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Anosov flows induced by partially hyperbolic E-geodesic flows

H.M.A. Castro! and W.M. Oliva?

Abstract: We construct Anosov flows related with par-
tially hyperbolic flows on codimension 1 non-integrable ori-
entable distributions of compact Riemannian manifolds. The
distributions are constant umbilical and need a volume pre-
served. The manifolds are supposed to have sufficiently neg-
ative sectional curvatures on the planes contained in the dis-
tribution.
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1 Introduction

The flows, nowadays called Anosov flows, were extensively studied by D. V. Anosov
in [A], 1967. The interest on Anosov flows follows from the fact that they con-
stitute a class of non trivial dynamical systems which are structurally stable. In
fact, an Anosov flow which is Hélder C' and has an invariant measure (generated
by a volume’s form) is ergodic .

The structural stability for Hélder C' Anosov flows, as well as the ergodicity
when there is an invariant measure, were proved by Anosov in his book [A].
There it was also proved that the geodesic flow on the unitary tangent bundle
of a compact Riemannian manifold, having strictly negative all their sectional
curvatures, is an Anosov flow. The Anosov flows are a special case of the so called
partially hyperbolic flows:

Definition 1 Let Q be a compact C> manifold . A non singular smooth flow
Tt : Q — Q is partially hyperbolic if the derivative (variational) flow DT' : TQ —
TQ satisfies:
i) foranype Q ,T,Q = X, @YV, ® Z,, where X, YV, Z are invariant sub-bundles
of TQ, dim X, =1 > 1,dimY, = k > 1, Z, D [(T*p)i—0);
ii) there ezist a Riemannian metric on Q and numbers a,c > 0 such that for all
p € Q we have:

IDT*¢| < aléle™,Vt > 0, (or |DT*¢| >a™"|€le™,Vt < 0), V&€ X);

|DTy| < alnle®t,Vt <0, (or |DT'n| > a~'|nle,Vt > 0), Vn € V.

X and Y are said to be uniformly contracting and expanding , respectively;

iti) Z is neutral in the sense that it is neither uniformly contracting nor uniformly
ezpanding .
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If, in particular, Z, = [(T'p)i=o) , i) is satisfied and the flow is said to be
hyperbolic or Anosov.

The consideration of a smooth non-integrable distribution ¥ on a Riemannian
manifold (in a sense we could start with a sub-Riemannian structure - see Kupka
[Ku], 1996), enabled us to obtain partially hyperbolic flows on the unitary vec-
tor bundle defined by £. To obtain the hyperbolic properties of the trajectories
of these flows we need to assume, among other suitable hypotheses, some nega-
tiveness for the sectional curvatures on the 2-planes contained in £ (and only in
X).

Our motivation came from Mechanics when one considers motions with non-
holonomic perfect constraints, that is, satisfying the d’Alembert principle (see, for
instance, Cartan [C], 1928; Harle [Ha], 1977; Fusco and Oliva [FO], 1986).

In the present paper we construct a class of examples of partially hyperbolic
Y-geodesic flows, which, in some particular cases, will induce a related Anosov
flow. Let M be a compact Riemannian C'* manifold, dim M = m, V be the
associated Levi-Civita connection, and (T'M, M, ) the tangent bundle. Consider
on M a non-integrable distribution X, that is, it is given XM C TM a C* sub-
vector bundle of TM , with fibers E,M, dim¥X,M =n, Vg € M , n < m and let
£LM C TM be the vector bundle corresponding to the orthogonal distribution
£+. One can introduce the total second fundamental form of ¥ (see [KO]) :

B:TM %y EM = 2t M

defined by: for any X € T,M , Y € 5,M , Z€ XM ,let X, ¥, Z be local
extentions of X,Y, Z respectively. Then
< B(X,Y),Z >=< VX,Z,?>(Q)=-<Z~,VX}~’>((;)‘ (1)

It is not dificult to see that the total second fundamental form is well defined,
that is:

Lemma 1 The value of B does not depend on the chosed extentions.

The Z-geodesic flow corresponds to the d’Alembert trajectories (see [C], [Ha]
and [FO]) of a constrained particle free of external forces, and it is determined by
the equation:

V4 + B(d,d) = 0. @

Any solution of this equation with initial condition v € LM will be called a
trajectory . We remark that , since M is compact, M is complete in the sense
that all trajectories will be curves defined for all ¢ € IR . Note that for any
trajectory, ¢(t) € L), Vt € IR and

d, .o . :
SdlP =2 < 4, V4d>=0.

Definition 2 The compact (m + n — 1)-dimensional manifold £, M 1is the sub-
manifold of EM given by {(q,v) € XM such that < v,v >= 1}.
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Throughout this paper we will consider the S-geodesic flow restricted to ¥ 1M.
g‘hi( vector field X5, »r € X(X; M) is the one defined by the flow (2) restricted to

1M.

