€p, the solution
must either lie on the stable manifold of P> or belong to the basin of attraction
of either P, or P3. This shows that the system is gradient-like and thus A, is the
union of the unstable manifolds of the equilibrium points; more specifically, it is
the closure of the unstable manifold of the saddle point P;.

If ¢ > 0, it is easy to build positively invariant rectangles for (6.7). Let
€m < Em be the points such that f(&,,) (resp. f(€a)) is a local minimum (resp.
maximum). Let ag, b, co,do be real numbers such that ag < €7, by > £3, co <
Jf(ém), co < vao, do > f(€m), do > vbo, and f(ao) —do > 0, f(bo) — co < 0. We
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consider the rectangle By = B(ao, bo, co, do, ) = {(&,n) : ap < € < bp,c0 < n <
dy}. A simple phase plane analysis shows that, for every ¢ > 0, the vector field
(6.7) points into Bg on the boundary 8By, which implies that By is positively
invariant under the flow defined by (6.7) (see Figure 1). Furthermore, for any
€ > 0, the w-limit set of B is a proper subset of Bg.

We next discuss the behavior of the unstable manifold W¥(Pz) of Pg Fix
vp > 0 and v > 0 small and consider the line segment near Py defined by ID , =
{(€n) : € =€ —vo,n € [n3 — v,n} +v]}. Let £ be such that £ < &7 and
f(€3) = nY; fix 6 > 0 smaller than €9 — vy — £* and choose v so small that the
line segment I‘,,y =HWEn) b= Eg +6,n € [n? — 2v,19 + 2v]} does not intersect
the curve n = f(§). A simple analysis of the vector field of (6.7) shows that there
are ¢p and a time 75 > 0 such that, for 0 < € < €, each solution with initial data
in I) , must intersect I , in time less than 7. As a consequence, W (Pz) must
intersect Ij , for 0 < € < € if € is sufficiently small. Since § and v are arbitrary
(as well as 60) we conclude that the limit of W?(P;) as ¢ — 0 must contain the
line segment { (&,7) = (£,79) : €& < € < €2}. Continuing with similar analysis,
we conclude that, as ¢ — 0, the set W¥(P;) approaches the curve consisting of
the union of the three curves

Cr={En=(&f(6):p<E<E),
Ca={(&n)=(&n3):€F <E<EM},
Cs={(&n)=(&F(6): 8 <E<EM)Y,

where £ < €9 (resp. €M > £3) is such that 73 = f(€5*) (resp. 79 = f(EM)).
Thus, if S = (0, €o], then Ws,(.A.) is the union of these curves.

Let us now consider what happens when ¢ = 0. In this case, the system (6.7)
has a first integral given by W(&, ) = n. For any fixed constant ¢, the flow on
the surface W—1(c) is given by the scalar equation

(6.8) E=f(&)—c.

For each fixed c, there is a global attractor A§ of (6.8) which consists of one point
if |c| is large and is a line segment otherwise (see Figure 2). For any bounded set
B C IR?, the attractor Ag(B) for.(6.7) for € = 0 is given by

(6.9) Ao(B) = {A5: BNW™(c) #0}.

It is obvious that condition (2.2 bis) is satisfied. Theorem 3.2 implies that
@s,(B) D Ao(B) for every bounded set B in IR?. Without some further restrictions
on B, this is the most that we can say. As noted above, for every € > 0, the
rectangle By = B(ao, bo, co, do) is positively invariant under the flow defined by
(6.7). Therefore, ws,(Bo) C Bo. Since the conditions of Corollary 3.6 are satisfied,
it follows that Ao(Bg) = ws,(Bo). (See Figure 3 for the comparison of the sets
ws,(Bo) and ws,(A.)). We see that ws,(By) captures enough of the transient
dynamics for € > 0 in order to reproduce the corresponding attractor for ¢ = 0.
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_ Let fM < €9 (resp. En > £3) be the point such that f(EM) = f(ém) (resp.
f(€m) = f(€m)) and let By be the closed set delimited by the four curves

Ch={(&,n) = (&, f(6)), €M S E<Em)
G = {(€.0) = (€. S(6m))iém S € S &)
C3 = {(&,n) = (& f(£)).€m < E < ém)
Ch={(&,n) = (& f(€m)), ém < € < €M)

By a simple phase plane analysis, we can show more generally that, if B is a closed
bounded set containing By and satisfying the property that BNW=1(c) D A§, for
any ¢ for which BNW~1(c) # 0, then &s,(B) = Ao(B) C B. Since the conditions
of Corollary 3.6 are satisfied, it follows that wg,(B) = Ao(B) (see Figure 3).

