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Synchronization, stability and normal hyperbolicity
Shui-Nee Chow and Weishi Liu

Abstract: Synchronizationis studied in the framework of
invariant manifold theory. Normal hyperbolicity and its per-
sistence are applied to give general results on synchronization
and its stability. Simple numerics illustrate the importance of
the stability issue.

1 Introduction

Synchronization phenomena of oscillators and coupled oscillators have been
studied by physicists, engineers and mathematicians [AVR][ACH][AR][H1-3][PC1]
[PC2][CI] [HCP] [CO1][CO2][R][RT][RV1-2] etc.. While this brings many inter-
esting questions to mathematicians, it has also been applied to many areas such
as communications, signal processing, etc..

This phenomenon was studied for coupled oscillators by many authors. It was
observed that, even individual oscillators may be chaotic, the coupled oscillators
could exhibit synchronization, that is, the corresponding coordinates of the sys-
tem approach each other as time evolves. The phenomenon often results from the
diffusive coupling, but more likely with the interactions of the dissipation of the
system. For systems possessing strong partial dissipations, master-slave synchro-
nization and synchronization from partial coupling are expected (see [ACH][H1-
3][PC1]). Pecora and Carroll observed that for a class of chaotic systems, it can be
decomposed into two subsystems: a drive (master) and a stable response (slave)
subsystem. The latter one synchronizes when coupled with a common driven
signal.

Concerning the phenomena of synchronization, two basic questions are par-
ticularly interested and important. The first one is: given a coupled chaotic
system or a chaotic system, when the system possesses synchronization or self-
synchronization. For coupled identical systems, the diagonal of the system is in-
variant. Synchronization is equivalent to the attracting property of the diagonal,
which in turn is determined by the Lyapunov exponents normal to the diagonal.
More precisely, if all the Lyapunov exponents normal to the diagonal are negative,
then the coupled oscillators are synchronized.

For master-slave synchronization the question is more delicate. The appearing
of master-slave synchronization depends on the product structure of the system.
For some product structure it may happen that no coordinate is synchronizing co-
ordinate, while for other product structure some coordinates may be synchronized
coordinates. Hence, instead of asking simply that if the system has synchronizing
coordinates, one should ask, from global dynamical point of view, that if there ex-
ists product structure such that the system is synchronized with some coordinates
as synchronizing coordinates. We like to bring the attention on the following ob-
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servation. Due to the dependence of the synchronization on the product structure,
the dynamic of the system does not play the whole role for the synchronization.
For example, in the Lorenz equation with chaotic attractor, there are one neg-
ative, one zero and one positive Lyapunov exponents. Nevertheless, the Lorenz
equation still possesses two types of master-slave synchronization (see [TWB]).
Hence, for master-slave synchronization, one of the goals is to relate the dynamic
properties to the existence of a product structure which produces master-slave
synchronization.

Another question which is more important arises from the following consider-
ation. In practice, for example the implementation of a system by designing cir-
cuits, various perturbations are unavoidable. This naturally addresses the question
about the stability or robustness of the synchronization. While many literatures
appear on the synchronizations, it seems to us that the stability property has
not been paid much attention. After setting the problem-in the framework of
dynamical systems, we study this aspect based on ‘the invariant manifold theory
(see Theorem 2). It turns out that the stability depends not only on the normal
Lyapunov exponents, but also on the generalized Lyapunov exponents (see Defi-
nition 3) which measure the comparison of the normal Lyapunov exponents and
the parallel ones along trajectories in the attractor. Application to fully coupled
systems is discussed, in particular on the strength of the coupling in Section 3.
This issue is also important in numerical simulation. Some numerics are carried
along this direction to support our idea. The formulation also allows general forms
of dissipative coupling.

Master-slave synchronization and partial coupling are two widely used meth-
ods to detect strong partial dissipative property of a system. Relation between
those two was discussed here (see Th.3 and also [H1-3]), by using two different
applications. ’

2 Definitions and results

2.1 Consider the following system

o = flz.9)
Yy = g(z,v) (1)

where £ € R®, y € R™. Suppose that the system is dissipative (see [H1-3]), then
there exists a global attractor A. Let 7 : R™*" — R", w3 : R™*" — R™ be the
projections form R™*" onto R™ and R™.