The conservation of a volume by the geodesic flow represents an important
feature in this theory, and furnishes a natural invariant measure. It is natural to
ask under which hypoteses there is a natural volume preserved by the 3-geodesic
flow. Kupka and Oliva (see [KO]) gave an answer to this question. In the codi-
mension one case, that is, n = m —1, when there exists a globally defined unitary
normal (to £ ) vector field N, that is, when ¥ is orientable, conservation of a
volume is equivalent to the condition

VNN =0. (3)

In section 2 we will show how the metric on M can induce a Riemannian metric
on &, M .

In section 3 we will derive the system of variational equations to Xy, and
decompose it in some natural components, that decouple the system. In section
4 we will prove our main results, which we will state briefly here.

Definition 3 The codimension 1 distribution ¥ is said to be totally umbilical if
forany X, Y e E, M , Vge M :

< B*(X,Y),N >= % <B(X,Y)+B(Y,X),N >=h(g) < X,Y > (4)

where h € C*°. If h is a constant function we say that the distribution is constant
umbilical. When h = 0 we say that the distribution is totally geodesic.

‘We are now able to state the following:

Theorem 1 Let M be a compact Riemannian m-dimensional manifold and ¥ M
an orientable codimension 1 distribution, constant umbilical. Assume that Xs, pmr
conserves volume. Suppose also that the sectional curvature on ¥ satisfies —K (X,
Y)>h*+4< B(X,Y),N >? for any orthogonal and normalized vectors X,Y €
.M , Yqg € M. In this case, the -geodesic flow on £, M is partially hyperbolic.

Note that, in the case of an integrable distribution, the condition on the sec-
tional curvature is equivalent to the negativeness of the sectional curvature on the
integrable leaves.

In the special case where the distribution is totally geodesic we really obtain
an Anosov flow. In section 3 , we will construct a vector field W on ¥, M such
that if W = [W] is the one-dimensional vector-bundle defined by W then:

Theorem 2 Under the same hypoteses of Theorem 1, assume that h =0 . Then
there exists a vector field W commuting with Xz, pr such that W = (W] is invari-
ant, and, if £, M /W is a regular manifold, the -geodesic flow induces an Anosov
flow on this quotient, so ergodic and structurally stable.
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Note that if £, M /W is not a regular manifold, we will still have an Anosov
flow on a manifold with singularities.

In section 5 we present an example of this class of Anosov flows with ¥y M /W
regular.

2 Horizontal and Vertical Subspaces. The In-
duced Metric on 1M

We define, as usually, the vertical subspace at a point v, € £, M by:

Vo, =dn; 1 (0) C Ty (E1M). (5)
Note that with this definition dimV,, =n — 1.
The vertical lift of u, € £,M N[v,]* at a point v, € £; M is then defined by:

v, + Su, !
C,,q(uq) — ( _Q__._E_)

q
" || vg + suq ||

(6)

s=0

It is not dificult to see that with these definitions one has the following prop-
erties:

Lemma 2 dm,, 0Cy, =0 and C,, : Z,M N v, ]* =V, is an isomorphism.

. Let us now define a map K, : V,, = T,M. If A,, € V,,, let Z be a curve on
Y1 M such that Z(0) = v, and Z'(0) = A,, . Then, if Z(t) = (Z(t), Z2(t)), with
Z1(t) = ¢ € M and Z(t) € T,y M, we finally set K, (A4,,) = Z5(0). It is not
dificult to prove that:

Lemma 3 K,, is a well defined linear map ,its image is given by Im(K,,) =
.M N [vg]* and K,, is the inverse of the vertical lift.

Let us now define the horizontal lift H, of a vector w, € T, M, at a point
vy € Ly M. For this, let () be a curve in M such that 4(0) = ¢, +'(0) = w,
and let V() be the parallel transport of v, along (t) . Then, if PV(t) € L,
denotes the orthogonal projection of V (t), one defines:

_ PV(@) \
H, (w,) = ('T(t)a W) Lzo €T, )M (7

It is easy to prove that:

Lemma 4 The horizontal lift H,, : T,M — T, , 1M is a linear injective map
and dmy, o Hy, = id, ,, .
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The horizontal subspace at v, € ;M is then defined as the image Hy, =
Im(H,,) C T,, (21 M) . Note that dimH,, = m.

With the constructions above we obtain a generalization of the classical de-
composition in horizontal and vertical spaces and lifts relatively to the £-geodesic
flow. As in the geodesic case, we have:

Lemma 5 The tangent space of £, M 1is the direct sum of its horizontal and
vertical spaces, that is , Ty, (1 M) =V, & H,,.