A nonlinear PDE. With the same restrictions as imposed on (6.7) in the
previous example and for a given constant é > 0, we consider the system of
equations, called the FitzHugh-Nagumo equations

Uy =5“ﬂ:+f(u)_v
6.10
(8:10) nw=¢(yu—v), 0<z<l1,

with the boundary condition
(6.11) u =0 forz=0,z2=1.

T;w initial data is taken in the space X = H!(0, 1) x L?(0, 1) (or L?(0,1) x
L?(0,1)).

Let T, s(t) be the semigroup generated by (6.10), (6.11). It is possible to
show that T s(t) is asymptotically smooth (it is actually an a-contraction) and
has a global attractor A, s (see, for example, [16]). We remark that a solution
(u(t), v(1)) € A is defined and bounded for all ¢ € IR. Therefore, the function
v(t) must satisfy the equation

t
v(t) =f e~ (=equ(s) ds.

As a consequence, the function v € H(0, 1) and A, s C H(0,1) x H'(0, 1).
Using the regularity theory of parabolic equations and the above integral expres-
sion for v(t), we deduce that A, s C H?(0, 1) x H2(0, 1). This implies that A
belongs to a bounded subset of C!(0, 1) x C'(0, 1). Let us now consider (6.10),
(6.11) in the space C'(0, 1) x C'(0, 1). The rectangle By = B(ao, b, co, do) in-
troduced in the previous example is an invariant rectangle under the flow defined
by (6.10), (6.11); that is, if the initial data belongs to By, then the solution re-
mains in By for all £ > 0. Furthermore, no invariant set can lie on the boundary of
By. This implies that, for any 8o > 0, there exists a positive number r¢ such that
Ue>0,63 60Ae,s C Bro, the ball in C1(0, 1)xC*(0, 1) of center 0 and radius ro. From
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this fact, we deduce that, for any € > 0, § > 8o, ||(uo, vo)||m1(0, 1)xH1(0,1) < 7o if
(uo, vo) € Acs.

Let us now consider what happens when ¢ = 0. In this case, the system
(6.10), (6.11), has a first integral given by V(u, v) = v; that is, for any given
initial data (¢, ¥) € X,the solution (u(t, z), v(t, z)) of (6.10), (6.11), for € = 0,
satisfies v(¢, ) = ¢ for all t > 0. On the set V=1(3), the dynamics of the flow is
determined by the scalar parabolic equation

(6.12) uy = Suzy + f(u) —

with the boundary condition (6.11). Equation (6.12) has a global attractor for
each § > 0, ¥ € L?(0, 1).

Let _

By = { (uo, vo) € H*(0, 1) x H*(0, 1) : (uo(z), vo(z)) €
B(aqg, bo, co, do), = € [0, 1], ||(%o, vo)||a1(0,1)xH1(0,1) < 70 }-

We now can apply Corollary 3.6 to see, for example, that Ao 5(Bo) = wso,a(Bo)
For any bounded set B € H(0, 1)x L2(0, 1), we always have Aq s(B) C @s, s(B).

Let us describe the attractor in more detail for the diffusion coefficient é very
large. This is the same as taking a thin domain Q.around a point which has the
special shape obtained by rescaling z in Q.. For § very large, we claim that the
attractor A, 5 = A, the attractor for (6.7). To prove this claim, we introduce the
notation

1
u=§€+1, f:/ udz
0

1
v=n+7, q:/ vdzx.
0

The system (6.10) can be written as

1
é = 1(¢) —n+/ﬂ F(¢, @) ds,

(6.13) n=¢{—n), 1
Uy =6&IC+F(ED ﬁ)_f F(fa ﬁ)dz_ﬁs
0
Uy = —€D + eyl

where F(€, @) = f(E+1u)— f(€). Let ro be the constant given above which bounds
uniformly in €, § the attractors A, s in H'(0,1) x H(0, 1). Using arguments
similar to the ones in [14], we can show that there is a constant §; > 0, such that,
for 6 > &;, there are constants 3(8) > 0, kg > 0, B(6) — oo as § — oo such that,
for 0 < € < €o and initial data (uo, vo) satisfying ||(uo, vo)l|&1(0, 1)xH1(0,1) < To,
we have the following estimates for the solutions of (6.10), (6.11):

s _ = 1 _ 5
(6.14) &)l 20,1y < kol(e™%*||ido|| 2 (0,1) + 'E('a*je 3|50l 20, 1)
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(6.15) 15@)]| 220, 1) < kole™IFollar(o, 1) + €~ #*|liiollr1(0, 1))

forallt > 0.