Many systems have a natural decomposition as (1), for example systems ob-
tained by coupling identical oscillators. Even though the systems may be compli-
cated, certain degree of coherence may exhibit. Among others, synchronization is
one of the most studied lately. Here we give a formulation closely related to the
invariant manifold theory and apply results there to the study of synchronization.
The following definition is motivated by [AVR][H2].
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Definition 1. The system (1) is synchronized for y with respect to z, if there
exists C! map H : R® — R™ such that the graph of H, denoted graph(H), is
invariant and globally attracting.

In this case, for any (zo, ) € R™*" one has

[ly(t; zo, yo) — H (z(t; o, w0))|| = 0, t — o0;

In particular, if (zo,y0) € A, then yo = H(zo) and y(¢;z0, ) = H(z(; zo,¥0))
for any t € R!.

In the case m = n, (1) is called mutually synchronized if H is invertible.

For systems with D = {(z,y) : £ = y} invariant, for example, in coupled .
identical systems or any system symmetric with respect to D, the synchronization
occurs for H = 1.

In many applications the local synchromzat:on is interested, that is, instead
of requiring global attraction of graph(H), one asks for locally attracting. In this
case, we will say the system is locally synchronized.

In [PC1][TWB] etc., a master-slave or self synchronization phenomenon was
introduced. System (1) is said to have master-salve synchronization with z as syn-
chronizing coordinate if for any solution (zo(t), yo(t)) of (1), the solution Y (t; Yp)
of

Y' = g(zo(t),Y)

converges to yo(t) for any initial condition Yg, that is, |Y (t; Yo) — yo(t)] — 0, as
t — oo.

In terms of skew-product flow, this can be treated as a special case of the syn-
chronization in Definition 1. To see this, consider the skew-product flow induced

by (1):

g = f(z,9)
v = g(z,9) (2)
¥: = 9(3! Y)

((=z,9),Y) € (R* x R™) x R™.

If system (1) has master-slave synchronization with z as synchronizing co-
ordinate, then D, := {(z,y,Y) : y = Y} is attracting and hence A C D, for
(2). Choose H : R™ x R™ — R™, (z,y) — y, then D; = graph(H), and for
(%0, %0, Yo) € A, Yo = yo, and

H(z(t; (zo, ¥0), Yo), ¥(t; (20, %0), Yo)) = Y (¢; (20, %0), Yo).

By Definition 1 the system (2) is synchronized for Y with respect to (z,y).
Definition 2. Suppose (1) is locally synchronized with map H. The synchro-
nization is C' stable if for any € > 0, there exists § > 0 such that for any 7 g,
|f = fler < 6 and |§ — gl < 8, the system

gt = f(z,y)
¥y = §(z,y)
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is locally synchronized with map H and |H — H|c1 < €.
2.2 Very often in the investigation of synchronization, system has a natural invari-
ant submanifold. The synchronization and its stability relate to the attraction and
the persistence of this manifold. The invariant manifold theory naturally comes
into play an important role. Before introducing the results, we recall some ele-
ments of the invariant manifold theory for the purpose of this topic.

Suppose, for system (1), there exists an invariant manifold M = graph(H),
where H : R® — R™. Consider the linearization along M

z' = A(z(t; z0))z (3)

where z(t; zg) is the solution of (1) with z(0;20) = 20 € M and A(z) = Jf(2) is
the Jacobian matrix of f at z. Let ®(¢;2p) be the fundamental matrix solution
of (3). Assume that there exists an invariant splitting with respect to ®(¢; zo),
that is, T R™*"* = T,M @ N, for z € M, and ®(t;z0)T:, M = Ty(t;20)M and
®(t;20) N2y = Ntz forallt € R!. Denote ®.(t; z0) and ®,(t; zo) the restrictions
of ®(t;20) on T;, M and N.,, respectively.

Definition 3. The generalized Lyapunov exponents for zg € M are defined as

. 1
a(z) = llﬂigpz In [|®4(t; 20) ],

and

5 In m(®.(t; z0))
Alao) = B SP Talle, (6 )11
where, for a linear operator L, m(L) := min{|Lz|; |z| =1, z € D(L)}.

The generalized Lyapunov exponents were introduced for the study of normally
hyperbolic invariant manifolds (see [HPS][F][He]) and center manifold theory for
invariant manifolds (see [CLY]).