As a matter of fact, the map K, acts on any element A,, € T, (X; M) ; in fact
Jif Z(t) = (Z1(t), Z2(t)) is a curve on X, M such that Z(0) = v, and Z'(0) = A4,,
, it is enough to define K, (A,,) as the covariant derivative at t = 0 of Z,(t) with
respect to Z1(t) . It is clear that this definition extends the one introduced above
when A, €V, . Note that if U, € H,, then there exists w, € Ty M such that
Uy, = Hy,(wy) . Using the same notation as in the definition of horizontal lift,
we have :

KUQ(U%) = qu ” PV(t) (8)

PV(t) =0
After some computation we obtain that:
Lemma 6 K, (U,,) = —B(dn(U,),v,).

We are now able to define the map that will allow us to turn ;M into a
Riemannian manifold:

Definition 4 i,, : T, ,(Z: M) = T,M x T,M is the linear injective map con-
structed as follows: if A,, € Ty,(£1M) and A,, = Ay + A}, let

iy, (Ay,) = (d:.-r,,.,i (Ay,), —B(dmy, (Av,),vq) + K.,‘{Azq)) ; (9)
with inverse (on the image) given by:
i;ql (wq, —B(wq,vq) + uq) = Hy, (wy) + Cy, (ug) , (10)
for all wy, € T,M , ug € T,M N [v]*.
Definition 5 The metric on £, M is defined by:

< Ay, Az >y, =< 4y, (A1), 8y, (A2) ST,MxT,M=

=< dmy, (A1), dmy, (A2) >4 + < Ky, (A1), Ko, (A2) >q - (11)
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3 The Variational Equation

Let Tt be the one parameter group of diffeomorfisms generated by the vector
field Xs,ar , that is, the flow defined by equation (2) on £; M. The variational
equation for (2) is the equation that determines the time evolution of a vector
A € T(4y,40)(Z1M) under the derivative D(y, 4,)T" that is, the equation that gives

A(t) = D(g9,40) T*(A) € Tiq(t),i(y)(Z1M),

q(t) being the trajectory defined by (go,do)-

Consider a local coordinate system at (go,go) € L1 M of the type (¢ =
(q1s-sGm), %) and let (y(s),I'(s)) ,s € (—¢, +e€), be a curve in £ M such that

(7(0),T(0)) = (g0, go) and

= (Jo, Jo) = A.
§=0

d
(), T(#))

Take, for each s € (—¢, +¢€), the trajectory (q(t,s),q(t,s)) = Ti(v(s),['(s)). Note
that it is defined a 2-dimensional submanifold of ¥; M. Then,

A(t,s) = (J(t,s), T (t,5)) = Dy(s),rs T (%(7(3),1‘(8))) =

= %T‘(‘y(s),l"(s)} = (%Q(h s), % (%q(t,s)))

defines, for each s € (—¢, +€), a solution of the variational equation, which, from
now on, will be called a Jacobi field. By construction, {q(t,s), s € (—¢,+€), t €
IR} defines also a 2-dimensional submanifold of M , and so [£, 2] = 0. Since
£ = Jand £ = g, then, as elements of Ty(; )M, [J, 4] is well defined and vanishes.
Note that, as elements of T\ 4)t,s)Z1M , one has £ = (J,7) and & = Xz, u ,
which implies that [A(.,.), X5, m] = 0. For s = 0 the above construction provides
the Jacobi field over the trajectory (g(t), ¢(t)). We remark that a Jacobi field over
a given trajectory does not depend on the curve chosen as a representant of A. It
will be usefull to consider the image of a Jacobi field by the map i(, 4, that is, as
a pair of vectors in T, M.

Lemma 7 If A(t) is a Jacobi field over a trajectory (q(t),q(t)) € £1 M, then
i(qe),a(t)) (A@)) = (J(2), Vq(t)-f(t)) (12)
where the second component is the covariant derivative of J(t) with respect to ¢(t).

Since the second component of the image of a Jacobi field depends only of its
first component, J will also be called a Jacobi field along ¢ = q(t). It is simple,
now, to derive the variational equation (see also [Ha]),



Anosov flows induced by partially hyperbolic X-geodesic flows 235

Proposition 1 The variational equation for the Jacobi fields is given by:
VY4 = R(é, ))i ~ V yB(4,d) (13)
where R is the curvature tensor of M. Given an initial condition
(J(0), VJ(0)) € i(g(0),i(0)) (Tta(0).d(0)) Z1M),
(13) has a unique solution, with this initial condition.

Proof: We consider ¢(t,s) and J(t,s) as above. Then, the left side of (13)
is equal to Vq-,VJ(j , and it will be enough to use the definiton of the curvature

tensor, and the trajectory equation (2) N

We will consider, from now on, a codimension 1 orientable distribution, that
conserves volume, that is, +M = [N], where N is a normalized vector field
satisfying (3). In this case, there exists a C* function

k:MxpyTMxpy M = R,
linear on the second and third variables, such that :

B(X,Y)(q) = k(¢,X,Y)N(q) , VX E€T,M, Y € S,M,Vge M.  (14)

Whenever the meaning is clear, we will ommit the dependence of k on the first

variable.
Given a trajectory (g,4), let P, 4 be the orthogonal projection of T,M onto

S,M N [g]*. It will be usefull to decompose a Jacobi field J over (g,¢) as:
J(t) = a(t)q(t) + Z(t) + b(t)N(g(2)), (15)

where Z(t) = Py),(1))J(t) - We will ommit the dependence on the trajectory
and time whenever it does not cause confusion.

