
Resenhas IME-USP 2002, Vol. 5, No. 3, 171 - 230 . 

Hyperbolicity and Recurrence in Dynamical 
Systems: A Survey of Recent ResuIts 1 

Luis Barreira 

Abstract: We disCUBS selected topics of current research 
interest in the theory of dynamical systems, with emphasis 
on dimension theory, multifractal analysis, and quantitative 
recurrence. The topics inelude the quantitative versus the 
qualitative behavior ofPoincaré recurrence, the product struc­
ture of invariant measures and return times, the dimension of 
invariant sets and invariant measures, the complexity of the 
leveI sets of local quantities from the point of view of Haus­
dorff dimension, and the conditional variational principIes as 
weli as their applications to problems in number theory. We 
present the foundations of each area, and discuss recent de­
velopments and applications. Ali the necessary notions from 
ergodic theory, hyperbolic dynamics, dimension theory, and 
the thermodynamic formalism are briefiy recalled. We con­
centrate on uniformly hyperbolic dynamics, although we also 
refer to nonuniformly hyperbolic dynamics. Instead of always 
presenting the most general results, we made a selection with 
the purpose of illustrating the main ideas while we avoid the 
accessory technicalities. 
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Introd uction 

Our main objective is to discuss selected topics of current research interest in 
the theory of dynamical systems, with emphasis on the study of recurrence, hy­
perbolicity, and dimensiono We recall that nontrivial recurrence and hyperbolicity 
stand as principal mechanisms responsible for the existence of stochastic behavior. 
We want to proceed from nontrivial recurrence and hyperbolicity, and discuss re­
cent results in three areas of research: dimension theory, multi fractal analysis, and 
quantitative recurrence. We present a global view of the topics under discussion, 
although the text substantialIy reBects a personal taste. In view of readability, 
instead of always presenting the most general results, we made a selection with 
the purpose of illustrating the main ideas while we avoid the accessory technical­
ities. Furthermore, alI the necessary notions from hyperbolic dynamics, ergodic 
theory, dimension theory, and the thermodynamic formalism are brieBy recalIed. 
We apologize if some reference was overlooked, although if this happened it was 
of course totally unintentional. 

Recurrence 

The notion of nontrivial recurrence goes back to Poincaré in bis study of the three 
body problem. He proved in bis celebrated memoir [91] of 1890 that whenever a 
dynamical system preserves volume almost alI trajectories return arbitrarily cIose 
to their initial position and they do this an infinite number of times. This is 
Poincaré's recurrence theorem. The memoir is the famous one that in its first 
version (printed in 1889, even having circulated shortly, and of wbich some copies 
still exist today) had the error that can be seen as the main cause for the study 
of chaotic behavior in the theory of dynamical systems. Incidentally, Poincaré's 
recurrence theorem was already present in the first printed version of the memoir 
as then again in [91]. Already after the publication of [91], the following was 
observed by Poincaré about the complexity caused by the existence of homocIinic 
points in the restricted three body problem (as quoted for example in [18, p. 162]) : 

One is struck by the complexity of this figure that I am not even at­
tempting to draw. Nothing can give us a better idea of the complexity 
of the three-body problem and of ali the problems of dynamics in gen­
eral f .. .j. 

For a detailed and compelling historical account we recommend [18]. 

Hyperbolicity 

The study of hyperbolicity goes back to the seminal work of Hadamard [47] in 1898 
concerning the geodesic Bow on the unit tangent bundle of a surface with negative 
curvature, in particular revealing the instability of the Bow with respect to the 
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initial conditions. Hadamard observed (as quoted for example in [18, p. 209]) 
that: 

[. . .J each stable trajectory can be transformed, by an infinitely small 
variation in the initial conditions, in to a completely unstable trajectory 
extending to infinity, or, more generally, into a trajectory of any of the 
types given in the general discussion: for example, into a trajectory 
asymptotic to a closed geodesic. 

It should be noted that the geodesic Bow preserves volume and as such exhibits 
a nontrivial recurrence that was also exploited by Hadamard. A considerable 
activity took place during the 1920's and 1930's in particular with the important 
contributions of Hedlund and Hopf who established several topological and ergodic 
properties of geodesic Bows, also in the case of manifolds with not necessari1y 
constant negative sectional curvature. We refer the reader to the survey [52] for 
details and further references. AIso in [47] Hadamard laid the foundations for 
symbolic dynamics, subsequently developed by Morse and Hedlund and raised to 
a subject in its own right (see in particular their work [71] of 1938; incidentally, 
this is where the expression "symbolic dynamics" appeared for the first time). 

Quantitative recurrence 

It should be noted that while the recurrence theorem of Poincaré is a fundamental 
result in the theory of dynamical systems, on the other hand it only provides 
information of qualitative nature. In particular, it gives no information about 
the frequency with which each trajectory visits a given set. This drawback was 
surpassed by Birkhoff [21, 22] and von Neumann [125] who in 1931 established 
independently the first versions of the ergodic theorem. Together with its variants 
and generalizations, the ergodic theorem is a fundamental result in the theory of 
dynamical systems and in particular in ergodic theory (one of the first appearances 
of the expression "ergodic theory" occured in 1932 in joint work of Birkhoff and 
Koopman [23]). Nevertheless, the ergodic theorem considers only one aspect of 
the quantitative behavior of recurrence. In particular, it gives no information 
about the rate at which a given trajectory returns arbitrarily dose to itself. There 
has been a growing interest in the area during the last decade, particularly with 
the work of Boshernitzan [26] and Ornstein and Weiss [75]. 

Dimension theory 

In another direction, the dimension theory of dynamical systems progressively 
developed, during the last two decades, into an independent field. We emphasize 
that we are mostly concerned here with the study of dynamical systems, and in 
particular of their invariant sets and measures, from the point of view of dimensiono 
The first comprehensive reference that clearly took this point of view is the book 
by Pesin [82] . The main objective of the dimension theory of dynamical systems 
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is to measure the eomplexity from the dimensional point of view of the objeets 
that remain invariant under the dynamieal system, such as the invariant sets and 
measures. It turns out that the thermodynamic formalism developed by Ruelle 
in bis seminal work [99) has a privileged relation with the dimension theory of 
dynamical systems. 

Multifractal analysis 

The multifractal analysis of dynamical systems is a subfield of the dimension 
theory of dynamical systems. Briefly, multifractal analysis studies the complexity 
of the leveI sets of invariant local quantities obtained from a dynamical system. 
For example, we can consider Birkhoff averages, Lyapunov exponents, pointwise 
dimensions, and local entropies. These functions are usually only measurable 
and thus their leveI sets are rarely manifolds. Hence, in order to measure their 
complexity it is appropriate to use quantities such as the topological entropy 
or the Hausdorff dimensiono Multifractal analysis has also a privileged relation 
with the experimental study of dynamical systems. More precisely, the so-called 
multifractal spectra obtained from the study of the complexity of the leveI sets 
can be determined experimentally with considerable precision. As such we may 
expect to be able to recover some information about the dynamical system from 
the information contained in the multifractal spectra. 