Note that the generalized Lyapunov exponents for zo € M is completely deter-
mined by those in A. The Uniformity Lemma in [F] states that a and 2 achieve
their maximums on A.

The results we have are

Theorem 1 Consider system (1). Suppose that graph(H) is invariant. If a(zg) <
0 for zg € graph(H), then graph(H) s attracting, and hence (1) is locally syn-
chronized. '

Theorem 2 Suppose that graph(H) is locally synchronized. The synchronization
is C! stable if and only if a(z0) < 0 and B(z0) < 1 for zg € graph(H).

These results are consequences of well-known theorems in the invariant mani-
fold theory regarding persistence of invariant manifolds, see for example, [HPS][CY][He]
for the first one, and [M][F] for the second. The latter is particularly important
in applications due to the requirement on the stability of real designs.
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3 Synchronization of fully coupled systems

In this part, the theorems are applied for the study of synchronization of fully
coupled systems, in particular for the stability property . Let

@ = f(z) (4)

z € R™, be a dissipative process and A be the attractor. Denote Aps, Am the
maximal and the minimal Lyapunov exponents over A.
Consider the coupled system

= f(z)+Az-v)
v f(y) + By - =) (5)
The diagonal D = {(z,y) : £ = y} is invariant under (5), and the coupled system

is synchronized if D is attracting.
Make the change of variables,

u= y;z, v= y;z.
the equation is then written as
W = lf(v+u) = f(o—u)+2AA+ Bl
o = Sl u)+ So - u)+ 2B - Al (6)

Now the synchronization is equivalent to that {u = 0} is attracting.
Linearizing (6) along {u = 0}, say along (0, vo(2)),
' = [Jf(v(?)+ (A+ B)u
v = (B—A)u+Jf(vo(t))v (7)

and noticing that vo(t) is a solution of (4).
For symmetric coupling, that is, A=B, (7) has a natural invariant splitting
R™(u) ® R™(v). Now {u = 0} is locally attracting if

o= [Jf(vo(t)) + 24]u (8)

has zero as an exponentially stable solution.

In the case A = —kI, if (H1) : k > Apm, then the Lyapunov exponents of
(8) are less than zero, by Theorem 1, {u = 0} is attracting and the coupled
system is locally synchronized. But, to insure the stability of the synchronization,
by Theorem 3, one needs k¥ > Ay and —k + Ay < Am, that is, (H2) : k >
max{Ap, A — Am }-

To illustrate the importance of the results, we consider the coupled Lorenz
equation. For the choices of the parameters ¢ = 10, »r = 28 and b = 2.667, in
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the Lorenz equation, it is known (see [L][MM][HT][HHTZ], etc.) the attractor is
chaotic: there is a Lyapunov exponent closed to 0.912, one to 0 and one to -14.577
(this is obtained by using the numerical algorithm in [NY]). .

First we consider the weakly coupled Lorenz system with k = 1, which satisfies
(H1) but not (H2),

i = oy —z1)—k(z1 —z2)

i = rzi—y— 2121 — k(v — y2)
2y = zyy — bz — k(2 — 20)

2y = o(y2—z2) — k(z2 —21)2

Yo = TTy—y2—Taza—k(y2—y)
z; = Zayz — bzs — k(22 — z1).

The fourth-order Runge-Kutta numerical integration of the trajectory with initial
condition (1,2,3,4,5,6) up to 17000 iterations is plotted. The differences of z3 —
zy, y2 — vy and 2z, — z; approach zero rapidly (see Fig. 1.1-1.3). This agrees with
the theoretical prediction that this weakly coupled system is locally synchronized.
Now we add a small perturbation to obtain the perturbed weakly coupled Lorenz
system

i = o(y1—z1)— k(z1 —z2) +0.01z; — 0.022,
Yy = rzyi—y—z121 — k(y1 — y2) — 0.01z23
zi = zy — bz —k(z1 — z3)

zo = o(y2—z2) — k(z2 —z1) — 0.032122

Yo = rIz-—ys—zazz—k(y2—u3)

zh = zoyp—bzy — k(22 — z1).