Relations (6.14), (6.15) imply that, for any € > 0 and for initial data (uo, vo)
satisfying ||(uo, vo)||z1(0,1)xH1(0,1) < To, the w-limit set of the solution must lie
on the attractors A, of the ODE (6.7) provided that § > sup(do, 61), which proves
our claim.

For ¢ = 0 and & > &y, sufficiently large, the attractor for (6.10), (6.11) is the

same as the attractor Ay of the equation

o s 1
(6.16) =)~ ¢=/ﬂ B e

For any bounded set B C X, the attractor Ag s(B) for (6.10), (6.11) for e =0 is
given by

_ 1
Aos(B) = {AS : ¥ =fn ¥(z)dz, ¥ € B}

for 6§ > éo(B) sufficiently large. )
As remarked above, for the set By, Corollary 3.6 implies that, for § > &,
Ao,5(Bo) = @s,,5(Bo)-

6.2. An ordinary differential equation. Suppose that € > 0,7 > 0,0 < a < 1/2, are
constants, f(u) = u(1l —u)(u —a), and consider the system of ordinary differential
equations

6.7) = f©)—n
n=e(¥§—n).

We show first that equation (6.7) has a global attractor A, for each € > 0. We

could do this by showing that the derivative of the function V (¢, n) = 3(I¢|*+|n|?)

is negative on a ball of radius r, and center zero if r, is sufficiently large. However,

we prefer to use a different argument since it will be needed later.

Let £, < &ar be the points such that f(&,,) (resp. f(€ar)) is a local minimum
(resp. maximum). Let B = B(a, b, ¢, d, ) be the rectangle [a, b] x [c, d] with
c <min{ f(ém), va}, d > max { f(éam), 70}, a < &7, b > £3. A simple phase
plane analysis shows that, for every ¢ > 0, the set B is positively invariant under
the flow defined by (6.7). Furthermore, for any ¢ > 0, the w-limit set of B is a
proper subset of B. Therefore, (6.7) has a global attractor A, for each € > 0. The
same type of phase plane analysis shows that, for every ¢ > 0, the system (6.7) is
gradient. .

We now fix the parameters a and + so that (6.7) has exactly three hyperbolic
equilibrium points P; = (€7, 17),7 =1,2,3, with 0 =€) < €9 < £3,0=n) <93 <
n3. The points P;, P are stable and P, is a saddle point with a one dimensional
unstable manifold. The global attractor A, of (6.7), for each ¢ > 0, is the union of
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the unstable manifolds of the equilibrium points; more specifically, it is the closure
of the unstable manifold of the saddle point Ps.

We need to know more about the behavior of the unstable manifold for Ps.

To do this, we must first analyze the flow near the equilibrium points. Let )\?j and

PJ-, q,%-), i = 1,2, be the eigenvalues and corresponding eigenfunctions of the lin-

earization of (6.7) near the equlilibrium point P;j, j = 1,2,3. A few computations

reveal that
A2 = f'(€3) +0(e), n32 = O(e)ET2,
A2 =0(€), n32= f(€9)€3, + O(e).

as ¢ — 0. For j = 1, 3 (the stable equilibrium points), we have

A =0(e), nd; = f(EDEY + O(e)
A =f'(€)+0(e), m3;=0(e)E2; i =1,3,

as € — 0.

If we let W¥(P;) be the unstable manifold of P,, then a simple phase plane
analysis and the above local properties near the equilibrium points imply that, as
€ — 0, the set W¥(P;) approaches the curve consisting of the union of the three

curves _
Ci={EnN=©En:n=f¢), <<€},
Co={(En)=(nd): P <E<EY),
Ca={(&n=(ELn):n=f(E),8<e<EM},

where £ < €9 (resp. &} > €9) is such that 1§ = () (resp. 1§ = f(&})).
Thus, if Sp = (0, €0}, then &s,(.A.) is the union of these curves.