Contents of the survey 

We first introduee in Section 1 the fundamental conc.epts of ergodic theory and 
hyperbolic dynamics, and in particular nontrivial recurrence and hyperbolicity. 
Section 2 is dedicated to the discussion of the concept of nonuniform hyperbolicity, 
that in particular includes the case of a dynamical system preserving a measure 
with alI Lyapunov exponents nonzero. This theory (also called Pesin theory) is 
clearly reeognized today as a fundamental step in the study of stochastic behavior. 
We consider hyperbolie measures in Section 3, i.e., measures with alI Lyapunov 
exponents nonzero and deseribe their product structure that imitates the product 
structure observed on hyperbolic sets. We also discuss in Seetion 3 the relation 
with the dimension theory of invariant measures. 

Section 4 is dedicated to the study of the dimension theory of invariant sets. 
This study presents complications of different nature from those in the dimension 
theory of invariant measures. In particular, the study of the dimension of invari­
ant sets is often affected by number-theoretical properties. Our emphasis here is 
on the study of the so-called geometric constructions which can be seen as mo deIs 
of invariant sets of dynamical systems. There is again a privileged relation with 
the thermodynamic formalism and we start to describe this relation in Section 4. 
Section 5 is dedicated to the study of the dimension of invariant sets of hyperbolic 
dynamics, both invertible and noninvertible. In particular, we present the dimen­
sion formulas for repellers and hyperbolic sets in the case of conformal dynamics. 
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Symbolic dynamics plays a fundamental role in some studies of dimension and is 
also considered in Section 5. In particular, this allows us to model invariant sets 
by geometric constructions. Multifractal analysis is the main theme of Section 6. 
We describe the interplay between local and global properties in the case of hy­
perbolic dynamics. We also present several examples of multifractal spectra and 
describe their properties. 

In Section 7 we discuss the properties of the set of points for which the Birkhoff 
averages do not converge. In view of the ergodic theorem this set has zero measure 
with respect to any invariant measure, and thus it is very small from the point of 
view of measure theory. On the other hand, it is rather large from the point of 
view of dimension theory and entropy theory. We also discuss how one can make 
rigorous a certain multifractal classification of dynamical systems. We discuss 
conditional variational principIes in Section 8. These have a privileged relation 
with multifractal analysis: roughly speaking, the multifractal analysis of a given 
multifractal spectrum is equivalent to the existence of a corresponding conditional 
variational principIe. We also discuss in Section 8 how these variational principIes 
and in particular their multi-dimensional versions have applications to certain 
problems in number theory. In Section 9 we address the problem of quantitative 
recurrence allude to above. We also describe the product structure of return times 
thus providing an additional view of the product structure described before for 
invariant sets and invariant measure. We also briefly describe some applications 
to number theory. 

Acknowledgment. I aro particularly indebted to my friends and collaborators 
Yakov Pesin, Benoit Saussol, Jõrg Schmeling, and Christian Wolf with whom I 
enjoyed countless mathematical as well as nonmathematical conversations. 

1 Hyperbolicity and nontrivial recurrence 

1.1 Dynamical systems and hyperbolicity 

One of the paradigms of the theory of dynaroical systems is that the local insta­
bility of trajectories influences the global behavior of the system and opens the 
way to the existence of stochastic behavior. Mathematically, the instability of 
trajectories corresponds to some degree of hyperbolicity. 

Let f: M -+ M be a diffeomorphism and A C M an f-invariant set, i.e., a set 
such that f-I A = A. We say that A is a hyperbolic 8et for f if for every point 
x E A there exists a decomposition of the tangent space 

(1) 

varying continuously with x that satisfies 
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and there exist constants ,\ E (0,1) and C > O such that 

for each x E A and n E N. 
Given e > O, for each x E M we consider the sets 

v/ex) = {y E B(x, e) : d(fny,j"x) < e for every n > O} 

and 
YeU(x) ={y E B(x,e): d(j"y,j"x) < e for every n < O}, 

where d is the distance on M and B(x,e) C M is the open ball centered at x of 
radius e. 

A hyperbolic set possesses a very rich structure. 

TheoreIn 1 (HadaInard-Perron TheoreIn) 1f A is a compact hyperbolic set 
for a c i diffeomorphism then there exists e > O such that for each x E A the sets 
Ye8 (x) and YeU(x) are manifolds containing x and satisfying 

(2) 

We refer the reader to the book by Anosov [1, §4] for references and for a 
detailed account of the origins of the Hadamard-Perron Theorem. 

v/ex) 

Figure 1: Local stable manifold and local unstable manifold 

The manifolds YeS(x) and YeU(x) are called respectively local stable manifold 
and local unstable manifold at x (of size e). It follows from (1) and (2) that these 
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manifolds are transverse (see Figure 1). Furthermore, under the assumptions of 
Theorem 1 one can show that the sizes of V/ (x) and Vgu (x) are uniformly hounded 
away from zero, Le., there exists "( = "(c) > O such that 

Y:S(x) :::> B~(x) and y:U(x):::> B;(x) 

for every point x E A, where B~(x) and B;(x) are the open balls centered at x 
of radius 'Y with respect to the distances induced by d respectively on ~B(X) and 
~U(x). The continuous dependence of the spaces EB(X) and EU(x) in x E A 
guarantees that there exists Ó = ó (c) > O such that if d( x, y) < Ó for two given 
points x, y E A then the intersection ~8(X) ri y:U(y) is composed of exactly one 
point. We call product structure to the function 

[.,.]: ((x,y) E A x A: d(x,y) < Ó} -t M 

defined by [x,y] = Y:S(x) ri y:U(y) (see Figure 2). 

Figure 2: Product structure 

When the whole manifold M is a hyperbolic set for f we say that f is an 
Anosov diJJeomorphism. This class of diffeomorphisms was introduced and stud­
ied by Anosov in [1]. The notion ofhyperbolic set wasintroduced by Smale in his 
seminal paper [119]. Anosov diffeomorphisms and more generally the diffeomor­
phisms with hyperbolic sets constitute in a certain sense the class of transforma­
tions with the "strongest possible" hyperbolicity. Moreover, hyperbolicity is one 
of the main mechanisms responsible for the stochastic behavior in natural phe­
nomena, even though not always with the presence of (uniformly) hyperbolic sets 
as defined above. These considerations justify the search for a "weaker" concept 
of hyperbolicity, present in a much more general class of dynamical systems that 
we will call nonuniformly hyperbolic dynamical systems (see Section 2.1). The 
study of these systems is much more delicate than the study of diffeomorphisms 
with hyperbolic sets and namely of Anosov diffeomorphisms. However, it is still 
possible to establish the presence of a very rich structure and in particular the 
existence of families of stable and unstable manifolds (see Section 2.1). 
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1.2 Ergodic theory and nontrivial recurrence 

We now introduce the concept of invariant measure, which constitutes another 
fundamental departure point for the study of stochastic behavior. Namely, the 
existence of a finite invariant measure causes the existence of a nontrivial recur­
rence, that is proper of stochastic behavior. 