Let us study the first derivative of J . From (15) one obtains,
VqJ =ag+aVaq+VgZ+bN +bV,N. (16)

But B
Vq-Z = PV¢Z+ < V(;,Z,N >N

and

V(j,N = PVQ',N + k(g,q)q-
With these relations and (2), (16) gives:

V4J = (a+bk(d,d))d + PV4Z +bPVyN+
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+(—ak(¢,d)— < Z,V4N > +b)N. (17)
But 1
< Vq-,J,g‘v -3 EJ <q,§>=0,
where the derivative in the second term is taken on the 2-dimensional submanifold
defined above. From now on, derivatives of functions of § or covariant derivatives of

vector fields depending on ¢, with respect to J, will mean derivatives(or covariant
derivatives) on that 2-dimensional manifold.

Then, for the first component of the Jacobi field we get the equation:
a = —bk(4,4) - (18)
On the other hand, we have that:
J<qN>=<Vjy4,N>+ <4V N >=0,
which implies that the normal component of the Jacobi field satisfies :
b=< B(4,Z) — B(Z,q),N >=2 < B%(¢,Z),N >= 2k%(q, Z), (19)

where B® is the skewsymmetric component of B on ¥M x M.

To study the conditions for the variational flow on T(£M) to be Anosov,
we need to analyse the norms of Jacobi fields. We recall that ||A|? = ||J||* +
HV@JH?. To know the exponential decay of a particular ||A|| we need to check the
exponential decay of each component. To do so, we will first show that, under
suitable hypotheses, ||Z(t)||* is a convex function . First we note that:

1d?
2at? @
In the sequel we will assume that the distribution is constant umbilical. Note

that, in this case, B*(X,Y) = B(X,Y) whenever X, Y are orthogonal. From
(13), (15) and (2) we have that:

— |12 =< ViVgJ > IV sfl% (20)

<V4V4J,J >=< R(4,2)§,Z > +b® < R(4,N)g,N > +
+2b < R(4, Z)4, N > ~h < VjN, Z + ag >= —||Z||*K (¢, Z)+
+b? < R(4,N)g, N > +2b < R(q, Z)4, N > —h%a® — h?||Z|]?, (21)
where Z = T%[ Note that the last formula also holds for Z = 0.
Let Q be a local extension of ¢ , such that < @,N >= 0 and < 9,0 >=1,

and let Y3, ..., Y;n_2 be a local orthonormal basis of £ N [Q]* . Then, it is not
difficult to show that :
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VQN=hQ+§ <VaN.Yi>Y; =h@+zijk{é,n)n
and
@M =hQ+Y (KQ.Y)- < VNQ¥i >) Vi
which implies that:

< R(¢,N)¢,N >=< VNVQN,Q > =< VQVNN,Q > -

= V[N,Q]N’Q >=h< VNQ,Q >-< Zk(é‘K)E!VNQ —
+h2 - zk(‘;":ye)k(yu Q) a Z < VNQ,}'; >< VY'N‘Q >=
:hQ___Zk(q’K)Z (22)

In order to calculate the the third curvature term in (21) we first establish
that:

<Nz

oV2zQN >=<V 5 (PVZQ = k(Z,Q)N) N >=

Q
= - d "
=-<PVZQ, VN >-= (k(Z,Q]) =

= _;k(é,l’}) <VzQ,Y: > —% (k(Z,Q}) ;

< vaQ@,N >=L Vi (—hN - Pvéé) AN P=

=—Z<V¢¢,Yf ><Y;,VzN>=0,

Q2] =<V5Z,Q>Q+ Z (< VeZYi>-< VzQ.Y >) Yi—

—2k(q, Z)N

and

< V[Q-,Z]Q’N S= Zl:k(yu'?) (( VZQ‘Y} - S VQZ,Y,— >) )
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The computations above imply:

d
<R(q‘r,Z)q,N>_— (4,2)) qu, ) < V4Z,Y: >. (23)

With the substitution of equations (22) and (23) into equation (21) and, then,
using equations (20) and (15), it is possible to prove that:

Proposition 2 Let ¥ be an orientable codimension 1 constant umbilical distri-
bution, with conservation of volume, and let Z = P, ;J be the projection onto
S,M N[+ of a Jacobi field J along a trajectory (g,q). Then one has

laal
2 dt?

where Z = H%T[

1ZI? = IV4ZI° + 1 ZI*(— K (4, 2) - h* - 4k*(4, 2)), (24)

