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Flow Through Isotropic Granular
(Non Consolidated) Porous Media

J.L. Boldrini and J.P. Lukaszczyk

Abstract: A generalization of the Navier-Stokes equa-
tions, proposed by Prieur du Plessis and Masliyah to model
laminar flow through a rigid isotropic granular (non consol-
idated) porous medium of spatially varying permeability, is
analyzed. Results concerning existence and regularity of solu-
tions, similar to the ones holding the classical Navier-Stokes
equations, are proved.
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1 Introduction

In this work we will prove results concerning existence and regularity of solutions
of a system of partial differential equations corresponding to a generalization of
the classical Navier-Stokes equations. The equations were derived by Prieur du
Plessis and Masliyah [8] in order to model laminar incompressible flow through
a rigid isotropic granular (non consolidated) porous medium of spatially vary-
ing permeability, and it has been considered a good model for many empirical
situations occurring, for instance, in petroleum industry. The equations are the
following:

pug + pu - V(E) — pAu+nVp+ pF(n)u = png in Qr,

divu=0 em Qr, (LB
u(z,0) = uo(z) Vz € N,

u(z,t) =0 Vte (0,T) Vze o

Here, Q C IR%, with d = 2 or 3, is an open, regular, bounded set corresponding
to the granular region where the flow is occurring; the boundacy of € is denoted
0. 0 < T is the final time being considered in the problem.

The unknowns in the problem are u(z,t) € IR® and p(z,t) € IR, which denote,
respectively, the fluid velocity and the hydrostatic pressure at a point x € §Q, at
time t € [0, 7.

We assume that the fluid viscosity, p, is a positive constant. The density, p,
without lost of generality, will be assumed to be normalized to be one.

The porosity n(z,t), at a point z € 2, at time t € [0, 7], is defined, in rough
terms, as the void volume divided by the total volume of small regions in the
neighborhood of = at time t. Thus, n(z,t) assumes real values between zero and
one. We observe that the porosity is one in cavities, where, therefore, the flow
is free. At points (z,t) such that the porosity is zero, the material medium is
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purely solid and can be excluded of the flow region. Throughout this work, we
will assume that the porosity satisfies 0 < n(z,t) < 1.

F is a force term due to friction between the granular porous medium and the
fluid. On physical grounds, F is a continuous function satisfying lim,_.; F(z) =0
and lim,_,o F'(2) = oo (see Prieur du Plessis and Masliyah in [8] for an expression
for F.) We remark that our results will not depend on that particular expression
for F.

A known external force field, like gravity, is denoted g(z,t) and may be acting
on the flow.

In cartesian coordinates, we have

d
Au = (Auy,...,Aug) and (u-Vu); = Zu, g:’
j

We observe that the above equations are different from those usually called
“porous medium equations”. These last are associated to flows in consolidated
porous media, in which the velocity and the pressure are related (generally by the
Darcy’s Law, or its variants.)

From the technical point of view, equations (1.1) is related to the Navier-Stokes
equations for nonhomogeneous fluids (see Antonzev and Kajikov [2] and Lions [6],
[7].) as we will see in the paper, whose organization is the following:

The work is organized as follows:

In the next section (Section 2), we will fix the notation and recall certain results
that will be used throughout the paper. In Section 3, by using the Faedo-Galerkin
method in a Sobolev space context, we will obtain the existence of global weak
solutions of (1.1). In Section 4 we consider the existence of strong solutions in the
case that the medium porosity is a perturbation of a constant. As it is expected,
since the same hold even for the case of the classical Navier-Stokes equations, we
obtain the existence of strong solutions for small interval of time without requiring
smallness of the data. Then, either in the case of spatial dimension two or spatial
dimension three, but now with suitable smallness conditions on the data, we prove
the existence of global in time strong solutions.

In short, under suitable conditions, we were able to extend results holding in
the case of the classical Navier-Stokes equations to equations (1.1).

2 Preliminaries

In this section we will fix the notation and, for the reader’s convenience, recall
certain mathematical tools that have been used in the classical study of the Navier-
Stokes equations.

For a Banach space X, in general we will denote the norm of a vector v € X
by ||v||x. However, being  an open, bounded and regular set on JR% and 1 <
g < o0, the norm of a function f € LI(2) will be denoted |f|,. Since the space
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L*(R2) will be frequently used, the norm of f € L?(2) will be denoted just by
|f|] to simplify the notation. The inner product of f,g € L?(2) will be denoted
(f,9) = Jo f(z)g(z)dz (in this paper, we will always work with real functional
spaces.)