If T: X -t X is a measurable transformation, we say that a measure f-t on X 
is T -invariant if 

f-t(T- 1 A) = f-t(A) 

for every measurable set A C X. The study of transformations with invariant 
measures is the main theme of ergodic theory. 

In order to describe rigorously the concept of nontrivial recurrence, we recall 
one of the basic but fundamental results of ergodic theory-the Poincaré recur­
rence theorem. This result states that any dynamical system preserving a finite 
measure exhibits a nontrivial recurrence in any set A with positive measure, in 
the sense that the orbit of almost every point in A retums infinitely often to A. 

Theorem 2 (Poincaré recurrence theorem) Let T: X -t X be a measurable 
transformation and f-t a T -invariant finite measure on X . lf A C X is a measurable 
set with positive measure then 

card{n E N : Tnx E A} = 00 

for f-t-almost every point x E A. 

A slightly .rnodified versionof Theorem 2 was first established by Poincaré 
in his seminal memoir on the three body problem [91] (see [18] for a detailed 
historical account). 

The simultaneous existence of hyperbolicity and nontrivial recurrence ensures 
the existence of a very rich orbit structure. Roughly speaking, the nontrivial 
recurrence allows us to condude that there exist orbits that retum as dose to 
themselves as desired. On the other hand, the existence · of stable and unsta­
ble manifolds at these points and their transversality guarantees the existence of 
transverse homodinic points, thus causing an enormous complexity through the 
occurrence of Smale horseshoes (see also Section 2). As such, hyperbolicity and 
nontrivial recurrence are two of the main mechanisms responsible for the existence 
of stochastic behavior in natural phenomena. 

2 Nonuniform hyperbolicity 

2.1 Nonuniformly hyperbolic trajectories 

The concept of nonuniform hyperbolicity originated in the fundamental work of 
Pesin [79, 80, 81], in particular with the study of smooth ergodic theory that today 
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is clearly recognized as a fundamental step in the study of stochastic behavior (see 
[4, 57, 68, 124] and the references therein). 

Let f: M -t M be a diffeomorphism. The trajectory {rx : n E Z} of a point 
x E M is called nonuniformly hyperbolic if there exist decompositions 

TrxM = Ejnx EB Ejnx 

for each n E Z, a constant .À E (0,1), and for each sufficiently small ê > O a 
positive function Ce defined on the trajectory of x such that if k E Z then: 

1. Ce(fkx) ~ é1kICe(x); 

2. d f kE 8 = E8 and d fkEu = EU . z Z fk z Z Z fh z ' 

3. if v E Eik z and m > O then 

4. if v E Ejk z and m < O then 

5. L(Ejk z ' Ejk Z ) ~ Ce(fkx)-l. 

The expression "nonuniform" refers to the estimates in conditions 3 and 4, 
that can differ from the "uniform" estimate .À m by multiplicative terms that may 
grow along the orbit, although the exponential rate ê in 1 is small when compared 
to the constant -log.À. It is immediate that any trajectory in a hyperbolic set is 
nonuniformly hyperbolic. 

Among the most important properties due to nonuniform hyperbolicity is the 
existence of stable and unstable manifolds (with an appropriate version of Theo­
rem 1), and their "absolute continuity" established by Pesin in [79]. The theory 
also describes the ergodic properties of dynamical systems with an invariant mea­
sure absolutely continuous with respect to the volume [80J. AIso of importance 
is the Pesin entropy formula for the Kolmogorov-Sinai entropy in terms of the 
Lyapunov exponents [80] (see also [64]). Combining the nonuniform hyperbolicity 
with the nontrivial recurrence guaranteed by the existence of a finite invariant 
measure (see Section 1.2), the fundamental work of Katok in [55) revealed a very 
rich and complicated orbit structure (see also [57]). 

We now state the result concerning the existence of stable and unstable man­
ifolds, established by Pesin in [79). 

Theorem 3 (Existence of invariant manifolds) lf {fnx : n E Z} is a non­
uniformly hyperbolic trajectory of a Cl+Ct dijJeomorphism, for some a > O, then 
for each sufficiently small ê > O there exist manifolds VS(x) and V"(x) contain­
ing x, and a function De defined on the trajectory of x such that: 
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1. T:zYS(x) = E; and T:zYU(x) = E~; 

2. De(fkx) ::; e2elkIDe(x) for each k E Z; 

3. ify E VS(x) , m > O and k E Z then 

d(fm+kx, fm+k y) ::; De (fkx) .. meemd(fkx, Jky); (3) 

4. ify E VU(x), m < O and k E Z then 

d(fm+kx,Jm+ky) ::; De (fkx) .. lmleelmld(fkx, Jky). (4) 

The manifolds VS(x) and VU(x) are called respectively local stable maniJold 
and local unstable manifold at x. Contrarily to what happens with hyperbolic sets, 
in the case of nonuniformly hyperbolic trajectories the "size" of these manifolds 
may not be bounded from below along the orbit (although they may decrease 
at most with an exponentially small speed when compared to the speeds in (3) 
and (4)). This makes their study more complicated. 

In [93], Pugh constructed a aI difIeomorphism in a manifold of dimension 4, 
that is not of class aI+a for any a: > O and for which there exists no manifold 
tangent to E; such that the inequality (3) is valid in some open neighborhood 
of x. This example shows that the hypothesis a: > O is cr~cial in Theorem 3. 

The proof of Theorem 3 in [79] is an elaboration of the classical work of Per­
ron. This approach was extended by Katok and Strelcyn in [58] for maps with 
singularities. In [101], Ruelle obtained a proof of Theorem 3 based on the study 
of perturbations of products of matrices in the Multiplicative ergodic theorem 
(see Theorem 4 in Section 2.2). Another proof of Theorem 3 is due to Pugh and 
Shub [94] with an elaboration of the classical work of Hadamard. See [4, 45, 57] 
for detailed expositions. 

There exist counterparts of Theorem 3 for dynamical systems in infinite dimen­
sional spaces. Ruelle [102] established the corresponding version in Hilbert spaces 
and Mané [67] considered transformations in Banach spaces under some compact­
ness and invertibility assumptions, including the case of difIerentiable maps with 
compact derivative at each point. The results of Maíié were extended by Thieullen 
in [123] for a class transformations satisfying a certain asymptotic compactness. 
We refer the reader to the book by Hale, Magalhães and Oliva [48] for a detailed 
discussion of the state-of-the-art of the geometric theory of dynamical systems in 
infinite dimensional spaces. 

2.2 Dynamical systems with nonzero Lyapunov exponents 

The concept of hyperbolicity is closely related to the study of Lyapunov expo­
nents. These numbers measure the asymptotic exponential rates of contraction 
and expansion in the neighborhood of each given trajectory. 