Let us now consider what happens when € = 0. In this case, the system (6.7)
has a first integral given by W(&, n) = n. For any fixed constant ¢, the flow on
the surface W—1(c) is given by the scalar equation

(6.8) E=f(€)—c.

For each fixed c, there is a global attractor A§ of (6.8) which consists of one point
if |c| is large and is a line segment otherwise (see Figure 1). For any bounded set
B C IR?, the attractor Ag(B) for (6.7) for e = 0 is given by

(6.9) Ao(B) = {AS: BAW-1(c) £0}.

It is obvious that condition (2.2) is satisfied. Theorem 3.2 implies that
@s,(B) D Ao(B) for every bounded set B in IR>. Without some further re-
strictions on B, this is the most that we can say. As noted above, for every ¢ > 0,
the rectangle B = B(a, b, ¢, d) is positively invariant under the flow defined by
(6.7). Therefore, ws,(B) C B. Since the conditions of Theorem 3.3 are satisfied, it
follows that Ag(B) = ws,(B). See Figure 2 for the comparison of the sets wg,(B)
and wg,(A.). We see that ws,(B) captures enough of the transient dynamics for
€ > 0 in order to reproduce the corresponding attractor for € = 0.
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A nonlinear PDE. With the same restrictions as imposed on (6.7) in the
previous example and for a given constant d > 0, we consider the system of
equations

vu=¢yu—v), 0<2z<1,

with the boundary condition
(6.11) u; =0 for z=0,z=1.

The initial data is taken in the space X = H(0, 1) x L?(0, 1).

Let T, 4(t) be the semigroup generated by (6.10), (6.11). It is possible to
show that T 4(t) is asymptotically smooth (it is actually an a-contraction) and
has a global attractor A, ;s (see, for example, [16]). We remark that a solution
(u(t), v(t)) € A5 is defined and bounded for all ¢ € IR. Therefore, the function
v(t) must satisfy the equation

t
v(t) = / e~ (=2)eyu(s)ds.

—00

As a consequence, the function v € H'(0, 1) and A. s C H*(0, 1) x H(0, 1). Us-
ing the regularity theory of parabolic equations and the above integral expression
for v(t), we deduce that A, s C H?(0, 1)x H%(0, 1). This implies that A, 5 belongs
to a bounded subset of C(0, 1) x C'(0, 1). Let us now consider (6.10), (6.11) in
the space C*(0, 1) x C*(0, 1). The rectangle B = B(a, b, ¢, d) introduced in the
previous example is an invariant rectangle under the flow defined by (6.10), (6.11);
that is, if the initial data belongs to B, then the solution remains in B for all ¢t > 0.
Furthermore, no invariant set can lie on the boundary of B. This implies that, for
any do > 0, there exists a positive number rg such that Ueso,d4>d0>04¢6 C By,
the ball in C*(0, 1) x C'(0, 1) of center 0 and radius ro. From this fact, we deduce
that, for any € > 0,d > do, “(ua, v[))”H:l((]'l)le([}'l) <rg if (uu, ‘Uo) = A‘id.

Let us now consider what happens when ¢ = 0. In this case, the system
(6.10), (6.11), has a first integral given by V(u, v) = v; that is, for any given
initial data (¢, ¥) € X ,the solution (u(t, ), v(¢, z)) of (6.10), (6.11), for ¢ = 0,
satisfies v(¢, z) = ¢ for all ¢ > 0. On the set V~!(3), the dynamics of the flow is
determined by the scalar parabolic equation

(6.12) Uy = duzz + f(u) -9

with the boundary condition (6.11). Equation (6.12) has a global attractor for
eachd > 0, v € L%(0, 1).
Let
B = {(uo, vo) € H}(0, 1) x H'(0, 1) : (uo(z), vo(z)) €

B(“) bl c, d)s TE [0; 1]1 ”(ﬂ[)‘ UO)“H'(D.I)xH‘(O.l) S rﬂ}-
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We now can apply Corollary 3.6 to see, for example, that Ao(fi’) = Ws,(B). For
any bounded set B € H1(0, 1) x L2(0, 1), we always have Aq(B) C @s,(B).