For k € IN, we will denote by H*(Q2) the usual Sobolev space based on L?(2).
The closure of the class of C*-functions with compact support in Q is HE(Q).
The topological dual of H§(£2) will be denoted by H~*(2).

We will use several standard Sobolev imbedding results, which can be found
in Adams(1] or several other references. In particular, the following inequalities
can be found, for instance, in Temam [10], pp. 291 and 296: for any v € H}(R),
there hold

(i) |vls <2%|v|}|Vo|}, whend =2,
(i1) |vlsa < 2*|v|§|Vv|§, when d = 3.

Being (X, || - ||x) a Banach space, —oo < a < b < +oo0 and 1 < p < +00, we
will denote by L?(a,b; X) the class of functions defined on (e, b) and with values
in X that are p-integrable in the sense of Bochner. With the norm || f||zs(a,6,x) =

1/p

b
([ 1 F )% , LP(a,b, X) is also a Banach space. Similarly to the escalar

(2.1)

case, we also define L*(a, b, X) and ||f|| L (a,5,x)-
The following functional spaces are used in the classical theory of the Navier-
Stokes equations:

V={ue (Cr®))? : divu=0}

V = closure of V in (H}(2))?

H = closure of V in(L?*())?

G = {u € (L*(2))? : u= Vp,for some p € H'(Q)}

The following characterizations are known:
V ={ue (H}Q)?*: divu=0},
H’:{ue(Lz(Q))d: div u =0 and u-l_\f|3;150}.

Here, div u = 0 and Vp are understood in the distributional sense; u - ﬁtag
denotes the normal trace of u on 92 (see, for instance, Temam [10]).

We remark that we identify H and its topological dual H’, obtaining the
continuous and dense inclusions V € H = H' C V. Thus, the inner product in H
of f € H and u € V is the same that the duality product in V' e V of f and u:

(fiuyv v =(f,u) YVfEHYueV

Another very important result is that G = H+, where H+ denotes the orthog-
onal space of H in the sense of (L?(2))¢. Thus, we have the following orthogonal
decomposition:

(L*(Q)? = Ha G, (2.2)
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which defines the orthogonal projection of L%(R2) on H. We denote this projection
by P and then define the Stokes operator:

A=—-PA:Dom(A) =VNH*Q)— H.

Important results holding for A (for their proof, see, for instance, Rautmann [9],
pp. 427 and 428) are the following:

A is a positive definite (symmetric) operador, with compact inverse A~! :
H — H. Thus, the Stokes operator has a sequence of positive eigenvalues 0 <
Al € A2 <...A; = ...+ oo, with corresponding eigenfunctions {e;}$° forming an
orthogonal basis both in H and V.

Another important result is the following:

Lemma 2.1 Let  C IR? be a bounded open set with boundary of class C*. Then
there is a positive constant C, depending only on Q, such that, given g € L*(R),
the unique solution v € V, q € L?(Q)/IR of the following Stokes Problem:

—Av+ VY =g,
divv =0,
ulaq =0,

is more regular and satisfies

|V z2¢0) + |12 )/ m < Clgl

We remark that the above regularity of the boundary could weakened. Since sharp
regularity questions are not the main point in this paper, we will just assume
hypotheses that are enough to prove the stated results.
We observe that (2.2) implies that for any v € VN (H?(2))? there is v € H'()
such that
— Av = Av + V1. (2.3)
Writing this last equality as —Awv + V(—%) = Av and recalling that since v € V
then div v = 0 and v|sq = 0, Lemma 2.1 implies in particular that the decompo-
sition (2.3) satisfies
lvlla2() + VY| < Clgl. (2.4)

For further considerations concerning the Stokes operators, see for instance, Hey-
wood e Rannacher [5].

Concerning the nonlinearity corresponding to the convection term in the equa-
tions, the following results can be found in Temam [10], pp. 281 and 292, respec-
tively.

Lemma 2.2 Letd < 4 and u € L%(0,T,V); then the function Bu defined by
(B(u)(t),v) = b(u(t), u(t),v) = (v Vu,v),Yv € V,t € [0,T],
belongs to L'(0,T, V).
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Lemma 2.3 For any u,v,w € H}(Q) we have
() |(u-Vo,w)| < 2}|u|}|Vu|}|Vo||w|}|Vw|}, when d =2,
(i) |(u- Vo, w)| < 2Jul}|Vu|¥|Vu||w|}|Vw|¥, whend=3.

Now, we state an abstract compactness criterion, due to Antonzev and Kajikov
[2], whose proof can be found, for instance, in Lions [7].