Hyperbolicity and Recurrence in Dynamical Systems 181 

Let /: M -+ M be a diffeomorphismo Given x E M and v E TzM, we define 
the (Jorward) Lyapunov exponent of (x, v) by 

x(x, v) = lim sup ..!:.loglldzrvll, 
n-t+oo n 

with the convention that log O = -000 The abstract theory of Lyapunov exponents 
(see [4]), guarantees that for each x E M there exist a positive integer s(x) < 
dim M, numbers 

Xl(X) < o o 0< Xs(z) (x), 

and linear spaces 

{O} = Eo(x) C El (x) C o o o C Es(z) (x) = TzM 

such that if i = 1, o o o, s(x) then 

and X(x, v) = Xi(X) whenever v E Ei(X) \ E i- 1 (x)o Considering negative time, we 
can also define for each x E M and v E TzM the (backward) Lyapunov exponent 
of (x,v) by 

X-(x,v) = limsup -IIIIOglldzrvllo 
n-t-oo n 

Again, the abstract theory of Lyapunov exponents guarantees that for each x E M 
there exist a positive integer s-(x) :s dim M, numbers 

Xl(x) > o o o> X;--(z) (x), 

and linear spaces 

such that if i = 1, o o o, s-(x) then 

Ei(x) = {v E TzM : X-(x, v) :s xi (x)}, 

and X- (x, v) = xi (x) whenever v E Ei (x) \ Ei+ 1 (x) o A priori these two structures 
(for positive and negative time) could be totally unrelatedo The following result 
of Oseledets [76] shows that the two structures are indeed related, in a very strong 
manner, in sets of fuH measure with respect to any finite invariant measureo 

TheoreIn 4 (Multiplicative ergodic theoreIn) Let /: M -+ M be a aI dif­
feomorphism and J.L an / -invariant finite measure on M such that log+ Ild/1I and 
log+ IId/-11l are J.L-integrableo Then for j.t-almost every point x E A there exist 
subspaces Hj(x) C TzM for j = 1, o o o, s(x) such that: 
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1. if i = 1, ... , s(x) then Ei(X) = EB~=I Hj(x) and 

lim .!:.loglldzrvll = Xi(X) n ___ ±co n 

wíth uníform convergence for v on {v E Hi(X) : IIvll = l}j 

2. if i i j then 

We note that if M is a compact manifold then the functions 10g+lIdfll and 
10g+lIdf-II1 are J.t-integrable for any finite measure J.t on M. The statement in 
Tbeorem 4 also bolds iIi tbe more general case of cocyles over a measurable trans­
formation. See [4) for a detailed exposition and for a proof of the Multiplicative 
ergodic theorem. 

Let f: M -+ M be a e I diffeomorphism on a compact manifold and J.t an 
f-invariant finite Borel measure on M. We say tbat f is nonuniformly hyperbolic 
witb respect to J.t if the set A C M of points wbose trajectories are nonuniformly 
byperbolic has measure J.t(A) > O. In this case tbe constants >. and ê in tbe defini­
tion of nonuniformly byperbolic trajectory are replaced by measurable functions 
>.(x) and ê(X). 

It follows from Theorem 4 tbat the following conditions are equivalent: 

1. f is nonuniformly hyperbolic with respect to the measure J.t; 

2. x(x,v) i O for eacb v E TzM and eacb x in a set witb J.t-positive measure. 

Tberefore, tbe nonuniformly hyperbolic diffeomorphisms witb respect to a given 
measure are precisely the diffeomorpbisms with alI Lyapunov exponents nonzero 
in a set of positive measure. 

One of the standing probIems of the theory of nonuniformIy hyperbolic dy­
namical systems is to understand how "common" this class is. Let M be a com­
pact smootb Riemannian manifold. It was establisbed by Katok in [54] when 
dim M = 2 and by Dolgopyat and Pesin in [35] wben dim M ~ 3 that there exists 
a eco diffeomorphism f such that: 

1. f preserves the Riemannian volume m on M; 

2. f has nonzero Lyapunov exponents at m-almost every point x E M; 

3. f is a Bernoulli diffeomorphism. 

For any compact smooth Riemannian manifold M of dimension at least 5, Brin 
constructed in [33) a eco Bernoulli diffeomorphism which preserves the Rieman­
nian volume and has alI but one Lyapunov exponent nonzero. On the other hand, 
tbe construction of the above diffeomorphisms is not robusto In another direction, 
Bochi [24) showed that on any compact surface there exists a residual set D of 
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the C 1 area preserving diffeomorphisms such each f E D is either an Anosov 
diffeomorphism or has all Lyapunov exponents zero. This result was announced 
by Mané but his proof was never published. 

3 Hyperbolic measures and dimension theory 

3.1 Product structure 

Let f: M -+ M be a diffeomorphism. We say that an f-invariant measure J.l on M 
is a hyperbolic measure (with respect to f) if all Lyapunov exponents are nonzero 
Jt-almost everywhere, Le., if x(x,v) =I- O for each v E TzM and each x in a set 
with full Jt-measure. One consequence of the discussion in Section 2.2 is that the 
existence of an invariant hyperbolic measure guarantees the presence of nonuni­
form hyperbolicity and thus of a considerable structure (see also Section 2.1). In 
this section we describe in detail the structure of the hyperbolic measures. 

Let Jt be an f-invariant hyperbolic measure. By Theorem 3, for J.l-almost 
every point x E M there exist local stable and unstable manifolds VB(X) and 
VU(x). These manifolds somehow reproduce the product structure present in the 
case of diffeomorphisms with hyperbolic sets, but a priori it is unc1ear whether 
a given hyperbolic measure imitates or not the product structure. This prob­
lem became known as the Eckmann-Ruelle conjecture, c1aiming that locally a 
hyperbolic measure indeed imitates the product structure detined by stable and 
unstable manifolds. Even though Eckmann and Ruelle apparently never formu­
lated the conjecture, their work [37] discusses several related problems and played 
a fundamental role in the development of the theory and as such the expression 
seems appropriate. 

In order to formulate a rigorous result related to the resolution of the con­
jecture we need the families of conditional measures J.l~ and J.l~ generated by 
certain measurable partitions constructed by Ledrappier and Young in [65], based 
on former work of Ledrappier and Strelcyn in [63]. As shown by Rohklin, any 
measurable partition ç of M has associated a family of conditional measures [98]: 
for Jt-almost every point x E M there exists a probability measure Jtz defined 
on the element ç(x) of ç containing x. Furthermore, the conditional measures 
are characterized by the following property: if '.B( is a a-subalgebra of the Borel 
a-algebra generated by the unions of elements of ç then for each Borel set A eM, 
the function x H J.lz(A n ç(x)) is '.B(-measurable and 

J.l(A) = i J.lz(A n ç(x» dJt. 

In [65], Ledrappier and Young obtained two measurable partitions çs and ÇU of M 
such that for J.l-almost every point x E M we have: 

1. çs(x) C VS(x) and çU(x) C VU(x); 
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2. for some, = ,(x) > 0, 

We denote by J1-! and J1-~ the conditional measures associated respectively with the 
partitions çs and eu. We represent by B8(x,r) C V 8(x) and BU(x,r) C VU(x) 
the open bans centered at x of radius r with respect to the distances induced 
respectively in V8(X) and VU(x). 

