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Some aspects of the dynamics of the Cahn-Hilliard equation !

N.D. Alikakos and G. Fusco

Abstract: We describe some aspects of the dynamics of
the Cahn-Hilliard equation. In particular we consider the dy-
namics of spherical interfaces and discuss a result showing
that spherical interfaces either persist for ever or until they
reach the boundary. We also discuss the dynamics of a small
interface attached to the boundary.

Key words: Phase separation, Dynamics of interfaces,
Gradient system, Invariant set.

1 Introduction

The phase diagram (u = concentration, 7' = temperature) of a binary alloy is
schematically represented in Figure 1.
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Figure 1: Phase diagram of a binary alloy

If the state of the alloy corresponds to a point A = (u,T4) above the “curve
of miscibility” C, then the alloy is in thermodynamical equilibrium. Points below
the curve C instead do not correspond to thermodynamical equilibrium. If the
alloy is rapidly quenched from A to A’ = (uas,Ta+) below the curve of miscibil-
ity a complicated phenomenon of phase separation begins and the alloy evolves
toward a situation where two distinct phases with concentration u; and us, both
corresponding to thermodynamical equilibrium coexist. The concentration uy, us
are determined by the intersection of the curve C with the line 7' = T4s. The
amount of each of the two coexisting phases is determined by the condition that

1Partially supported by FAPESP's Projeto Tematico " Transigao de Fase Dinamica e Sistemas
Evolutivos”.
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the average concentration remains constant during separation

/ udz = |Qua (1)
a

where Q, a bounded smooth domain of IR3, is the region that contains the alloy
and || is the measure of €.

To model the phenomenon of phase separation we can consider the gradient
dynamics corresponding to a free energy functional of the type

Je(u) = fn (52—2;%4% F(u)) dr | (2)

where F' is a double well potential with two equal minima at wu;, us. Assuming
conventionally that u; = —1, us = 1 a typical choice for F is F(u) = (1 — u?)%
The contribution of F' to J, represents the bulk free energy. The other term, by
penalizing high gradients of the concentration function u, models the contribution
of surface energy. The parameter £ > 0 is a measure of the importance of surface
energy versus bulk free energy and it is assumed to be very small: ¢ < 1. When
€ <« 1 it can be expected that global minimizers of (2) constrained by (1), are
functions which are near step functions jumping from u, to us accross a thin inter-
face of O(e) where most of the energy is concentrated. Global minimizers should
therefore minimize the measure of the interface which, for ¢ < 1, is expected to
be almost proportional to the free energy. This is in fact the case as was proved
by Carr, Gurtin, Slemrod [CGS] in the one dimensional case and by Modica [M]
and Sternberg [S] in the n > 2 case.

The gradient dynamics associated to the functional (2) under the constraint
(1) depends on the choice of the Hilbert space with respect to which the gradient is
computed. If one chooses L3(2), the subspace of square integrable functions with
zero average, then one obtains the following modified version of the Allen-Cahn
equation

ug = e2Au— F'(u) + ]%[ fn F'(u)dz ,z2€Q
(3)

=0 , ¢ € 09,

which sometimes, due to the presence of the integral term, is referred to as the
nonlocal Allen-Cahn equation. The presence of this nonlocal term is rather un-
satisfactory because, from a physical point of view, only points in a neighborhood
of any given point z should influence the time variation of the concentration at
z. If, following Fife, the chosen Hilbert space is Hc',"l, the subspace of the Sobolev
space H~! defined by (1), then one obtains the Cahn-illiard equation

wy = A(—e?Au+ F'(u)) ,2€Q,

(4)
% = % = , € 900
which has a local character. We note explicitly that (1) is valid along solutions of
(4). This follows by integrating both sides of (4) in  and by using

%{——E?'Au + F'(u)) =0, z €9
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which is a consequence of the boundary condition in (4).