Lemma 2.4 Let 0 <T < oo and T be a class of functions for which there are

positive constants ¢y and cz such that for any v € T, there hold ||v||L2(0,7;v) +
T-5

[|v]| 2o 0,7;1) < €1 and / [v(t + 6]) — U(t)|2dt < 62 as § — 0+
0
Then, Y is relatively compact subset of LP(0,T'; L9(S2)), for any p € [2,00) and
3

1 3
q € [2,6) satisfying 5 + % > i

We now recall the well known Gronwall’s lemma (Hale [3]), as well as one of
its generalizations.

Lemma 2.5 Let f(t) be a nonnegative absolutely continuous function on [0,T),
satisfying for _almost every t the following differential inequality

f(t) < () f(t) +(t),
where ¢(t) e Y(t) are nonnegative integrable functions on [0,T). Then,

t t
flt) < exp(/ @(s)ds)[f(0) +] Y(s)ds] for 0<t<T.
0 0
The following generalization of the above lemma can be found in Heywood [4],
p- 656:

Lemma 2.6 Let ®(t), ¥(t), f(t) and h(t) be given nonnegative functions on
[0,T]. Let g : R* — IR be a locally Lipschtz continuous fuction and ®(0) =
@, > 0. Suppose that for almost every t it holds

D(t) + () < g(2()) + f(2),
®(0) = By > 0.

Then, ®(t) < F(t, ®g), for t € [0,T(Po)], where F(-,®g) is the solution of the

initial value problem
F'(t) = g(F(t)) + £(t),
F(0) = ®o,

and [0,T(®o)| is the mazimal interval in which F can be defined.
When g is a nondecreasing function, we also have

/D ! ¥(s)ds < F(t, o),
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_ t
where F(t, &) = Dq +/n [9(F(s,®0)) + f(s)]ds.

Finally as it is usual in works involving estimates for partial differential equa-
tions, in this paper C will denote a positive generic constant depending only on
the data of the problem. Only when it will be necessary to distinguish certain
constants to clarify the argument, we will use other symbols to denote constants.

3 Weak Solutions

With the objective of obtaining a suitable (“ conservative”) weak form of (1.1),
we proceed as follows:
First we introduce the functional space

®= {¢: ¢€L30,T:V), 6¢eL°°(0TV) #(T) =0,

3.1
2% & 10, me))} )
J

Now, formally we divide the first equation in (1.1) by n and observe that
v d (u) + un’
n  dt \n n?
Then, we take the inner product in L?(Qr) of the resulting equation with a
function v € ®. After some integrations by parts, we have the following weak

formulation for (1.1): given uo € H and g € L%(0,T,V"), find u € L?(0,T,V) N
L>(0,T, H) such that, for any ¢ € ®, it holds

f (“,‘Z‘f)dw[ (5, 8)dt
_z/(; %%%dzdt+ Z/ az,( )uj%qb,-da:dt
i / (Vu, v( )¢}dt+ ,u / (Vu, Vq&)dt

b [ e = [ (0,00t + (225,600,

We remark that we will assume conditions on n that will guarantee that n(-,0)

makes sense. The condition a_qi, € L*(0,T;L%?%(Q)) in the definition of the

(3:2)

Tj
functional space ® (see (3.1)) is introduced in order that the third term in (3.2)
make sense (this could be relaxed a little.)
A solution of the above problem will be called a weak solution of (1.1).

Concerning (3.2), we have the following result:
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Theorem 3.1 Let Q C IR?, with d = 2,3 be an open bounded set, with Lipschitz
boundary and 0 < T < oco. Also, let be given ug € H, g € L*(0,T,V’) and
a continuous function F : (0,1] — IR*. Suppose that the porosity n : Qr =
Q x (0,T) — (0,1] satisfies

n € L>®(Qr), with 0 <ng <n(z,t) <1, V(z,t)€Qr
n’ € L2(0,T; L#(Q)) N L(0,T; L®(R))
Vn € L2(0,T; L (Q)) N L=(0,T; L3())

Then, there exists a solution u € L*(0,T;V) N L>®(0,T; H) of (3.2).

Remark 3.1 The hydrostatic pressure can be recovered by proceeding exacty as
in Temam [10]; we find p € L2(0,T; L?(2)) such that (u,p) satify, in the sense of
L?(0,T; H~1(R)), the following equations

U+ u- V(E) — pAu+nVp+ pF(n)u = ng,
div u = 0.

The corresponding initial condition makes sense in a form that is a little weaker
than that expressed in (1.1): first we observe that, with the help of (2.2) it is easy
to show that

a‘-i; (E) € LY(0,T; V).