The following result of Barreira, Pesin and Schmeling [7] establishes in the 
affirmative the Eckmann- Ruelle conjecture. 

Theorem 5 (Product structure of hyperbolic measures) Let f : M -+ M 
be a a1+0 diffeomorphism, for some a > 0, and J1- an f-invariant finite measure 
on M with compact support. lf J1- is hyperbolic then given 8 > ° there exists a set 
A C M wíth J1-(A) > J1-(M) - 8 such that for each x E A we have 

rÓ < J1-(B(x, r)) ::; r-ó 

- J1-~ (B8(X, r))J1-~(Bu(x, r)) 

for all sufficiently small r > o. 

This result was previously unknown even in the case of Anosov diffeomor­
phisms. One of the major difficulties in the approach to the problem has to do 
with the regularity of the stable and unstable foliations that in general are not 
Lipschitz. In fact, Schmeling showed in [105) that for a generic diffeomorphism 
with ahyperbolic--set, -in some open set of diffeomor-phisms, the stable and un­
stable foliations are only Hõlder. Furthermore, the hyperbolic measure may not 
possess a "uniform" product structure even if the support does. 

We know that the hypotheses in Theorem 5 are in a certain sense optimal: 
Ledrappier and Misiurewicz [62] showed that the hyperbolicity of the measure is 
essential, while Pesin and Weiss [85] showed that the statement in Theorem 5 
cannot be extended to Hõlder homeomorphisms. On the other hand one does 
not know what happens for aI diffeomorphisms that are not of class al+o for 
some a > 0, particularly due to the nonexistence of an appropriate theory of 
nonuniformly hyperbolic dynamical systems of class aI. 

3.2 Dimension theory 

There is a very close relation between the results described in Section 3.1 and 
the dimension theory of dynamical systems. In order to describe this relation we 
briefly introduce some basic notions of dimension theory. 

Let X be a separable metric space. Given a set Z C X and a number a E R 
we define 

m(Z,a) = liminf "(diamU)O, 
e .... O U L.,; 

UEU 
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where the infimum is taken over alI finite or countable covers of Z composed of 
open sets with diameter at most ê. The HausdorfJ dimension of Z is defined by 

dimH Z = inf{a : m(Z, a) = a}. 

The lower and upper box dimensions of Z are defined respectively by 

d· Z I· . f logN(Z,ê) 
lIDB = lIDlll 
-- e--+O - log ê 

d -do Z 1· logN(Z,ê) 
an 1mB = 1msup I ' 

e--+O - Ogê 

where N(Z, ê) denotes the number of balls of radius ê needed to cover Z. It is 
easy to show that 

(5) 

In general these inequalities can be strict and the coincidence of the Hausdorff 
dimension and of the lower and upper box dimensions is a relatively rare phe­
nomenon that occurs only in some "rigid" situations (see Sections 4 and 5; see 
[82, 2] for more details). 

Let now I-" be a finite measure on X. The HausdorfJ dimension and the lower 
and upper box dimensions of I-" are defined respectively by 

dimH I-" = }~ inf{ dimH Z : I-"(Z) ~ I-"(X) - ã}, 

.dimBI-" = ~ inf{dimB Z : I-"(Z) ~ I-"(X) - ã}, 

dimBI-" = j~inf{dimBZ: I-"(Z) ~ I-"(X) - ã} . 

In general these quantities do not coincide, respectively, with the Hausdorff dimen­
sion and the lower and upper box dimensions of the support of 1-", and thus contain 
additional information about the way in which the measure I-" is distributed on its 
support. It follows immediately from (5) that 

(6) 

As with the inequalities in (5), the inequalities in (6) are also strict in general. 
The following l-Titerion for equality was established by Young in [131]: if I-" is a 
finite measure on X and 

lim logl-"(B(x, r» = d 
r --+O logr 

(7) 

for I-"-almost every X E X then 

dimH I-" = dimBI-" = dimBI-" = d. 

The limit in (7) , when it exists, is called pointwise dimension of I-" at x. 
In order to simplify the exposition we will assume that I-" is an ergodic measure, 

i.e. , that anY set A C M such that f-I A = A satisfies I-"(A) = a or I-"(M \ A) = a. 
There is in fact no loss of generality (see for example [65, 7] for details). The 
following was established by Ledrappier and Young in [65] . 
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Theorem 6 (Existence of pointwise dimensions) Let f be a 0 2 difJeomor­
phism and J..t an ergodic f -invariant finite measure with compact support. lf J..t is 
hyperbolic then there exist constants dS and dtl. such that 

lim logJ..t~(BS(x, r)) = d8 and lim log J..t:(BtI. (x, r)) = ~ (8) 
r-+O log r r-+O log r 

for J..t-almost every point x EM. 

The limits in (8), when they exist, are called respectively stable and unstable 
pointwise dimensions of J..t at x. 

It was also established in [65] that 

limsuplogJ..t(B(x,r)) <ds+~ (9) 
r-+O logr -

for J..t-almost every x E M. It should be noted that Ledrappier and Young consider 
a more general class of measures in [65], for which some Lyapunov exponents may 
be zero. On the other hand, they require the diffeomorphism f to be of class 0 2 • 

The only place in [65] where f is required to be of class 0 2 concerns the Lipschitz 
regularity of the holonomies generated by the intermediate foliations (such as any 
strongly stable foliation inside the stable one). In the case of hyperbolic measures 
a new argument was given by Barreira, Pesin and Schmeling in [7] establishing 
the Lipschitz regularity for 01+a: diffeomorphisms. This ensures that (8) and (9) 
hold almost everywhere even when f is only of class 01+a:. See [7] for details. 

For an ergodic hyperbolic finite measure with compact support that is invariant 
under a 01+a: diffeomorphism, Theorems 5 and 6 (and the above discussion) imply 
that 

1· logJ..t(B(x, r)) d8 ..1tI. 
1m = +u 

r-+O logr 
(10) 

for fL-almost every x E M. Therefore, the above criterion by Young allows us to 
conclude that 

dimHfL = dimBJ..t = dimBJ..t = dS +~. 

In fact the almost everywhere existence of the limit in (10) guarantees the coinci­
dence not only of these three dimensional characteristics but also of many other 
characteristics of dimensional type (see [131, 82, 7] for more details). This allows 
us to choose any of these dimensional characteristics according to the convenience 
in each application, since the common value is always dS + dtl.. Therefore, for 
hyperbolic measures Theorems 5 and 6 allow a rigorous approach to a "fractal" 
dimension of invariant measures, that is well adapted to applications. Further­
more, the almost everywhere existence of the limit in (10) plays the corresponding 
role in dimension theory to the role of the Shannon-McMillan-Breiman theorem 
in the entropy theory (see Section 6.2). 