The phenomenon of phase separation is rather complicated and can follow
different routes including spinodal decomposition and/or nucleation, depending on
the value of u 4. It is remarkable that the Cahn-Hilliard equation has a rich variety
of solutions that can model at least from a qualitative point of view all this highly
nonlinear behavior. There is now an ample literature on several aspects of the
Cahn-Hilliard equation. [C1], [C2], [G1] deal with spinodal decomposition, [BF]
with nucleation, [E], [EF] with the general existence theory and numerical studies,
[ABF], [BrH], [G2], [BX1], [BX2] study dynamics of layers in one dimension, [P],
[ABCH], [AF2], [St] study dynamics of layers in higher space dimension. Our
" discussion here focus on the dynamic of (4) for € < 1 and ¢ large. In Section 2 we
give a qualitative description of the ultimate dynamics of (4) and in Section 3 we
present two theorems that substantiate this description.

2 The ultimate dynamics of the Cahn-Hilliard
equation

A basic concept for understanding the asymptotic behavior of dissipative sys-
tems is the concept of a “Global Attractor”: a compact, connect set which is
invariant and attracts all orbits of the system [II]. The gradient structure of the
Cahn-Hilliard equation implies the existence of a global attractor A, in a suitable
Sobolev space H. As we have anticipated in the introduction, we are interested in
the dynamics of (4) for 0 < ¢ < 1. In particular on those aspects of the dynamics
that are meaningful in the limit & — 0 and therefore are expected to have a regular
behavior in the limit € — 0. From this point of view the global attractor A, is
probably not the right object to take under consideration. In fact A, has a very
singular bahavior for ¢ — 0. For instance it is possible to show that

limdimA, = o0 (5)

E—

and

Elim number of stationary solutions of (4) = oo . (6)
The stationary solutions that appear in the attractor when € — 0 are expected to
be more and more unstable in the sense of having a higher and higher dimensional
unstable manifold. Therefore they should not be of particular importance for
understanding the ultimate dynamics of (4). To this end one should instead
concentrate the attention on subsets of the attractor of fixed dimension and try
to understand their behavior in the limit ¢ — 0. A natural object to consider is
then the maximal compact invariant set K. contained in the set

He={¢| J:(¢) < c} (7)
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(for suitable chosen values of ¢) and it is also natural to conjecture that, for generic

F and 2, for each 0 < ¢ < 1, there is a sequence ¢g, ¢y, ..., cn, such that
N, = dim A, (8)
and
dimK, =1, fore; <c<eiyq - (9)

When one adopts this point of view, the relevant question becomes the descrip-
tion of the set K. for ¢; < ¢ < ¢;41 and 7 a fixed small integer. In particular the
description of the set K = K.,. These sets in fact, unlike the global attractor A,,
are expected to be of fixed complexity and to have a well defined limit for ¢ — 0.
As was mentioned above the set K°, which is the set of global minimizers (under
the assumption that global minimizers are isolated), is made of layered functions
which in the limit ¢ — 0 approach step functions with values u; and us. For fixed
i and € — 0 the same should be true for the set K*. Then it becomes relevant to
understand the evolution of layered functions and therefore the dynamics of inter-
faces or fronts. Pego [P] derived by the method of matched asymptotic expansion
the following law of evolution of an interface I' in the singular limit ¢ — 0.

Ap=0 ,zeQ\T

-0 ,zeoQ (10)
p=ecak ,zel,
a,u]
u:ﬁ[— . (11)
an |

Here I is an orientable imbedded surface non intersecting 92, N’ = K(z) is the
mean curvature of I' at 2, o, 3 positive constants, v = v(2) is the velocity of
[ at ¢ € T' in the direction normal to I' at . The sign convention for K is
that the curvature of a sphere is positive and the normal velocity of a shrinking:
interface is taken to be positive. The notation [gﬁ]r stands for the jump of the
normal derivative of j accross I'. The function y represents the first term in the
asymptotic expansion of the expression —e?Awu + F’(u) which in physical terms
corresponds to the chemical potential. The unknown in equations (10), (11) is
a family of manifolds ¢ — T';. The mathematical theory for (10), (11) is still
incomplete. For the case I' C IR?, Xinfu Chen [Ch] has proved local existence
of a weak solution. Earlier results were given by Duchon and Robert [DR] who
considered the case when g is a graph. P. Constantin and M. Pugh [CP] studied
a closely related problem.