Thus, we have z € C(0,T;V'), and so we can talk about %(0). Then, in a

standard way it is possible to prove that

u Ug

—_— 0 = S ——

n( ) n(-,0)
With a little more of regularity, for either u or n, which is the case of the strong
solutions to be constructd in the next section, for instance, this last equaltity
would imply that u(0) = uo.

Remark 3.2 Obviously, variants of the above conditions on the porosity are pos-
sible.

For instance, the condition n’ € L?(0,T; L3?(f) is enough to guarantee that
the second term in (3.2) makes sense in spatial dimension d = 3 (and also when
d = 20. However, when d = 2, this condition could be relaxed.)

The result of Theorem 3.1 is also true, with slight modifications in the proof,
when the conditions on n are instead

n € L*=(Qr), with 0<ng <n(z,t) <1, V(z,t)€Qr

n' € L*=(0,T, L1 (),
Vn € L>=(0,T, L3(92)),
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with the last two with small enough norms.

In the special case of dimension two (d = 2), the conditions on n can also be
replaced by

n’ € L}(0,T; L*>(Q)) N L*(0,T; L?(Q)) for some p > 1,
Vn € L%0,T; L=(Q)) N L>=(0,T;LI(Y)) for some ¢ > 2;

or even

n’ € L>(0,T,LP(52)) for some p>1,
Vn € L*(0,T, L(R)), for some g¢> 2,

both with small enough norms.

We also remark that the above smallness conditions depend only on ng and pu.

Proof of Theorem 3.1: By a standard argument, it is enough to prove the result
when 0 < T < oo. Thus, in the rest of the proof, we will assume this condition.

We will use the Faedo-Galerkin method. For this, let (v;);cpv be a basis of V
and for each m € IV, define the m-dimensional subspace V, = span[vy,va, ..., Um].
Now, restricting (3.2) to Vi, by the regularity of the elements of V,,,, we can do
integration by parts again and then obtain the following approximate problem:

for each m € IN, we have to find u,,(z,t) = Zci‘m(t)vi(:r:) such that for all
i=1

v € Vi, it holds

(22,0 + (22 v (52) 0 + u(Vum,Vl(%) v)
F(n)

n

(3.3)

1
+1(Viy,, ;V'v) + u( U, V) = {g,7),

um(O) = UQmn,

where ug,, is a given sequence converging to ug in H, and thus there exists a
constant C such that |ugm| < Clug].

As it is usual with the Faedo-Galerkin method, for each m € IN, the above
corresponde to a initial value problem for a system of ordinary differential equa-
tions for the coefficients ¢;m(t), ¢ = 1,...,m. Caratheodory’s local existence
and uniqueness theorem (Hale [3]) then guarantees the existence of 7, > 0 and
Uy : [0, Trm) — Vin, solution of (3.3).

Now, we proceed with the derivation of suitable estimates for u,,.
By doing the time derivative in the first term and taking v = u,,, after some
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computations, we obtain

7
b)) P9 291 ) =Lt
dt |/n o vn +on n

!

n Vn
<2(g,um) — (n U, Um) + 2u(—5 2 Vum; Um)

Um

2
Yo ng?in’ (t)hl“’"

/n
2+ Vum
VA

By taking € > 0 such that ¢; = 2u — 2e > 0, we conclude that there is a positive
constant C such that

2¢7!|gllV +€

+2¢ 152 |Vn(t)%, |2

2
d | um|? V (um) |? [F(n)
— || +oa | —= +2u|y/ —um
dt|vnl T m FIV ™% 2 (3.5)

< Cllglf + € (' 0)l + 190015 | 25|

Hence, by using Gronwall’s inequality (Lemma 2.5) and remembering that
0 < ng < n(z,t), we obtain that

{um}$° is uniformly bounded in L?(0,T;V) N L*(0,T; H). (3.6)

Now, a t-estimate, or at least some fractional t-derivative estimate, is necessary
in order to be able use a compactness argument. For this, we proceed in a similar
way as in the case of non-homogeneous fluids (see, for instance, Lions [6]).

We observe that (3.3) can be written as

i(““‘,v) - (Fn(t),0), Yo € Vi, (3.7)
where
n’ Um Um 1
) = ~gome) = (29 ((?3;) ) = (T, 7 () 0 »
_P(Vumr ;VU) - ,U( 7 Um, 'U') + (gl U)'
Then, it is easy to verify that
|(Fm(t),v)| < Clk(t) + [Vum(t)[*][ V], (3.9)

for a suitable k(-) € L?(0,T).
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Now, we proceed similarly as in Lions [6]: being § a small positive number, for
t € [0,T — 6], we integrate (3.7) from ¢ to t + & and take v = up(t + 8) — um(t))
in the result, to obtain

(( )(t+6) ( )(:) U (£+6) — U :))_(f Fon(3)ds, tm (t+6) — um(t)).