The fL-almost everywhere existence of the limit in (10) was established by 
Young [131] when M is a surface and by Ledrappier [61] when J..t is an SRB­
measure (after Sinai, Ruelle and Bowenj see for example [4] for the definition). 
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In [88], Pesin and Yue extended the approach of Ledrappier to hyperbolic mea­
sures with a "quasi-product" structure. Theorem 5 shows that any hyperbolic 
measure possesses a structure that is very close to the "quasi-product" structure. 
In [112] (see also [109]) Schmeling and Troubetzkoy obtained versions of Theo­
rem 5 and (10) for a class of endomorphisms. 

4 Dimension theory and thermodynamic formal­
lsm 

4.1 Dimension theory of geometric constructions 

As we mentioned in Section 3.2 there are important differences between the di­
mension theory of invariant sets and the dimension theory of invariant measures. 
In particular, while virtually all dimensional characteristics of invariant hyperbolic 
measures coincide, the study of the dimension of invariant hyperbolic sets revealed 
that the different dimensional characteristics frequently depend on other proper­
ties, and in particular on number-theoretical properties. This justifies the interest 
in simpler models in the context of the theory of dynamical systems. We now 
make a little digression into the theory of geometric constructions that precisely 
provides these models. 

I I 

Figure 3: Geometric construction in IR 

We start with the description of a geometric construction in llt We consider 
constants À1' ... , Àp E (O, 1) and disjoint closed intervals ~1, ... , ~p C IR with 
length À1' .. . , Àp (see Figure 3). For each k = 1, ... , p, we choose again p disjoint 
closed intervals ~k1, ... , ~kp C ~k with length ÀkÀ1' ... , ÀkÀp. Iterating this 
procedure, for each n E N we obtain pn disjoint closed intervals ~it .. . i n with length 
I1~=1 Àik' We define the set 

00 

F = n u ~it···in· (11) 
n=l it ·· ·i" 

In [70], Moran showed that dimH F = s where s is the unique real number satis­
fying the identity 

(12) 
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It is remarkable that the Hausdorff dimension of F does not depend on the location 
of the intervals 6 i1 ... i " but on1y on their length. Pesin and Weiss [85] extended the 
result of Moran to arbitrary symbolic dynamics in ]Rm, using the thermodynamic 
formalism (see Section 4.2). 

To model hyperbolic invariant sets, we need to consider geometric construc­
tions described in terms of symbolic dynamics. Given an integer p > O, we consider 
the family of sequences Xp = {I, ... ,p}N and equip this space with the distance 

00 

d(w,w') = L e-klwk - wkl· (13) 
k=l 

We consider the shift map a: X p ~ X p such that (aW)n = Wn+1 for each n E N. 
A geometric construction in ]Rm is defined by: 

1. a compact set Q C X p such that a-IQ :::> Q for some p E N; 

2. a decreasing sequence of compact sets 6 W1 ''' W " C ]Rm for each w E Q with 
diameter diam 6 W1 ".W" ~ O as n ~ 00. 

We also assume that 
int 6iJ ... i" n int 6 it ."j" # 0 

whenever (il ... in) # (Í!'" in). We define the limit set F of the geometric 
construction by (11) with the union taken over alI vectors (i l , ... , in) such that 
ik =Wk for each k = 1, ... , n and some W E Q. 

The geometric constructions include as a particular case the iterated functions 
systems, that have been one of the main objects of study of dimension theory, 
unfortunately sometimes with emphasis on the form and not on the contento The 
situation considered here has in mind applications to the dimension theory and 
the multifractal analysis of dynamical systems (see the following sections for a 
detailed description). 

We now consider the case in which alI the sets L\i1 ... i" are balIs (see Figure 4). 
Write ri1 ... i" = diam 6.1 ... i". The following result was established by Barreira 
in [2]. 

Theorem 7 (Dimension of the limit set) For a geometric construction mod­
elled by Q C X p for which the sets 6 i1 ... i" are balls, if there exists a constant 
Ó > O such that 

for each (i l i2 •.• ) E Q and each n, m E N then 

dimH F = dimBF = dimBF = s, 

where s is the unique real number satisfying the identity 

lim ~ log "" ri1 ... i" s = O. 
n ..... oon ~ 

(14) 



Hyperbolicity and Recurrence in Dynamical Systems 189 

~l 

~22 

• 
Figure 4: Geometric construction with balls 

We observe that this result contains as particular cases the results of Moran 
and of Pesin and Weiss mentioned above (see also Section 4.2) , for which 

n 

r il .. ·in = II Àik • 

k=l 

The value of the dimension is also independent of the location of the sets ~il · .. i n • 

We note that the hypotheses in Theorem 7 naturally occur in a class of invariant 
sets of uniformly hyperbolic dynamics (see Section 5.1). 

We now illustrate with an example how certain number-theoretical properties 
can be relevant in dimension theory. We consider a geometric construction in JR2 

for which the sets 

are rectangles of sides an and bn , obtained through the composition of the func­
tions 

h(x,y) = (ax,by) and h(x,y) = (ax - a + 1,by - b+ 1) , 

where a, b E (0,1) with b < 1/2 (see Figure 5). In particular, the projection of 
~il ···i n on the horizontal axis is an interval with right endpoint given by 

n-l 

an + Likak , 
k=O 

(15) 

where ik = O if ik = 1 and ik = 1 - a if ik = 2. We assume now that a = 
(V5 - 1)/2. In this case we have a2 + a = 1 and thus for each n > 2 there 
exist severa} combinations (i 1 .•. in) with the same value in (15). This duplication 
causes a larger concentration of the sets ~il ... i n in certain regions of the limit 
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set F. Thus, in view of computing the Hausdorff dimension of F, when we take 
an open cover (see Section 3.2) it may be possible to replace, in the regions of 
larger concentration of the sets .b. i1 . .. in , several elements of the cover by a uni que 
elemento This procedure can cause F to have a smaller Hausdorff dimension than 
expected (with respect to the generic value obtained by Falconer in [40)). This was 
established by Neunhãuserer in [72]. See also [92, 89] for former related results. 
Additional complications can occur when h and h are replaced by functions that 
are not affine. 

.b.22 

Figure 5: Number-theoretical properties and dimension theory 

4.2 Thermodynamic formalism 

The proof of Theorem 7 is based on a "nonadditive" version of the topological 
pressure. We first briefly introduce the classical concept of topological pressure. 

Given a compact set Q C Xp such that (1-lQ :::> Q and a continuous function 
cp: Q -t IR we define the topological pressure of cp (with respect to (1) by 

(16) 

where the supremum is taken over all sequences U1Í2 . .. ) E Q such that UI . . . jn) 
= (il . . . in). We define the topological entropy of (1IQ by 

h((1IQ) = P(O). 
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One can easily verify that 

h(crIQ) = lim .!.logN(Q,n), 
n--+oo n 

where N (Q, n) is the number of vectors (i1 , . . . ,in) whose components constitute 
the first n entries of some element of Q. 