Applying the same numerical integration for the same initial condition (1, 2, 3, 4, 5, 6).
The differences of z2 — z1, y2 — y1 and z3 — z; exhibit a chaotic behavior and the
magnitudes are rather large (see Fig. 2.1-2.3). This is because that without (H2),
the persistence of D is not guarante ed under small perturbations.

Consider now a strong coupling which satisfies (H2), say k = 15, with the
same perturbation and apply the numerical scheme for the same initial condition,
one sees that although the differences are rather chaotic, their magnitudes are
very small (see Fig. 3.1-3.3), which reflects a slight perturbation of the diagonal.
Nevertheless, the diagonal is persistent and hence the synchronization is stable
for this stronger coupling.

4 Master-slave synchronization and partially cou-
pled system

4.1 The master-slave synchronization reflects strong partial dissipation in a sys-
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tem. It is realized by decomposing the system into two subsystems and driving
one by the other. Intuitively, this can also be realized by coupling two identical
systems only along the driven subsystem. The following result gives a relation
between those two.

Theorem 3 Suppose

g = f(z.y)
v 9(z,y) (9)

has the master-slave synchronization with y as synchronizing coordinates, then the
partially coupled systems

]

2y = f(z1,n)
i = 9(z1, 1) — k(v — v2)
z; = f(z2,12) (10)
v2 = 9(z2,¥2) — k(y2 — n),
and
2y = flz,m)
Vi = g(z1,m) +kya
5 = fl(z2,12) (11)

V2 = 9(z2,3) +ku,
are both synchronized for k large.

Proof. Here we provide the proof for the first coupling system. To show this, we
make the change of variables

To— I T2+ Y2— W v2+u
u; = 2 y Uz = 2 1 = 2 102=—2--
Under the new variables (u;, vy, ua, v2), (10) becomes
; 1 1
u = §f(ﬂz+u1,vz+ 01)—§f(t¢2—u1.t’2-91)
1 1
‘Ui = §g(ug+u1,vg+vl)—Eg(ug—ul,vg—vl)—kal
1 1
up, = §f(ug+u1,vg+v1)+§f(u3—ul,vz—vl) (12)
1 1
vy = 59(U2+u1,vz+v1)+Ey(uz—ﬂhvz—vl)-

Note that (10) is synchronized, if the plane D = {u; = v; = 0} is attracting (it is
invariant already) under (12).
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Now linearizing (12) along u; = vy = 0, that is, for any solution (u(t), v}(t),
ud(t), v3(t)) of (12) with u?(t) = v)(t) = 0, consider

X' = AX (13)
where X = (u1,v1,ug, ‘02) and
Ffo(ug(t),v3(t)  fy(ud(t), v3(2)) 0 0
A = | 980, 080) 0, (3, 23(0)) ~ 2% 0 0
0 0 fo(u3(2),v3(2))  fy(u3(2), v5(2))
0 0 9:(u3(2),v3(2)) gy (u3(2), v3(2))

Equation (13) has an invariant splitting: D & N, where
D= {(ul:ﬂl:uzuvz) U =v = 0}!

N = {(ulsvl! u29”2) g =g = 0}

So D is locally attracting, if

uo= fo(ud(t), v9())u + fiy (ud(t), v3(t))v
v 9=(u(t), v3(1))u + (gy (u3(t), v3(2)) — 2k)v (14)

has zero as a stable solution. Note that (u3(t), v3(t)) is a solution of (9), so if (9)
has y as synchronizing coordinate, (14) is synchronized for large k.

|

4.2 In what follows we apply Theorem 3 to two systems.
Example 1. Consider the Lorenz equation [L]

2 = oly-2)
¥y = re—y—zz (15)
2 = zy-—bz.

where o, r, b are positive.

There are two mathematical models for Lorenz attractor: the geometric Lorenz
attractor [GW] and Lorenz-type attractor [ABS]. Some work were carried out for
the existence of those two types of attractors [Ry][ACL][AP]. For those models, the
attractors have a two dimensional cross section and on the cross section there are
stable foliations from which.master-slave synchronization could be derived. But
for the system (15), it is not known if the attractor is ‘close’ to the above models.
It is first observed by Pecora and Carroll [PC1] that the system does possess
master-slave synchronization with z (resp. y) as synchronized coordinate. This
relys on a numerical computation of the Lyapunov exponents. Here we provide
an analytic justification using Theorems 1 and 2.
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In order for y being a synchronizing coordinate we consider the following

g = oy-2)

Y = rze—y-zz

Z = zy—-bz (16)
zp = oly—=)

2y = zy-bz.