(3.10)

Now, let us define

Xnl®) = (755 e +8)~ Bl +8) = el

Yul(t) = ([m n(t) ]um (), um(t + 6) — um(t)).
Then (3.10) can be writen as
t+6
Xon(t) =Yn(t) + (/ F.(8)ds,um(t + 8) — um(t)). (3.11)
t

Now, we observe that

n(s)?

1 t+46
S ;;f/ In'(5)|3/2ds [tm (t)|6(|um(t + 8)l6 + |um(t)6)
0 Jt
1/2

t+6
< Zse (f ln'(3)|§/2d3) (lum(t + &) + llum@)13)-

0

t+6 '
V()] = 1( |- D) o (), a8 = () )

Thus,

T—5 4C T 12 r 1
f Yim(B)ldt < — 51/2 / |n'(s)|3ds / ||um ()13 dt < C5Y/2.
0 0 0

On the other hand, using (3.9) one verifies that

T-6
./u

and so, with the above estimates, (3.11) implies that

T—6
f | Xm (t)|dt < C8Y/2.
0

Since n(x,t) > ng > 0, this last inequality implies that for any small § > 0 there
holds

dt < C8§'/2,

T-6
(fo B0, 0t 4 8) = i)

/T_é [tm (t + 8) — um(t)|? < C6Y2. (3.12)
1]
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Thus, (3.6) and (3.12) imply that we can apply Lemma 2.4 to the sequence
{um}{°, to conclude that

{um}$° remains in a compact set of L?(0,T'; L9(Q2))

3 (3.13)
for any p € [2,00), q € [2,6), such that ;+ % > 7
Therefore, there is a function u and a subsequence, which we still denote {u,, }7°,
such that

Uy, — u weakly-* in L*(0,T; H),
Um — u weakly in L2(0,T;V), (3.14)
um — u stronly in LP(0,T; L9(?)), with p and ¢ as in (3.13) .

Now, we we take the inner product in L2(Qr) of (3.3) with ¢(z,t) = ¥ (t)v(z),
where ¢ € C*([0,T)) is such that ¥(T) = 0 and v € V;,. By doing the same
integrations by parts as those done in the formal derivation of (3.2), we are left

with
T u
_/0 (“n d’dt+/ ( 2um,¢)dt

Z /QT (tm)y () 3¢!d #+3 [ ax,( )(um)j%mxdt

i,j=1

+p/ (Vum, (—) ¢)dt +p/ (Vum,—Vr,b)dt

/ ERy,, )at = ] (0, V)it + (=22 5(0))dt.

n(-,0)
(3.15)
Now, as in Lions [6] or [7], the convergences in (3.14) are enough to pass the
limit as m — +o00 in (3.15) and obtain that (3.2) is true for any ¢ that is a finite
linear combinations of functions of the above form. Since these functions form a
dense set in T (see the definition of Y in (3.1)), we conclude u satisfies (3.2) with
any ¢ € T. 2

4 Strong Solutions

In this section we will consider the existence of solutions of (1.1) that are more reg-
ular than those considered in the previous section. Such solutions will correspond
to data that are also more regular than the ones in Theorem 3.1 (in particular, we
will need more regular initial conditions), and they will be called strong solutions
of (1.1).

Our first result is a local existence theorem for such solutions:

Theorem 4.1 Let Q C IR%, with d = 2 or 3, be an open and bounded set with
boundary of class C3. Let ug € V, g € L=(0,T,L%)) and F : (0,1] —» R a
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continuous function. Suppose also that the porosity n: Qr = 2 x (0,T) — (0,1]
is such that n € L*°(Qr), Vn € L>(0,T,L%()) c L*=(0,T,L3()) and n’ €
L>®(Qr). If there is 0 <7 < 1 such that ||n —7|| Lo (@r), ||Vl|L=(0,7,L3(0)) and
||[n'|| > (@r) are small enough, then there is T = T(T, %, ||uo||v) € (0,T) such that
the solution u of (3.2) satisfies u € L*(0,T, V) n L?(0,T, (H*(R)))*.

Proof:
We start by observing that if ||n(z,t) — 7i|[z~(@,) is small enough, there is
ng > 0 such that
0<ng<n(zt)<l1 (4.1)

almost everywhere in Q7. In what follows, we will assume that this holds.