4 Main Results

The proof of Theorem 1 has two distinct parts. The first one is to show the
existence of Z(, ;) and its properties. The second will be the construction of
the subspaces X(y ) and Y, ) as in the Anosov’s proof for the geodesic flow on
a Riemannian compact manifold of strictly negative sectional curvature. In the
geodesic flow case it is well known that J(t) = aq(t) is a particular Jacobi field ;
but, for a E-geodesic flow, there will be the following particular Jacobi fields:

Proposition 3 Under the same hypotheses of Proposition 2, for any given tra-
jectory there are Jacobi fields such that Z = 0. They are linear combinations

of:
(J1,V4) = (¢, =hN), (25)
(Jz,vq',-fz) = (-ht¢g+ N, hth-i-PVq',N). (26)
Moreover, if it is given an initial condition of the form
a(q(0), —=hN(g(0))) + b(N(g(0)), P(V4N)(q(0))), (27)
the corresponding Jacobi field will be given by aJ, + bJ, .

Proof: We have to show that the vector field J = ag+bN , with b = 2k%(§,Z) =0
and @ = —bh = constant , satisfies (13). Note first that:

V4J = —ahN + bZ k(q,Y:)Y:
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It is not difficult to see that the left side of equation (13) is given by:

Vq Vq'. Ji= —ahzq"+

: d - d, .
+ (—ahk(q, Yi) +bgk(@,Y) +b3 Zk(@,Y;) < VY, Y, >) Vit
1

+ (W - bz kz(Q,Y;-}) N=(). (28)

On the other hand, from equations (22) and (23) one obtains:

R(¢,ag+bN)g=1b ((fﬁ - Z k%(q, Y,-)) N+

+¥ (dt 0.Y; Zk(q,}’)<V Y,.Y>) ) (In. (20

To conclude the proof, we just observe that:
hV ;N = ha (h:j + ) k(g y;)y,;) = (III) . (30)

These particular solutions will be called special Jacobi fields.
If we consider the subspace W, 4y = i, }[(N PV, ¢N)] , by Proposition 3 it

will be a subspace of Z, 4.

(9.4

A remarkable fact that occours under our hypotheses is that:
Proposition 4 The equation for the Z component of a Jacobi field is given by:
Vq-,Vg-,Z =R(q,Z)G+hVzN-
~4k°(4, 2) (Z K(d Yi)Y: + 'gq) ~23 K@ 2)N (31)
i
that is, the equation decouples from the components in N and ¢ .

Proof: Using the notation defined in equations (28) , (29) and (30), we get:

ViVgJ = (I) +4k°(4, 2) (Z k(q,Y:)Y: + %@) +
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d .
+25 (k*(4, 2)) N +V4V4Z ,
R(4,J)q = (II) + R(4, Z)q,

and
hV yN = (IIT)+hVgzN ;

taking into account equation (13), the proof is complete.

As a corollary of proposition 4, we see that equation (31) defines a linear flow
F' ,t € R, on a vector bundle over £; M with (2m — 4)-dimensional fibers V(, 4
given by:
Viga) = {(€,m) s:t. € € Tq 9 N[4]*,m € [g", < 0, N >=k(4,€)}
CcT,M xTyM

and
Flo.io&n) = (Z(t)a (VQZ+ 2k (4, Z)N) (t)) = (Z(t),62(t)) ,

where (§,n7) € V(g4)0) and Z(t) is the solution of equation (31), with initial
condition

(20, (v42 + 26, 2)N) ) = (2(0),62(0) = (&,).

Now we will restrict ourselves to a distribution £ such that all the sectional
curvatures on planes of ¥ are sufficiently negative, that is, such that:

-K(X,Y) > h? +4K*(X,Y), (32)

for any orthonormal vectors X,Y on £;,M and ¢ € M. Note that, since £; M is
a compact manifold, then there exists a positive constant v such that:

~K(§,2) — h* — 4k?(¢, Z) > v2. (33)

Suppose that for some time t; we have that the second member of equation
(24) vanishes. This implies that ||V";-,Z(1EO)H2 = 0 and that Z(t,) = 0 .Then,

equations (15) and (17) imply that for ¢ = ¢, we have an initial condition of the
form (27), and then Z = 0, that is, J is a special Jacobi field. In this case,
considering (24) we have proved that:

Lemma 8 Under the above condition (32) and the hypoteses of Proposition 2, if
J is not a special Jacobi field, then ||Z||? is a convex function, that is:

d?

1212 > 0. (34)
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Definition 6 Let
X(q‘q'.] 3 {A € T{q'q‘.)(le) s t. ”DTtA” =0, for t > 00}, (35)
Via.i) = {A € T(g,9)(Z1M) s. t. || DT*A|| = 0, for t - —oo}. (36)

Note that , by definition, we have :

(DT)X(q,4) = Xre(q,i) and (DT*)V(q,4) = Vit (g,4); 37)
for any t € R and (q,q) € £, M.