The topological pressure is one of the fundamental notions of the thermody­
namic formalism developed by Ruelle. The topological pressure was introduced by 
Ruelle in [99] for expansive transformations and by Walters in [126] in the general 
case. For more details and references see [30, 56, 100, 128]. 

We now present an equivalent description of the topological pressure. Let I-' 
be a cr-invariant measure on Q and ç a countable partition of Q into measurable 
sets. We write 

HIJ(Ç} = - L I-'(C) logl-'(C), 
CE{ 

with the convention that ° log ° = O. We define the K olmogorov-Sinai entropy of 
crlQ with respect to I-' by 

where V~:~ cr-kç is the partition of Q into sets of the form 

n-l 

Cil ···i .. = n cr-kCilo+l 
k=O 

(17) 

(18) 

with CÍ}, ... , Ci .. E ç (it can be shown that there exists the limit when n ~ 00 

in (17)). The topological pressure satisfies the variational principie (see [128, 56] 
for details and references) 

P(cp) = s~p {hlJ(a IQ) + ~ cp dI-' } , (19) 

where the supremum is taken over alI cr-invariant probability measures on Q. A cr­
invariant probability measure on Q is calIed an equilibrium measure for cp (with 
respect to crlQ) if the supremum in (19) is attained by this measure, i.e. , if 

P(cp) = hlJ(aIQ) + k cp dI-' . 

There exists a very dose reIation between dimension theory and the thermo­
dynamic formalismo To illustrate this reIation we consider numbers -Xl, . .. , -Xp 

and define the function cp : Q ~ IR by 

(20) 
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We have 

P( scp) = lim .! log L exp (s i: log Ãik) 
n-too n 

iJ .. ·i n k= 1 
n 

= lim .! log '" II Ãik 8 
n-too n ~ 

= li~ .! log (f.. Ã/) n 
n-too n ~ 

i=1 
p 

=logLÃ/. 
i=1 

Therefore, the equation in (12) is equivalent to the folIowing equation involving 
the topological pressure: 

P(scp) = O. (21) 

This equation was introduced by Bowen in [32] and is called Bowen equation 
(although it would be appropriate to call it instead Bowen-Ruelle equation). It 
has a rather universal character: virtually alI known equations to compute or 
estimate the dimension of invariant sets of dynamical systems are particular cases 
of this equation or of appropriate generalizations. For example, the result of Pesin 
and Weiss in [85] mentioned in Section 4.1 can be formulated as follows. 

Theorem 8 (Dimension or the limit set) For a geometric construction mod­

elled by Q C X p in which the sets .6.it ''''n are baila of diameter n~=1 Ãik' we 
have 

dimH F = dimBF = dimBF = s, 

where s is the '/mique real number satisfying P(scp) = O with cp as in (20). 

However, the classical topological pressure is not adapted to all geometric 
constructions. Namely, comparing the equations in (14) and (16) it appears that 
it would be appropriate to replace the sequence of functions 

in (16) by the new sequence 

n-l 

CPn = L cp o u k 

k=O 

'l/Jn = s log diam .6.it ... i n • 

We note that while the sequence CPn satisfies the identity 

(22) 



Hyperbolicityand Recurrence in Dynamical Systems 193 

the new sequence 'l/Jn may not satisfy any additivity between its terms. Due to 
technical problems related with the existence of the limit in (16) for sets that 
are not necessarily compact, a different approach was used by Barreira in [2) to 
introduce the nonadditive topological pressure. It is similar to the introduction 
of the Hausdorff dimension, and uses the theory of Carathéodory characteristics 
developed by Pesin (see [82) for references and full details). 

Let (X, p) be a compact metric space and j: X -+ X a continuous trans­
formation. Given an open cover ti of X we denote by Wn(ti) the collection of 
vectors U = (Uo, ... , Un ) of sets Uo, ... , Un E ti and write meU) = n. For each 
U E Wn(ti) we define the open set 

n 

X(U) = n j-kUk. 

k=O 

We consider a sequence of functions q. = {<Pn: X -+ IR}neN. For each n E N 
we define 

In(q. , ti) = sup{l<Pn(x) - <Pn(Y)! : x, Y E X(U) for some U E Wn(ti)} 

and assume that 
1· 1· In(q., ti) O lmsup lmsup = . 

diam u-+o n-+oo n 
(23) 

In the additive case (i.e., when q. is composed by continuous functions obtained 
as in (22)) the condition (23) is always satisfied. 

Given UE Wn(ti) , we write 

<p(U) = {s_uooPXCU) <Pn if X(U) :f:. 0 
otherwise 

Given Z C X and a E IR we define 

M(Z, a, q., ti) = lim inf L exp (-am(U) + <p(U)) , 
n-+= r uer 

where the infimum is taken over all finite and infinite countable families r c 
Uk?n Wk(ti) satisfying Uuer X(U) ~ Z . We define 

Pz(q., ti) = inf{a: M(Z,a, <1>, ti) = O} . 

The following properties were established in (2): 

1. there exists the limit 

Pz(<1» = . lim Pz (<1> , ti) ; 
dlam u-+o 
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2. ifthere are constants Cl, 02 > O such that Cln :'5 'Pn :'5 C2n for each n E N and 
h(f) < 00, then there exists a uni que number s E ]R such that Pz(s<l» = O; 

3. if there exists a continuous function 'Ij;: X -t ]R such that 

'Pn+l -'Pn o f -t 'Ij; uniformly on X 

then 

Px (<l» = s~p { hIJ. (f) + Ix 'Ij; dJj } , 

where the supremum is taken over alI f -invariant probability measures on X. 

We call Pz(<l» the nonadditive topological pressure of <l> on thé set Z (with 
respect to 1). The nonadditive topological pressure is a generalization of the 
classical topological pressure and contains as a particular case the subadditive 
version introduced by Falconer in [41] under more restrictive assumptions. In the 
additive case we recover the notion of topological pressure introduced by Pesin 
and Pitskel' in [83]. The quantity Pz(O) coincides with the notion of topological 
entropy for noncompact sets introduced in [83], and is equivalent to the notion 
introduced by Bowen in [29] (see [82]). 

The equation Pz(s<l» = O is a nonadditive version of Bowen's equation in (21). 
In particular, one can show that the equation (14) is equivalent to PQ(s<l» = O, 
where <l> is the sequence of functions 'Pn: Q -t ]R defined by 

'Pn (i1 i2 ... ) = log diam 6.it ·"in . (24) 

5 Hyperbolic sets and dimension theory 

5.1 Repellers and symbolic dynamics 

As we observed in Section 4.1, one of the main motivations for the study of 
geometric constructions is the study of the dimension theory of invariant sets 
of dynamical systems. This approach can be effected with the use of Markov 
partitions. 