The linearization in the directions normal to D is

zy = —ozy

I

23 yzy — bzy.

This can be solved explicitly by the variation of constant formula. In fact,

z1(t; 21(0), z1(0)) = e~ z1(0),
and ;
z1(t; 21(0), 21(0)) = e~%2,(0) +[ e tt=2)e=2 2, (0)y(s)ds.
0
Hence,

|z1(t; 21(0), 21(0))| < e77*|z1(0)], |21(¢; 21(0), 21(0))]
< e|z1(0)] + Claa(0)[le=t — e,
Both z,(t) and z;(t) approach zero exponentially at the rate not slower than e~*¢
for the standard choices of the parameters o, r, and b. So y is a synchronizing coor-
dinate for (16). If the Lyapunov exponents in the directions of D are greater than
—4, then the master-slave synchronization with y as the synchronizing coordinate
is stable.
Similarly, for z being a synchronizing coordinate, we need look at

! s
Yo = —Ya2—2I22
2

Y2 — 522.

Numerical computation indicates that both the Lyapunov exponents are nega-
tive (see [CO2]). The following approach we provided is special for this particular
example, see also [H2].

Let u = y2 + 22. Then

u'(t) = =242 — 2b22 < —2(3% + 23) = —2u,

hence, u(t; u(0)) < e~ u(0) which implies that y,(t) and z3(t) approach zero not
slower than e~*. So z is a synchronizing coordinate for (16).
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Again, if the Lyapunov exponents in the directions of D are greater than —1,
then the master-slave synchronization with z as the synchronizing coordinate is
stable.

From Theorem 3, we can then conclude that the partially coupled systems
along the variable y

i = oy —z1)
Vi = rzi—yi—z121— k(v — y2)
i = zy —by
zy, = 0o(y2 —z2)
Yo = TZy—ys— Taza—k(ya— )
zy = zays — b2y,
and
i = o(y—zi)
yi = roi—yi—nia+ky
2y = my —bzy
2, = o(y2—z2)
Yo = TZ3—y2— Taz+ky
73 = Zay; — bz,

are synchronized for large k. Similarly, the systems coupled along the variable z
are synchronized for large k.

Example 2. Another example is the laser equation considered in [RT][R][H2]

E' = 7Y(G-a)E+iwE
G' 77 '(p— G - G|E]),

where E = £e'? is the complex electric field and G the gain of a single transverse
and longitudinal mode class B laser. 7. is the cavity round trip time, 7; the
fluorescence time of the upper lasing level of the crystal, p the pump coefficients,
a the cavity loss coefficients, w the detuning of the laser from a common cavity
mode.

In terms of £ and ¢, the equation is written as
& = Y G-a)E
¢ = w (17)
G = ‘rj_l(p—G—ng).
Treating ¢ as time and rescaling, we can write (19) as
£ = Y G-a)E
G = 'rf'l(p—G—Gé'z).
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The master-slave synchronization with £ as the driven signal and G as the response
one is obvious. Hence, by Theorem 3,

& = 17N GL—a)&1+ k(& - &)

G r;l(p—Gl - G1E})

& = 17YGa—a)ba+ k(€ — &)

Gy = 77'(p—G2—G1f3),

and
8; = Tc_l(Gl —a)&y + k&,
G, r;‘(p~ G1 - G,£})
£ 771 G2 — )&z + k&
G’z = T‘r_l(p -Gy — ngg),

are synchronized for large k.
The exact model of the coupling system of two lasers used in [RT] is

Ey = 1 '(G1— a1)E) +kEj] + iw, E,
G} 71 (pr — G1 — G1| B [?)
Ey 7 (G2 — @2) Bz + kEy] + iwa By
Gy = 717 (p2—G2— Ga|Es*)