Then, the above hypotheses imply those of Theorem 3.1, we already know that
there is a solution in L2(0,7,V) N L>=(0,T, H). We have to prove that there is
0 < T < T such that actually u € L*(0,T; V) n L?(0,T; H*(Y)). For this, it is
enough to obtain estimates in L>(0,7’; V) and L%(0,T'; H%(Q2)) holding uniformly
for approximate solutions u,, built as in the previous section.

In order to to this, we will consider approximate solutions built using the
spectral basis, {e;}5° associated to the Stokes operator A. That is, we will work
with the basis formed by the eigenfunctions of A (see their properties in Section
1.) As previouly, we define

Vin = span ey, ..., emn]
m

U (z,t) = Zc,-‘m(t)e,-(z)

Now, the weak formulation can then be written as:

(“?"‘;u) +(2-V () w) - w(Bum, 2)
+u( () Um,w) = (g,w), Yw € Vi, (42)

‘b‘-m(O) = Ugm € V,

where now ugm — up in V, and thus for any m € IN we have ||uom||lv < C||uol|v
for a fixed positive constant C.

As in the previous section, we have that these approximate solution is defined
on [0,7T] and that (3.6) hold for them.

Now, we observe that by our choice of basis, for v € V,,,, we have that Av € V,,,.
Thus, we can take w = Au,, in equation (4.2), to obtain, after an integration by
parts in the third term,

Aup,

Up, Um Um
(52, Aum) + (T2 7 (Z2) , Aurm) — p(Btin, 2 -

F(n)

+u( Um, Aup) = (g, Aum)
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To estimate the terms in the above equation, we recall that (2.3) implies that
for t € [0,T) there exists ¥, (t) € H'(£2) such that

Aum(t) = —Aum(t) — Viim(t) (4.4)

and
|Vm(t)] < ClAum(t)], (4.5)

with a constant C > 0 independent of ¢ € [0,T] and m € IN.
With the help of (4.4), we can rewrite the first term in (4.3) as

r .I'
Im Aum) =-(C2, Aup) — (22, Vi)
l n !

= (v )vum)—( \Vom) (4.6)

Vum u:n
= ( !vu‘m) - (?um:vu‘m) - (?;Vwm)

Now, we observe that

2
Vum

_d [ |Vum(z, t)|?
i ———da:

.y :E;)t ,Vum(t)} (Viim(t), 5 Vum(t))

dt

Using this observation in (4.6), we obtain
u! 1 i Vum 1
2dt | /n 2
Vn
'( n2 um!vum) == (— Vim).

( Vum, Vum)

Again using (4.4), the third term in (4.3) can be rewriten as .

Aum Au,, Aug, ’

Vvn

Substituting the last two identities in (4.3) and collecting the terms, leave us
with

(Bt ZE) = (At + Vi, Zo) = |22 (T )

1d Vumz Aum2 1,n' Vn ,
@t m| M vl = —5(—2Vum.vum)+(—2ﬂm,Vum)
L ™m m v m
HER, V) = (22 ¥ (22), dup) — u(22, Au)  (48)
F
(), i) + (9, Atim)
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Now, we can take w = u/, in (4.2) to obtain
w Vu,,
(";;':um) +: (? = ﬂ ( )) + :u(vu'm! )
U, u:-n) = (g, 1"':-n)

(Tt (%) 1)+ i

By using (4.7) in the third term of the above equation, we obtain

u,n Um Um
(= Vi, Vum) = (— -V (=) ,ul,
v u) (ﬂ (n)u) (49)

| LB d | Vum __un
vn 2dt| vn| ~ 2'n?
iy T 2 VL B ) 4 (i)

By adding (4.8) and (4.9), we are left with
it 2

Au,, U,
dt‘ +” W v
+(1 +,u)(—num,Vum) (;‘ vwm)m(? v( ) Aup,)
(n) Uva“m) =#* (9' Auy,)

D ) + (9, )

1 I
—ﬂ(%Vum,Vum)

* 2

(
1+u

(=
(4.10)

4
(2 Aui) —

u
—(2m o ( _'“) ) —
| -2 v (22 ul) - i
Now, we have to estimate the absolute value every one of the terms appearing
in the right-hand side of equation (4.10). In the following, we will use the letters
a and b to denote small positive constants that will be chosen later on.