Concerning the rigorous relationship between the Cahn-Iilliard equation and
the limit problem (10), (11) Alikakos, Bates and Xinfu Chen [ABCh] proved con-
vergence under the assumption that (10), (11) admit a smooth solution. During
the evolution of a layered function according to equation (4), the energy (2) should
be mostly concentrated in the interface and therefore, due to the gradient charac-
ter of (4), in the limit ¢ — 0 the measure of the interface should be nonincreasing.
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It is easy to show that the limit evolution defined by (10), (11) has this property
and that moreover in agreement with the constraint (1) the regions inside and
outside I' have constant measure during the evolution. In fact we have

d . O
g = - fw=—-‘1/np[—’]———f|vm <0, (13)

I EQx

where , is the region enclosed by I'y and ||, || are the measures of I'; and ;.

In the following we limit ourselves to the case of layered function with a con-
nected interface homeomorphic to a sphere. On the basis of the above discussion,
such an interface, if sufficiently far from the boundary of 2 will first approach a
spherical shape. This will require a time interval of O(1/¢) and is proved in [Ch]
in the case Q C IR? under the assumption that the interface is initially close to
a circle. The subsequent evolution cannot be guessed on the basis of the limit
problem (10), (11). In fact spherical interfaces are equilibria of this problem as
one checks by taking: g = eal/R, R = radius of the sphere, v = 0. On the other
hand, global minimizers should always correspond to interfaces that intersect the
boundary d€. The reason being that, when this is the case, part of the bound-
ary 1s used together with the interface for enclosing a region of given volume and
therefore an interface of smaller measure is needed. Therefore one can expect that
once the layer has assumed an approximatly spherical shape it will not, in general,
remain in equilibrium inside Q as suggested by (10), (11) but it will slowly drift to
the boundary keeping its spherical “bubble” shape. This is actually the case and
we give below, cf. Theorem A, a rigorous result in this direction. Theorem A is
taken from [ABrF] where a complete proof can be found. In the following we only
sketch the main argument. Another proof which also renders detailed information
on the dynamics of spherical interfaces can be found in [AF2] (cf. Theorem 7.2).

The drifting of the bubble toward the boundary is extremaly slow and it takes
a time interval of order e*/¢ (¢ > 0 a constant which depends on the initial position
of the bubble but is independent of €) to approach 9. When the distance of the
bubble from the boundary becomes of the same order of magnitude as the layer
thickness, which is O(g), a rather drastic and quick transformation takes place
resulting in a layered function with an interface intersecting dQ2. We assume this
interface is still connected as one can expect when the radius of the original bubble
is sufficiently small. In this situation, after attaching to the boundary the interface
should be close to a half sphere and the region enclosed by it can be regarded as
a “drop” on 9. The subsequent evolution of the interface can again be guessed
by assuming that the energy is almost concentrated in the layer and therefore by
assuming that along the evolution the measure of the interface is non increasing.
Therefore it is natural to expect that the drop, in order to reduce the measure
of the interface, will crowl on the boundary toward regions of higher. and higher
curvature. In Section 3 we present a theorem, Theorem B, which substantiates
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Figure 2: The evolution of a small interface

this conjecture and indicates that, after a time rescaling, the dynamic of a small
drop on 92 is described by the ordinary differential equation

€ = grad Ksa(€) , (14)

where £ is the center of the drop and Kgq(€) is the mean curvature of 9 at
& € 9. Figure 2 summarizes the various phases of the evolution of solutions of
(4) with a connected interface enclosing a small region as described above.
Keeping in mind what we have said so far we can guess the structure of the sets
K* in some simple cases. Assuming Q C IR? and, as before, that the interface is
simply connected and encloses a small region, the set. K'* should be homeomorphic
to Q. Away from an e-neighborhood of dQ the interior of Q should correspond to
the slow motion of a bubble. The boundary 99 instead should correspond to the
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A
]

Figure 3: The sets K*, i = 0,1,2 when Q = ellipse

crowling of a drop on the boundary of © and can be identified with the set K.
Figure 3 describes this situation for the case when € is an ellipse.