In the case of coupling of identical lasers one has, in terms of £; and ¢;,

j=1,2,

& = -‘rc_l[(Gl — a)& + k cos(pa — ¢1)E2]
#1 = 17 lksin(¢: — $1)EE7 +w

G’l = rf_l(p—Gl -G;gﬁ

& = 17Y(G2 = a)Es + kcos(¢z — ¢1)&1)
¢y = 17 ksin(¢y — ¢2)E1E5 " +w

G"z = f!-l(p——Gz *-Gggzz}

Set ¢ = ¢ — ¢1, then
¢ = —17lksin(¢)(E£7 + EEY), (18)

and clearly ¢ = 0 is a locally stable equilibrium of (20) for k > 0. If we restrict
¢ € (—%, %), then the attractor lies in {¢ = 0} and on it one has

g{ = fc—l[(Gl - 0’)81 + kgz]

Gy = 17'(p-Gi-Gif))

& = Tc_l[(Gz —a)é; + k&)

Gy = 17 (p—G2—G283),
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and for k large, the system is synchronized by Theorem 3.

It is believable that the phenomena of synchronization are more general than
the existence of stable foliation structure in chaotic systems. The study of the
phenomena could lead more understanding toward the chaotic behavior.



Synchronization, stability and normal hyperbolicity 151

References

[1] [ABS] Afraimovich, V., Bykov, V. and Shilnikov, L. (1983). On Structurally
Unstable Attracting Limit Sets of Lorenz Attractor Type, Tran. of Moscow
Math. Soc. 44, 153-216

[2] [ACH] Afraimovich, V., Chow, S-N and Hale, J. (1995). Synchronization in
lattices of coupled oscillators, CDSNS95-208, submitted

[3] [ACL] Afraimovich, V., Chow, S-N and Liu, W. (1995). Lorenz-type Attractor
from codimensional one bifurcations, J. Dyn. and Diff. Eqn. 7(2): 375-407

[4] [AP] Afraimovich, V and Pesin, Ya. (1977). Dimension of Lorenz Type At-
tractors, Sov. Sci. Rev. C Math./Phys. Vol. 6, 169-241

[5] [AR] Afraimovich, V and Rodrigues, H.M. (1994). Uniform ultimate bounded-
ness and synchronization for nonautonomous equations, CDSNS94-202, sub-
mitted

[6] [AVR] Afraimovich, V., Verichev, N. and Robinovich, M. (1986). Stochas-
tic synchronization of oscillators in dissipitative systems, Izvestiya Vysshikh
Uchebnykh Zavedenii, Radiofizika 29 (9): 1050-1060

[7] [CLY] Chow, S.-N., Liu, W. and Yi, Y. (1996). Center manifold theory for
tnvariant manifold, Part 1. smooth case, CDSNS96-241, submitted

[8] [CP] Carroll, T.L. and Pecora, L.M. (1991). Synchronizing nonautonomous
chaotic circuits, IEEE Trans. Circuits and Systems. 38, 453-456

[9] [CI] Chua, L.O. and Itoh, M. (1993). Chaos synchronization in Chua’s circuit,
J. Circuits, Systems and Computers 3, 93-108

[10] [CO1] Cuomo, K. and Oppenheim, A. (1992). Synchronized chaotie circuits
and systems for communications, MIT Research Laboratory of electronics
technical report 575

[11] [CO2] Cuomo, K. and Oppenheim, A. (1993). Chaotic signals and systems
for communications, to appear in ICASSP

[12] [F] Fenichel, N. (1971). Persistence and smoothness of invariant manifolds
for flows, Indiana Univ. Math. Journal. Vol. 21, No. 3, 193-226.

[(13] [GW] Guckenheimer, J. and Williams, R. (1979) Structural Stability of the
Lorenz Attractors, Publ. Math. IHES, 50, 59-72.