Moreover, the special Jacobi fields do not belong to these subspaces. Since
A € X, 4) implies that ||Z|| =+ 0 as t — oo and A € ), 4) implies that ||Z|| = 0
as t — —oo ,the convexity of || Z||? assures that X(, 4 N V(g.4) = {0}

We are now able to prove the basic facts for the proof of Theorem 1, namely:
Lemma 9 Given a vector £ € S1,M N [¢]* and a fized time s ,there ezists a
Jacobi field such that Z(0) = £ and Z(s) = 0. Moreover, two such Jacobi fields
differ by a special Jacobi field.

Proof: The subspace of vectors (0,7) € V(,.4)0) has dimension m — 2. The
component Z(t) = PlF(‘ (0y(0,m) corresponds to a linear transformation (for

2.9)
any fixed t), so
m — 2 =dim Ker (P,F"(q,4)(0)) + dim Im (P,F*(q,4)(0)) .

But, from lemma 8, dim Ker (PyF*(q,¢)(0)) = 0, so the map is onto T,y M N
[4(t)]* . Reversing time and taking into account translation invariance, the lemma
is proved.

Definition 7 Let us introduce the subspaces :
Xa,9) = {(&n) € V(g9 st | F'(&,m) |- 0 s.t. — oo},
}_{{Q! Q) = {(£| 7?) € V(q.d) s.t. ” Ft(&: 7?) ”_} 0st — _00}

We will show , in the sequel , that X(q, g) and }_’(q, G) are indeed (m — 2)-
dimensional subspaces of V, ;).

Lemma 10 There ezists a (m — 2)-dimensional subspace of V(, 4)(0) such that
Z(t) = P F(*;] 0 (&m — 0 ast— oo, for all (&,7m) in that subspace.
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Proof: For a fixed £ € E,0)M N [§(0)]* , consider the solution of (31) given by
lemma 9, satisfying Z,(0) = £ and Z,,(n) = 0. Let ,, be the vector

fin = 62Zn(0) = (vdz,, + 2k%(4, z,,)) (0).

Suppose, by contradiction, that there exists a subsequence n; — co such that
|| 7n; || oo . Let us consider ¥; = H-—JT By convexity (lemma 8) and the

definitions of Z, and Y; , || ¥; ||? is decreasing for ¢ € [0,n;] , with ¥;(0) =

and 8Y;(0) = ﬂ—l-“ Since || (Y;(0),8Y3(0)) || is bounded, there is a subsequence
iy = oo , such that (Y;,(0),0Y;(0)) = (0,n) asl — co , with || g ||=1. We
remark that, in fact, (0,1) € Viq.4)(0) -

On the other hand, the limit solution Y'(¢) (that is, the solution of(31) with
initial conditions (0,7) ) is , in any compact time interval [0, 7] , a uniform limit of
the functions Y;, such that || Y;, || are decreasing functions (we consider only the
iy such that n;, > T ), so || Y(2) || is also a decreasing function. But || Y'(0) ||=0
and || dY'(0) ||# O that is Y'(t) is not identically zero , which is a contradiction.

Thus, there exist a constant A such that || 7, |[< A , ¥Yn € IV , and a subse-
quence n; such that (§,7n,) = (§,7) € V{g,4)(0) @ ni — 0o . The corresponding
function Z(t) is such that its norm is decreasing on any compact interval [0,T] ,
so will be decreasing for all posmve t. If limoo || Z(t) ||>= a® > 0, then, by
equations (24) and (33) we have d—"%@-”— > va? , Vt > 0, which is a contradiction
, because this would imply || Z(¢t) ”5‘ unbounded. Since the construction above is
valid for arbitrary £ € Ty M N [¢(0)]* , the lemma is proved.

Lemma 11 dimX( 4 =m — 2.

Proof: Since 6Z(t) = (Vq-,Z + 2k%(q, Z)N) (t) ,it remains only to prove that

a solution of equation (31) satisfying || Z(t) || 0 as t — oo , verifies also
Il thZ(t) [ 0 ast — oo . But, by equation (24), it will be enough to show

2 2 2
that d—l%{}m« —+ 0 ast — oo . By construction, EH_ZE(‘E)_IL is a strictly negative
increasing function , so the proof is complete.

Note that X(, ) is invariant under the flow, that is F*X(, 40) = Xa.i)®) -
Analogously, dimY(q 4 = m — 2 and Y(q ¢) is also invariant under tha flow. To
obtain the contracting and expanding properties we will need the next elementary
lemma :

Lemma 12 Let f be a positive smooth function defined for t < 0 satisfying
f(t) > ?f(t),, Vt<0, (38)
with £(0) = fo # 0 and f(0) < 0. Then

(t)>f° —at Wt <O0. (39)
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Proof: See [A].
We are now able to state that:

Lemma 13 For any (§,1) € X(44) , we have that || Z(t) ||< c || (&) || e,
where v > 0 is the constant in equation (33) and ¢ > 0 is a constant that does not
depend neither on the points in £, M nor on the initial conditions (&,n) € X(0.)0)

Proof: Taking into account equations (24) and ( 33) , we get, by lemma 13
with f(t) =[] Z(¢) | and a = v, that || F}, 50, (€n) 1> Ble=t vt < 0.
Then, since X(g 4) is invariant under the flow, one obtains ,for any ¢t > 0 , that
| F,. q)(t)E(tq,é](O) &n) 1> ﬂ%ﬂue"‘ , which completes the proof.