3 Two theorems on the dynamics of “bubbles”
and “drops”

If a > 0 is a given number we let Q, = {z € Q | d(z,9Q) > a}. Let p > 0 be fixed
and assume that 2, is non empty. Let § > 0 be so small that 2,45 # 0. For each
£ € Q,45/2 define s¢ : Q — IR by setting

=g ] |$ - £| <p
3 -
“w={7" 285 (18)
and let d¢ = d(&,09Q) — p.

Theorem A.[ABrF] There ezist € > 0 and constanis ¢, C > 0, such thai, given

&0 € Qu45, there 1s a solution u®, € € (0,2] of equation (4) with the following
properties

(i) l1u(0) = s llzxcay < Ce,
(ii) one of the following holds
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(a) £r:inf [|uf(t) — s¥||L1(n) < Ce, Vi € [0,00),

Dogs

(b) there is T > 0 such that

inf  ||us(T) — s¢ < Cs .
£€3ﬂp+a” (T) = s* |l ()

chl)
(iii) T>e €

Proof: We only indicate the main points and refer to [ABrF] for a complete proof
and related results. We also assume F(u) = (1 — u?)%
The rescaled stationary Cahn-Hilliard equation

A(-Au+ F'(u))=0, z€IR®, (16)

admits a one parameter family of bounded radial solutions u(-, p) : IR® — IR

u(z, p) = U*(|z],p) , (17)
where the function U*(r, p) is increasing in » € (0, 00) and satisfies

U*(p,p) =0(p7") , (18)

14 U(0,p) =O0(p7") .

Moreover as r — oo, U*(r, p) approaches exponentially a constant a(p) < 1
a(p) = U(r,p) = 0(e™"PN"=P) v > p s w(p) = F'(a(p)'/?,  (19)

and
1—a(p)=0(p~"). (20)

These results are proved in [AF2] (cf. Proposition 2.1) in the /R* case but the
proof, with obvious modifications, applies to IR". For each £ € Q,,5/2 define a
function uf : @ — IR by setting

s 3 _
ub(z) = U* (g”%) ; w €T, (21)

where af is determined by imposing the condition

/ufd.r:] u?d;r, (22)
o) o)

for some fixed € € Q45 and it is assumed af = 0. A standard argument based on
the estimate (19) shows (cf. Lemma 3.1 in [AF2]) that

a¢ = 0(e” %) . (23)
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Here and in the following ¢, C, ... stand for generic constants independent of ¢
that can change from line to line. The function u¢ depends on ¢ and for ¢ < 1
presents an internal layer in an e-neighborhood of the sphere {x | [z — €| = p}.
Moreover, as € — 0, u¢ — s¢ pointwise and uniformly in compacts non intersecting
{z | |z — £ = p} and

”uE—SEHLi(n)<CE . (24)

The main point in the proof is an analysis of the set Iz defined in (7) when

t= sup Je(uf)+e % . (25)
Eeno-i-&

Let ¢ € Hz be a function that satisfies

fn¢=]nu?. (26)

inf —uf a2 < e’
£en“m”¢ lwz2 <

inf —uf ased,
EEBn,+a;2”¢ ”W,I' ’

(27)

where 7 > 0 is a number to be fixed later, § > 0 is a small fixed number and
W 13y2.0 = IV FIIZa + IF1IZa-
We shall show that

] —uf 1,3 -F. 28
a6 = ulyya < (29)

s

Hen#

Figure 4: The sets Hz, N and HzNN
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This estimate can be interpreted by saying that the intersection between Hz
and the set A defined by conditions (27) is very thin, cf. Figure 4 where M =
‘[“‘f | € € Qp4s}-

A quite standard argument shows that each qS € N, uniquely determines a
£Ee Qﬁ.ap such that

$=ubep (29)
with 4 orthogonal to the manifold M in the L? sense
(,uf) =0, i=1,23, (30)
where ug‘ is the derivative of u¢ with respect to &. Then we expand J.(¢) in the
form

Je(¢) = J;(u5J+/(£2Vu£V1,b+ F'(u€)y)
Q
1 " 5
+‘/ (*|VY[* + F"(u®)y*) + / W+ f . (31)
2 9] n ‘1 iyl
We estimate the various terms of (31).