(14] [H1] Hale, J. (1994). Coupled oscillators on a circle, Resenhas IME-USP 1,
441-457



152 Shui-Nee Chow and Weishi Liu

[15] [H2] Hale, J. (1996). Diffusive coupling, dissipation and synchronization,
CDSNS96-238, submitted

[16] [H3] Hale, J. (1996). Attracting manifolds for evolutionary equat;ons,
CDSNS96-257, preprint

[17] [HHTZ] Hassard, B., Hastings, S.P., Troy, W.C. and Zhang,J. (1994). A com-
puter proof that the Lorenz equations have "chaotic” solutions, Appl. Math.
Lett. 7, 79-83

[18] [HT] Hastings, S.P. and Troy, W.C. (1992). A shooting approach to the Lorenz
equations, Bull. AMS Vol. 27, 298-303

[19] [HCP] Heagy, J.F., Carroll, T.L. and Pecora, L.M. (1994). Synchronous chaos
in coupled oscillator systems, Physical Rev. E 50, 1874-1885

[20] [He] Henry, D. Geometric Theory of Semilinear Parabolic Equations, Lect.
Notes in Math. No. 840, Spring-Verlag, Berlin, 1983

[21] [L] E. N. Lorenz, Deterministic nonperiodic flow, J. of Atm. Sci., 20, 1963,
130-141.

[22] [M] Mane, R. (1977). Persistent manifolds are normally hyperbolic, Trans.
Amer. Math. Soc. Vol. 246, 261-283.

[23] [MM] Mischaikow, K., and Mrozek, M. (1995). Chaos in the Lorenz Equa-
tions: a Computer Assisted Proof, Bull. AMS Vol. 32, 66-72

[24] [NY] Nusse, H.E. and Yorke, J.A. Dynamics: Numerical Explorations, Ap-
plied Mathematical Sciences, Vol. 101, Springer-Verlag, 1994

[25] [PC1] Pecora, L. and Carroll, T. (1990). Synchronization in chaotic systems,
Phys. Rev. Lett., 64 (8):821-824

[26] [PC2] Pecora, L. and Carroll, T. (1991). Driving systems with chaotic signals,
Phys. Rev. A, 44 (4):2374-2383

[27] [R] Rodrigues, H.M. (1994). Uniform ultimate boundedness and synchroniza-
tion, CDSNS94, submitted

[28] [RT] Roy, R. and Thornburg Jr., K.S. (1994). Ezperimental synchrom’zation
and chaotic lasers, To appear

[29] [RV1] Rulkov, N.F. and Volkovski, A.R. (1993). Threshold synchronization of
chaotic relaration oscillators, Phys. Lett. A 179, 332-336

[30] [RV2] Rulkov, N.F. and Volkovski, A.R. (1994). Synchronous chaotic behavior
of a response oscillator with a chaotic driver, Chaos, Solitons and Fractals,
submitted



Synchronization, stability and normal hyperbolicity 153

[31] [Ry] Rychlik, M. (1990) Lorenz attractors through Silnikov-type bifurcation:
Part 1, Ergodic Theory and Dynamical Systems, 10, 793-821.

[32] [TWB] Tresser, C., Worfolk, P. and Bass, H. (1994). Master-slave synchro-
nization from the point of view global dynamics, preprint

Shui-Nee Chow and Weishi Liu

Center for Dynamical Systems and Nonlinear Studies
School of Mathematics

Georgia Institute of Technology

Atlanta, GA 30332-0160

USA



154

Shui-Nee Chow and Weishi Liu

The difference: x2-x1; initial: (1,2,3,4,5,6); final tme: T«500
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Fig.1.1 Weakiy coupied Lorenz system
The difference: y2-y1; initial: (1,2,3,4,5,6); final §me: T=500
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Fig.1.2 Weakly coupled Lorenz system
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The difference: 22-21; inital: (1,2,3,4,5,6); final tme: T=500
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Fig-1.3 Weakly coupled Lorenz system
The difference: x2-x1; initial: (1,2,3,4,5.6); final

time: T=500
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The difference: y2-y1; initial: (1,2,3,4,5,6); final tme: T=500
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Fig.2.2 Perturbed weshkly coupled Lorenz system

The difference: z2-21; inital: (1,2,3,4,5,6); final tme: T=500
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Fig.2.3 Perturbed weakly coupled Lorenz system




Synchronization, stability and normal hyperbolicity

The difference: x2-x1; initial: (1,2,3,4,5,6); final 8me: T=500
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Fig.3.1 Perturbed strongly coupled Lorenz system
The difference: y2-y1; initial: (1.2,3,4,5,6); final time: T=500
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Fig.3.2 Periurbed strongly coupled Lorenz system
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The difference: z2-21; inital: (1,2,3,4,5,6); fnal tme: T=500
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Fig.3.3 Perturbed strongly coupled Lorenz system