It remains to show that || VéZ (t) || is also exponentialy contracting. In order
to do so we first proof that :

Lemma 14 X(, ;) depends continuously on (q,q).

Proof: Let (gn,¢n) = (g0,¢o) asn — oo and let z,, = (€x,7n) € )-{(qm,j“) be such
that z, — zo = (§0,70) € V(4o,40) @8 7 — 00 , as elements of TM x s TM . Then,
by continuity of P, F* and lemma 13 we get:

1 Z@) =1l Py 4oy (7o) ll= Tim || PLFY, 4 (zn) I

vt vt

< lim cllznlle™ = c||o ||
By the proof of lemma 11, £o € X(4,4,) - We showed that lim X 4.) C X(g.40)
. Since dim X, 4y = m — 2 for any (g,q) , this concludes the proof.

We are now able to prove that:

Lemma 15 There exists a constant L > 0 , that does not depend neither on the
point (go,do) mor on the initial condition in X4 o) , such that || 6Z(t) ||< L ||
Z@) |l , V£ 2 0, Y(qgo,do) € T1M and ¥(Z(0),02(0)) € X(40,40) -

Proof: For a fixed point (go,qo) , we consider a basis of X{qo‘qo) of the form
(&,mi),1=1,...,m—2,where§ € Ty, M ,i=1,..,m—2,is an orthonormal basis
of B4 M N[go]+ . Since the dimension is finite , there exists a constant Ly, 40) > 0

such that || 7 ||< L7, . &>, i=1,..,m—2; and, for an arbitrary vector
(E:ﬂ) = 2 G:(Eum) € X(qa go) 1 W€ also get H n ”2< Z azL(qo Jdo) ”_5!' n2=
quo io) I € [I? , so the inequality in the lemma holds for any vector in X4, o) -

By lemma 14 , it also holds in a neighbourhood of (go,go) . Taking into account
the compacity of ¥1 M , the lemma is proved.
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Lemma 16 The flow F* on X4 4) is uniformly contracting, that is ,
Il Flao o (&m IS C Il (:m) 1 e, VE 20,

| Fgo i) &m) 12 C" || (&) I €™, Ve <0,

where the constants C and C' are positive and do not depend neither on the point
(go,do) mor on the initial condition (£,7) € X(g5,40)-

Proof: It is enough to observe that by lemma 15 and the proof of lemma 13, we
have:

Ft 2y, 2 2 g~2wt 5, 2 ”5”2 ||"'if||2 -2vt
I P i@ P2 S €I e > (1 + T ) et >

> C?| (&) |2 e 2,
2 1

where C"? = ¢*min (},37) . Now apply the same argument used in the proof of
lemma 15.

Lemma 17 The flow F* on 17’(?,&) is uniformly expanding, that is ,

| Fgo i) (&m) 12 D || (€,m) Il €, V¢ >0,

|l Fgo,40)&m) IS D" || (&) || e, VE L0,

where the constants D and D' are positive and ddo not depend neither on the point
(g0, go) nor on the initial condition (€,1) € Yiq4q,40)-

Proof: Analogous to the proof of lemma 16.

To complete the proof of Theorem 1, we will show that for each element of
X(g,4) there is an element in X, 4) , that takes a basis of X(,4) into a basis of
Alq,4) » 50 that dimA(, sy = m — 2 . In order to do so , note that , by equation
(19) and lemma 17:

lb()| <Il 2k(4,2) IS C1 || (&,m) | €™,
for ¥t > 0 and initial condition

7= (a04(0) + € + b (4(0)), —a0hN (4(0)) + b PVGN (0) +1)

where (£,1) € X[q,q")({i) , which implies that there exists lim; ;o0 b(t) = bso .
Consider the initial condition 7/ = 7 — (me(q(O)),meVéN(q(O))) . The cor-
responding function b(t) satisfies:

lb(¢)] <

[ Bct)dt] <C Il Em) e .
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But , by equation (18), there exists lim;_,o a(t) = ax , for the function a(t)
corresponding to the initial condition 7/ . For the initial condition 7" = 7' —
(axG(0), —axN(q(0)) , the corresponding function a(t) also satisfies:

o0 e—vt
awi< [ hb(z)dt| <hCy Il (€m I S— < Call € m) e,

80, i) 0) (™) € Xg,i)(0) » and

| DT{, 40y (T IS Cs |l (&m) [l €™, ¥E> 0,
which implies that

| DT, iy oy (™) IS Ca [l (6,m) [l e, VE< 0.