Let us describe the attractor in more detail for the diffusion coefficient d very
large. This is the same as taking a thin domain around a point which has the
special shape obtained by rescaling z in Q.. For d very large, we claim that the
attractor A, ; = A, the attractor for (6.7). To prove this claim, we introduce the
notation

1
u=§E+1, f:f udz
0

1
v=n+7, q:/ vdz .
0

The system (6.10) can be written as

£=f(£)—n+/0 F(€, @) dz

(6.13) n=er§—n). 1
s = dis + F(E, &) = j F(, d)dz -
0
Uy = —€0 + €yt

where F(¢, ) = f(€ + @) — f(£). Let ro be a constant which bounds uniformly
in €, d the attractors A s in H'(0, 1) x H}(0, 1). Using arguments similar to
the ones in [14], we can show that there is a constant d; > 0, such that, for
d > dy, there are constants 3(d) > 0, ko > 0, #(d) — oo as d — oo such that, for
0 < € < ¢ and initial data (tlo, ‘Ug) Sat.isfying ”(UD, ’Uo”ul(g.l)xul(g_l] < rg, we
have the following estimates for the solutions of (6.10), (6.11):

- _ - | I
(6.14) &)l 10, 1) < ko(e™ 3|0l 10,1y + D" 3*||oll1¢0,1))
(6.15) 15()|| 230, 1) < kole™*||Tollmr(0, 1) + €™ 5*||@ol| 10, 1))

for all ¢ > 0.

Relations (6.14), (6.15) imply that, for any ¢ > 0 and for initial data (ug, vp)
satisfying ||(uo, vo)||#1(0,1)x H1(0,1) < To, the w-limit set of the solution must lie
on the attractors A, of the ODE (6.7) provided that d > d;. Since we know that
all of the attractors must have initial data with this bound, we have proved our
claim.

For € = 0 and d > dy, sufficiently large, the attractor for (6.15) is the same

as the attractor Ag’ of the equation

. _ 1
(6.16) b= T =g, ¢:fo $la)dz.
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For any bounded set B C X, the attractor Ag(B) for (6.10), (6.11) for e = 0 is
given by

= 1
AU(B)={A;§':¢=/0 Y(z)dz, y € B}.

As remarked above, for the set B, Corollary 3.6 implies that Ag(B) = &5, (B).

7. Linearly damped second order ODE.
In this section, we consider the second order ordinary differential equation
u=v
7.1 ;
() v=—f(u) - pv,

where § > 0 is constant, f € C?(IR, IR) has a finite number of simple zeros and
—f(u) is dissipative; that is,

(7.2) lim sup O] <-2a<0.
lul—co U

For # = 0, we have the conservative system

u=v
7.3
( ) i'=—'f(u)9
with the first integral
1 u
7.4 V(u, v) = =v2 + F(u), F(u)= ds.
(7.4) (w o) =50+ Fw, F@= [ fds

For § > 0, (7.1) is a gradient system and has a global attractor Ag. The
equilibrium set E of (7.1) consists of the points (ug, 0) € IR? such that f(ug) = 0.
Since — f is dissipative, the set F is bounded. Since the zeros of f are simple, the
set E is finite, each point in E is hyperbolic, each unstable point corresponds to
a local maximum of the function F and has a one dimensional unstable manifold
W (uo, 0). Therefore, the attractor is one dimensional and is given by

(7.5) Ap = Uiuo, 00 EWj (10, 0) .

We denote the set of saddle points by {s; € E,j = 1,2,..., M}. We
say that the potential function F is generic if V(s;) # V(sx) for j # k, j, k =
L,2..., M.

To state our result, we need some notation. Let V; be the connected compo-
nent of { (u, v) € R? : V(u, v) < V(s;)} which contains s; and let

(7.6) Vi=V;n{(u,v) €ER*: V(u,v) > V(sk),se €V, k#3}.

We remark that, if F is generic and if there is no s; € V; except s;, then V; is
a region in the (u, v)-plane consisting of all points inside and on the figure eight
defined by W§'(s;).
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Proposition 7.1. If f is a C?-function with simple zeros, satisfies (7.2), F =
Jo f(s)ds is generic, then, for S = (0, Bo),

(7.7) s(A)={(u,v) ER?:V(u,v) < em},
where cpr = max { V(sj), i =1,2,..., M }. More specifically,
(7.8) ViDas(W¥(s;)) DV, i=1,2,..., M.