The first term is estimated as follows:

n' P Vup

The second term in right-hand side of (4.10) is estimated as
< 9 v & \v/ 2 2
= | nl3| umlﬁ + afuy|
Aum !

v Vn

Before we estimate the third term in the right-hand side of (4.10), we observe that

vn
’( 3 Vum,um)l
2

+a

-IV nl3

if we define the function r(z,t) by
1 1
= L) 4.
YT +r(z,t) (4.11)
(4.12)

then it satisfies _
17|l (@r) < ClIn =7l L=(q@r)
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with the constant C' = 1/(no7).
Then, by using the above, (4.5) and (2.2), the third term in the right-hand
side of (4.10) is estimated as follows:

u! 1
("”én"a Vwm)} = _(u:n! V?ﬁ'm) + (ru:-mv'\bm)|
0 + IITIILN(QT}ClumIIV’?ﬁmI i
C un, Aup,
=Zlin- 7|2 (@r) =l T

The fourth term in the right-hand side of (4.10) is estimated as follows:

|22 v (52, Aum)| < V(%)um,Aum)|.

The first of the above terms is estimated by using (2.1):

U  ViUm

(_._....

n n

yAug )| +

Um Vi Au,,,)\ < Jtmla Vit ] At
n n

< [t | ¥ [Vt |} |V |} uumu_.mm |Aum| (4.13)

10
< C| Vit ¥ At} < % i

The second of the two terms is estimated as

u 1
(7"‘ v(3) um,Aum)} < CIVnlshum 2] Aun|
Vum Au,, 2
\/_1 vn
The fifth term in the right-hand side of (4.10) is estimated again with the help of
(4.11), (4.12) and (2.2):

(4.14)
_lv |6

(T, )| = 2Tt i) + (T, )
Au, 2
{0+C”ﬂ ﬂ“Lm{QT)l \[ﬁ
The sixth term in the right-hand side of (4.10) can be estimated as
2
‘(F(n)um‘ m)‘ < e’ vum Aum
n N N

The seventh and the last term in the right-hand side of (4.10) are estimated in
similar way:
Auy, 2

vn

c
(g, Aum)| < —ﬂ;lgl2 +a

1
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C
g, un)] < ol +

The eighth term in the right-hand side of (4.10) is estimated as the fourth:
Un g (¥m) | = |(m Yy (tm.y(l ’
|( = v( n)sum)’— ( % yUm) + ( % v(n)um;um)"

The first of these two terms, for any positive a and b, can be estimated by

Uy ViUm

(_ : !um)

n n

< [t |l Vttm ] < [tV tkn | [Vt ¥ [l 2 e

< C|Vm|¥|Aup | ul,| < _|vu,,,[&|Aum|* +alu!, |2
C |Vunm 10 Au,, 2¢ U, 2

._ab \/— +bW +aﬁ

The second of the above terms can be estimated similarly as in (4.14):

’

1
(=g (;) o, u:,,)\ < C|Vﬂ|6|um|§|u:n|
Vi, |* Um

v vn

Finally, the nineth term in the right-hand side of (4.10) is estimated as

! 2
u’m

< C|Vnlg|Vum|?|ul,| < — IV |2 +a

2
U

C | Vum|?
! sl Bt —_m
""”“m)l—a | Yoo

Substituting all the previous estimates in (4.10) and collecting the terms that
are similar, we obtain

F(n)
= (4.15)

[

(1+pd|Vun|® _ C¢ 2. | At |2
=t _\/:* +(u—5a—b- c;ln ~Alle=(@r) =27 IVnlls) | ===
g ul Vun,
§ +(1—5a— —I[n - nllim(q,.))l—m < T + [In'| 70 c2y)
— V:a 4 | Vum|! ‘/ﬁ— J_
+C|Vn|? \/?T +C|—=| +7Clg|*

(4.16)
Here, the constant C = 5(9,;{,7@0,0, b), while the constant C = C(, u, ng), but
it does not depend on a and b. After choosing a and b such that p —5a—b>0e
1 — 5a > 0, we can take || «(Q,) and |Vn|pe=(o,1;L3(q)) sSmall enough such thai
the constants in the second and third terms in the inequality above are positive.
Thus, we can use Lemma 2.6 to conclude that there is T € (0,7] and continuous
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functions G(-) and G(-) defined on [0, T such that for all t € [0,7)

| Vun(t)/ va®| < 60),
[ Jmters va@| ae < Gee),
f;|Aum(t)/ \/mrdt < G(t).

The fact that ng < n(z,t) and the ellipticity of the Stokes operator A, together
with the above estimates, furnish the required uniform in m € IN estimates for
Um, and the theorem is proved. 2

Now, we are going to use to show conditions guaranteeing the existence of
global in time strong solutions:

Theorem 4.2 Suppose that when the spatial dimension is d = 2, we have the
conditions stated in Theorem 4.1. Then, the strong solution obtained there is
global (that is, we can take T =T).

Suppose that when the spatial dimension is d = 3, we have the conditions stated
in Theorem 4.1 and, moreover, that the porosity n satisfies n’ € L*(Qr) and
Vn € L=(Qr), with small enough norms. Then, the strong solution of Theorem
4.1 is global (that is, we can take T =T).