Note that if (§,7m:) , @ = 1,...,mm — 2, is a basis for X, 4)(0) , the corresponding
elements in X, 4)(0) are linearly independent, that is dim&X(g 4)0) > m —2 .

By the same argument used in lemma 14, A{, ;) depends continuously on (g, ¢)
, and as in lemma 15, there is a constant L such that || 7 ||< L || (£,7) || , for any
(&,m) € X(4,4)(0) » and any point (g,4)(0) € £;M . This shows that X, 4)(0) is
uniformly contracting. Analogous arguments for Y show that dimY, jy(0) = m—2
and that it is uniformly expanding. Since dim&X(q 4)(0) + dimd(q,4)0) = 2m — 4,
the two dimensions are equal to m — 2 , which concludes the proof of Theorem 1.

Let us consider the special case h = 0. Then the field of lines defined by
W) = igal(J2; VgJ2)] = i) [(N,PV4N)] can be spanned by a globally
defined vector field W, that coincides over every trajectory with a special Jacobi
field. But , by definition of Jacobi field, X5, ar (g, ¢)(t, s) commutes with the Jacobi
field W(t, s) in the sense described in section 4. Since both are globally defined,
they will allways commute, which implies that the E-geodesic flow is well defined
on the quotient space £ M/W. If this quotient is a regular manifold, then the
Jacobi fields of the quotient flow will be the projections of the Jacobi fields on
¥, M. In view of Theorem 1, these arguments complete the proof of Theorem 2.

5 An Example

Let us denote by M the Lie group SL(2), set of all 2 x 2 real matrices with
determinant 1. Then, its Lie algebra is given by:

G={AeM(2x2)/trA=0}=

(D08 w
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Let X, Y, N be the left invariant vector fields on M generated by these three
matrices, respectively.

Then:
[X,N] = -2Y, (41)
[Y,N] = 2X, (42)
[X,Y] = —2N. (43)

Consider on the group M the left invariant metric defined by :
<X, X>=<Y,Y >=<N,N>=1
and
<X, Y>=<X,N>=<Y,N>=0.

Let £,M be the subspace spanned by X(q), Y (q), Vg € M . Then, it is clear
from (43), that ¥ is a non-integrable distribution. Using the expression for the
Levi-Civita connection, it easy to show that V NN = 0 that is, the volume is
conserved. )

Note now that, if S € ¥,M with ||S|| = 1, then S = aX(q) + bY (¢), with
a® + b = 1 and [N, S)(q) = 2(-bX(q) + aY(q)) where § is the left invariant
extension of S. Then

< B(S,8),N(q) >= - < S,[N, g]{q) >= —2(—ab+ab) =0,
that is,
B*(X,Y)=0.

This means that ¥ is constant umbilical. In fact it is totally geodesic.
Note that if § € T4 M , ¢ = aX + bY, then a basis for T3 M N [¢]F is
z=—bX +aY and:

< B(4,2z),N >=< B(X,Y),N >=-1,¥4€XyM ,Vge M.
After some computations, it is possible to show that
-K(£)(¢9) = -K(X,Y)(@) =+72> 0+4x1,

that is, the sectional curvature satisfies the condition imposed in the statement of
Theorem 1.

Using equation (31) with Z(t) = f(t)z(¢) one obtains f" = 4f . From equations
(18) and (19) we get @' = 0 and b’ = —2f , respectively. Then it is not difficult to
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show that the variational fields that generate the subspaces X(q,4), Y(q,4), Z(q,4q)
and W(q, q) are given respectively by:

i(,4)(A1(t) = e7*(z + N, =z + N)(q(t)),
i(q,9)(A2(t)) = e*(z — N, 32 — N)(q(t)),
(9, 9)(As(t)) = (4,0)(a(2)),

i(¢,4)(Aa(t)) = (N, —2)(q(2)).

Let D be a uniform subgroup of SL(2), that is, a discrete subgroup such that
M = SL(2)/D is compact (they do exist, see [Bo]). The E-geodesic flow is well
defined on ¥; M, and all the other hypoteses of Theorem 2, including compacity,
are already verified.

Explicit computations show that the integrables curves of the Jacobi field
A4 = W are all periodic orbits of the same period. In this case, the quotient
space ¥y M/[A4)] is a C*™ regular manifold.

Then, by Theorem 2, the X-geodesic flow is defined in this last quotient man-
ifold, so, we have an Anosov flow induced by a ¥-geodesic flow, where ¥ is a
non-integrable distribution.

As a final observation, it is interesting to see that it occurs a left action of
the compact group SO(2) on SL(2), and, moreover, SO(2) leaves invariant the
metric and the distribution. Then, SO(2) provides a momentum map for the
Y-geodesic flow. So, the final reduced Anosov system can be identified with the
geodesic flow of a compact surface of negative curvature; that compact manifold
is diffeomorphic to the quotient SO(2)\SL(2)/D.
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