Proof. For = 0, the set W§'(s;) is called a separatriz for the flow defined by (7.3).
If F is generic, then the curve defined by W§(s;) is a figure eight. Furthermore,
each orbit of Ty(t) in the set 17_, \Uue?,- W§ (s ) is periodic.

The first relation in (7.8) follows from the fact that V(p) < V(s;) for ¢ €
W;(si)! B20.

To prove the second relation in (7.8), we first suppose that there are no saddle
points in f{, \ W§(s;); that is, f{, = V;. Without loss of generality, we may assume
that s; = (0, 0) and that the two other equilibrium points in V; are (£;,0), (£2,0)
with §; < 0 < €. The equilibrium points (£1,0), (€2,0) of (7.1) are stable foci if
B is small. If we let V“ Vi \ W§(0), then the set V° = U, UU,, where Uy, Us
are disjoint connected open sets containing respectwe]y the points (&1, 0), (§2,0),
and the boundary of V}? is a figure eight consisting of the set W‘(0), the unstable
manifold of the saddle point (0, 0) of (7.3).

For 8 > 0, let Tg(t)(uo, vo) be the solution of (7.1) passing through (uo, vo)
at t = 0. Suppose that (ug,vo) € Uy and suppose that the periodic orbit of (7.3)
through (ug,vg) is ['p of least period 7. For every # > 0, the closure of W‘é‘(O)
contains the point (£;,0). Since the function V(u,v) is continuous, there is a
(ur,v1) € W;‘(O) such that V(uy,v1) = V(uo,v0) and there is a 0 < 1; < 79 such
that (up,v0) = To(t1)(u1,v1). For any n > 0, there is a ,80 > 0, depending only
on 1y, such that, for 0 < 8 < By, we have

1T (¢1)(u1, v1) = To(t1)(u1, va)|| = [[T5(21)(u1, v1) = (w0, vo)|| < 7.

This shows that @g(WH(0)) contains the point (ug,vo). Using the same argu-
ment for the set Uz, we see that &g(W*(0)) contains each point of Us. Thus,
ws(WH¥(s;)) D Vj.

Now, we con5|der the case where there is exactly one other saddle point si in
Vi. If welet V° V;\W¢(s;), then V° = U,UU,, where Uy, U, are nonempty open
connected sets. For definiteness, suppose that s; € U;. Then W (si) is a figure
eight in U; which contains no other saddle points. From the first part of the proof,
we know that &s(W*(sx)) D Vi. Now suppose that (ug,vo) € (V; NU;) \ W (si)
and Iy is the periodic orbit of Tp(t) through (ug, vg). For every B > 0, the closure
of Wj(s;) contains one of the equilibrium points in Vi. Now we may proceed
exactly as in the first part of the proof to conclude that &s(W*(s;)) contains
(40, v0). If (ug,v0) € (V; N Uy), then we proceed as in the first part of the proof
to obtain the same conclusion.
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It is clear that this type of argument can be continued to complete the proof
of (7.8).

We remark that in general we may not have &s(W¥(s;)) = V;. If V; \ W§'(s;)
contains no saddle point of (7.3), then (7.8) implies that &g(W¥(s;)) = V;. If
V; \ Wg(sj) contains a saddle point s; of (7.3) and M denotes the interior of
the loop of W¢(s;) that does not contain s; and min{V(p) : ¢ € M} < V(si),
then the above proof shows that @s(W¥(s;)) D M and thus @s(W*(s;)) # V;.
Also, if L is the other loop of W§(s;), then L contains W§(si). Since the interior
of W¥(sx) must contain at least two equilibrium points of (7.3) for which each
orbit in a neighborhood is periodic, it follows that L contains at least two stable
foci for § > 0. If the w-limit set of Wj(s;) N L is one of the stable foci, then
Bs(W(s5)) # V5.

The conclusion in Proposition 7.1 is the most that can be obtained by using
the limit set @g(A.). If we use Corollary 3.6, we obtain information about the
conservative system in a bounded set B by considering the set wg(B). In fact, if
B(c) = {(u, v) € R? : V(u, v) < c}, then &s(B(c)) = B(c) since the set B(c) is
invariant under the group Ty(t) defined by the solutions of (7.3).
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