Remark 4.1 In this theorem T could be 400

Proof: By the above hypotheses, the existence of a solution in L%(0,7,V) N
L*>(0,T, H) is guaranteed by Theorem 3.1 in any of the above cases.

In both cases, it is enough to prove the corresponding estimates for the Faedo-
Galerkin approximations u,,.

Let us consider first the simpler case in which the spatial dimension is d = 2.

In this situation, we must reconsider the derivation of (4.16). In fact, the only
term that must be reestimated is (4.13). This is done as follows:

Um
('n

Vu
nm s Aum)| < |um|4lvum|4|Aum|

2
Auy,

Jn

Now, we observe that, since u,, € L?(0,T,V) N L*°(0,T, H), the function

C
< Jum |} [Vt [} [Vt [l 2 | Athm| < = [t [Tt + @

i
7(®) = [ fum(s)[Vum(s)ds

is well-defined.
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With this remark and the above estimate, working as before, we end up with
a a differential inequality similar to (4.16), but now in a situation in which we
can work as in the two dimensional case for the classical Navier-Stokes equations.
Then, we can apply directly Gronwall’s Lemma in this new inequality, and we
obtain the required estimates without imposing further restrictions on the data.
This finishes the proof in the case d = 2.

Now, let us consider the case d = 3.
We will show that sup |Vup,(:,¢)]2 £ C under the supplementary conditions
0 ™

that ||ug||v and ”g”Luan} .L2(q)) are small enough.

For this, we first observe that by using the fact that

<c‘

‘/_ ' when

[1n']) Lo (@) + f]Vn||Lm(Q y is small enough, (3‘5) implies that

n

d U

dt J‘
This implies that there is C' > O, independent of m € IN, such that
2

S Clg(t)I*.

Um
vn

Now, we observe that, in the derivation of (4.16), if we had estimated the term
F(n)

< C(luol® + |lg||§.oo(o,T;L=(n)))- (4.17)
L>=(0,T;L3(2))

(

Upm, Uy, ) in (4.10) as

F(n >y
F) 1) < CaYuml? + alul, I,

(

with any a@ > 0, after choosing suitable small a and b as before, (4.16) would
become the following inequality:

Vum Augy, a Um Vum Vium
dt Vn Vvn vn n Vn

Now, we use |Vu,,| < C|Au,,| in the second term in the left hand-side of this last
inequality, as well as the estimate (4.17), to obtain

10
+Clg(t).

2

+C <C +C,

+C3

d | Vum |? Vi [* Vun, |*° Vun |

£ < (o 8 Bhies . R ) e ) [

pr \/E C1S5(ug, g) + C2 \/'-'_l + C3 ﬁ 4 IR
where S(uo, g) = C(|uo|® + ||9”§,°'°(D,T;L3(ﬂ}))'

2
Vun(-t) , the last inequality is written as:
n(-t) |, .

¢’ < C1S(uo,9) + C2¢ + C3¢° — Cud,

By calling ¢(t) =
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with fixed positive constants C;, fort = 1,...,4.
Now, we choose N = N(C2,C3,C4) large enough in order that:

CgNs +C3 < %N4,

and, once such N is fixed, take ug and g such that S(uo,g) < %2— Under the

these conditions, we have

Cy
¢’ _ﬁ+0¢2+03¢5 Cyo.

Now, the continuous function H(-) defined by H(z) =
satisfies H(0) > 0 and

Cy
2N +C2Z +Csz — Cyz
1) _Ci G G Ci_CN°+Cs— (CUIN'
N’ 2N N2 N5 N N5

Thus, there exists a root of H, R, such that 0 < R < 4.
Consider now the following scalar initial value problem:

H( 0

z'=H(zv) ?—N+ng + C32°% — Cyz,
2(0) = |Vuo|”
no

Since F(z) > 0 for z € [0, R) and H(R) = 0, for any initial condition 2z(0) € (0, R)
we have z(-) globally defined and z(t) < R, for all t € [0, 00).

Now, because ¢(0) < z(0), we can apply results on differential inequalities (see
for instance Hale [3]) for uo and e g satisfying at same time

2 2 1 Cy
[uol* + ”g";_,on{o,r;m(n}) < 'ﬁ'zar
Ivuo|2 < Rnyg.

We conclude that ¢(-) is globally defined and that 0 < ¢(t) < 2(t) < R for all
t € [0, 00).

With the above information, returning to (4), we obtain all the required uni-
form in m € IN estimates. Thus, the theorem is proved. 2
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