a) Je(p) — Je(uf) <e % .
To show this we note that ¢ € Hz implies

Je(@) = Je(u€) < sup Jo(uf)+e 7 —J (uf)
£€EM 46

< e‘f+ sup Jg(u'.s]— Illr J(h‘f] (32)
fEnp+a EEQ, 45

On the other hand, if £, € are any two points in Q,45 and By, Bg are the balls of
center £, € and radius d = min{d(&, dQ), d(€,9Q)}, then

Je(uf) —J;(ug} = f (E'—-|Vu£|3+F[uf))
a\B \ 2

—/ (S|Vu?|2+ F[uz]) +0(e™ 7). (33)
B \ 2

This is a consequence of the estimate (23) and of the fact that aside from the
small correction due to the presence of af the functions uf| i uf| _ are one a
e e

translation of the other. From the dernit.ion of uf, I/* and in particular from (19)
it follows that ué(2) — a(p/c) = O(e ?), for 2 € Q\Be and the same is true for

ué(z) — a(p/e). Therefore (33) implies

e () = J.(u)| = O(e™ %) (34)
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that together with (32) proves a).

b) fn( VUV + F'(uf)y) = /( eauf+p(uf))¢+5/ vt = O(e~%).
From equations (22), (26), (29) it follows
fv=0, (35)
y)

and equation (16) and the definition of u¢ imply
— 2 Aut + F'(uf) = const. (36)

Therefore the first integral on the right hand side of b) vanishes. The other integral
is O(e™%). In fact %‘; = O(e™*), because u¢ approaches exponentially a constant
for Ji-:—ﬂ — 0o and by the trace theorem |[¥)||£2¢80) < C.‘:_IIIVJJHW‘:.:.

) [T+ PO 2 CEly e

This estimate is a rather standard consequence of the estimate
[V + Pty > CeRllvl (37)
fy!

which, under the conditions (30) and (35), is shown to be true in [AF1] (cf. the
proof of the estimate 4.13).

d)

[ | < cnetvlisa
n L3
To show this one first proves that ¢ € A implies

1¥llwp2 < Cne® . (38)

From this and the Sobolev imbedding theorem it follows

[

Putting together a), b), ¢), d) we obtain from equation (31)
> (C C'n)e? ||u’)][w1 2 (40)

<O [ 1P < GWiRs < Cnllvliyys . @9)

which, assuming n < C'/C", implies (28).

The estimate (28) is the main step in the proof of the theorem. In fact, for
€ < 1, it results e~ % < ne®, and therefore, if u(t) = u¢(*) 4 ¢(t) is a solution of
(4) such that

[6(O)lly2a < ne®, €(0) € Vpas (a1)
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then the only possibility for (27) to be violated is that the second of the conditions
(27) is violated. That is, there is Z > 0 such that

inf 7) — u||yr2 =5, 42
I O™ (42)

that, assuming & sufficiently small, yields the existence of 0 < T' < 7 such that
tf(t) G an.Hj.

This essentially proves points (i), (ii) of the theorem. Point (iii) is also a
consequence of the estimate (28) and is obtained by estimating with the help of
(28) and some improved form of it the right hand side of (4). O

Remark: As we have seen the proof of Theorem A is essentially an analysis of
the set Hz and uses the fact that (4) is a gradient dynamics correspoding to the
functional J,. Therefore a statement like the one in Theorem A also applies to
any other gradient dynamics that can be associated to J, and satisfies (1), in
particular to the dynamics defined by equation (3).

We end this section by quoting whithout proof a theorem taken from [AChF]
and dealing with the dynamics of an infinitesimal “drop” crowling on 9.

Theorem B: There exist € > 0 such that, given & € O, there is a family u.,
€ € (0,2] of solutions of (4) that satisfies

limuc(z,e7 1) =1 , z € Q\{&(n)},
e—0
(43)
li_t}'{l)u,(f(r),s‘lr) =-1 ,
where £(+) : [0,00) — I s the solulion of the problem
4 — Bgrad Kan(€) ]
dr ’ 44
{5(0) =&o . s

In equation (44) Kpq is the mean curvature of 9 with the sign convention
that the curvature of a sphere is positive and 3 is a constant.
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