We first consider the case of expanding maps. These constitute a noninvert­
ible version of the diffeomorphisms with hyperbolic sets. Let g: M -t M be a 
differentiable map of a compact manifold. We consider a g-invariant set J eM, 
i.e., a set such that g-1 J = J. We say that J is a repeller of 9 and that 9 is an 
expanding map on J if there exist constants c > O and f3 > 1 such that 

for each n E N, x E J and v E TxM. 
Let now J be a repeller of the differentiable map g: M -t M. A finite cover 

of J by nonempty closed sets RI, ... , Rp is called a Markov partition of J if: 
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1. int ~ = Ri for each i; 

2. int ~ n int Rj = 0 whenever i =J- j ; 

3. g~ :) Rj whenever g(int Ri) n int Rj =J- 0. 

The interior of each set Ri is computed with respect to the topology induced on J. 
Any repeller has Markov partitions with arbitrarily small diameter (see [103]). 

We can now use Markov partitions to model repellers by geometric construc­
tions. Let J be a repeller of g: M -+ M and let RI, . .. , Rp be the elements of a 
Markov partition of J. We define a p x p matrix A = (aij) with entries 

aij = {I if g(int~) n int Rj =J- 0 . 

O if g(int~) n int Rj = 0 

Consider the space of sequences X p = {I, ... ,p}N and the shift map 0': X p -+ X p 

(see Section 4.1). We call topological Markov chain with tmnsition matrix A to 
the restriction of O' to the set 

XA = {(iI i 2 • • . ) E X p : ain i n +l = 1 for every n E N}. 

We recall that a transformation 9 is topologically mixing on J if given open sets 
U and V with nonempty intersection with J there exists n E N such that gmu n 
V n J =J- 0 for every m > n. If 9 is topologically mixing on J then there exists 
k E N such that Ak has only positive entries. 

It is easy to show that one can define a coding map X: XA -+ J by 

00 

x(i I i 2 ···) = n 9-kRik+l· (25) 
k=O 

Furthermore, X is surjective, satisfies 

X°O'=goX (26) 

(Le., the diagram in Figure 6 is commutative), and is Hõlder continuous (with 
respect to the distance in X p introduced in (13)). 

XA~XA 

Figure 6: Symbolic coding of a repeller 

Even though in general X is not invertible (although card X-I x ~ p2 for ev­
ery x), the identity in (26) allows us to see X as a dictionary transferring the 
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symbolie dynamies O"IXA (and often the results on the symbolie dynamies) to the 
dynamics of 9 on J. In particular, the funetion X allows us to see eaeh repeller as 
a geometrie eonstruction (see Section 4.1) defined by the sets 

n-1 

Doil· .. i" = n g-k ~k+l' 
k=O 

We say that 9 is conformai on J if d",g is a multiple of an isometry for every 
x E J. When J is a repeller of a conformal transformation of class 01+a: one ean 
show that there is a constant O > O sueh that 

n-1 n-1 

0-1 II exp cp(lx) ::; diam Doit ···i" ::; O II exp cp(lx) (27) 
k=O k=O 

for every x E Doit .. ·i" , where the funetion cp: J -+ IR is defined by 

cp(x) = -loglld",gll. (28) 

We now use the topological pressure defined by (16) with Q = XA. 

Theorem 9 (Dimension of conformaI repellers) lf J is a repeller of a 01+<> 
transformation f, for some o: > O, such that f is conformai on J then 

dimH J = dimBJ = dimBJ = s, 

where s is the unique real number such that P(scp) = O. 

Ruelle established in [103] that dimH J = 8 (under the additional assumption 
that 9 is topologically mixing on J). The coincidence between the Hausdorff di­
mension and the box dimensions is due to Fa1coner [42]. The result in Theorem 9 
was independent1y extended to expanding transformations of class 01 by Gat­
zouras and Peres in [46] and by Barreira in [2] using different approaehes. Under 
the additional assumption that 9 is of class 01+<> and topologically mixing on J, 
it was also shown by Ruelle in [103] that if J1, is the unique equilibrium measure 
of -scp then 

(29) 

His proof consists in showing that J1, is equivalent to the s-dimensional Hausdorff 
measure on J (in fact with Radon-Nikodym derivative bounded and bounded 
away from zero). 

Using (27) we find that 
P(scp) = PXA (84)) 

with cp as in (28) and being 4> the sequenee of functions defined by (24). Fur­
thermore, the conformality of 9 on J allows us to show that even though the sets 
Doil ... i" may not be balls they essential1y behave as if they were. In fact one would 
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be able to reproduce with little changes the proof of Theorem 7 (and also the 
proof of Theorem 8) to establish Theorem 9. Nevertheless, there is a technical 
difficulty related to the possible noninvertibility of the coding map X (see (25)). 
More generally, under the assumptions in Theorem 9 it was shown by Schmeling 
in [108] that 

dimH(x-1 B) = dimH B 

for any subset B C J, provided that XA is given the distance induced by the 
distance on J , so that 

n-l 

diamCh ···i " = II exp(<p o X)((7kw) = IIdo-wgnll-1 
k=O 

for each w = (i1i2 ···) E XA (see (18». 

5.2 Dimension theory in hyperbolic dynamics 

We now move to the study of the dimension of hyperbolic sets. 
Let A be a hyperbolic set for a diffeomorphism f: M -)- M. We consider the 

functions <Pa : A -)- IR and <Pu: A -)- IR defined by 

Recall that A is said to be locally maximal if there is an open neighborhood U of 
A such that 

A= nrU. 
nEZ 

The following result is a version of Theorem 9 in the case of hyperbolic sets. 

Theorem 10 (Dimension of hyperbolic sets on surfaces) lf A is a locally 
maximal compact hyperbolic set of a C l surface diffeomorphism, and dimE8 (x) = 
dim EU(x) = 1 for every x E A, then 

dimH A = dimBA = dimBA = t s + tu, 

where ta and tu are the uni que real numbers such that 

It follows from work of McCluskey and Manning [69] that dimH A = ta + tu. 
The coincidence between the Hausdorff dimension and the lower and upper box 
dimensions is due to Takens [1201 for C2 diffeomorphisms (see also [78)) and to 
Palis and Viana [77] in the general case. Barreira [21 and Pesin [82] presented new 
proofs of Theorem 10 entirely based on the thermodynamic formalismo 

One can also ask whether there is an appropriate generalization of property 
(29) in the present context, that is, whether there exists an invariant measure J.l 
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supported on A that satisfies dimH A = dimH /L. However, the answer is "almost 
always" negative. More precisely, McCluskey and Manning [69J showed that such 
a measure exists if and only if there exists a continuous function 1/J: A -+ IR such 
that 

tslPa - tulP = 1/J o f - f 
on A. By Livschitz theorem (see for example [56]), this happens if and only if 

for every x E A and every n E N such that fn x = x. One can instead ask whether 
the supremum 

ó(f) = sup{ dimH v: v is an f-invariant measure on A} 

is attained. Any invariant measure attaining this supremum would attain the 
maximal complexity from the point of view of dimension theory. The main diffi­
culty of this problem is that the map v H dimH v is not upper semi-continuous: 
simply consider the sequence (v+(n-1)ó)jn where dimH v> O and ó is an atomic 
measure. It was shown by Barreira and Wolf in [16] (also using results in [17]) 
that the supremum is indeed attained and by an ergodic measure, that is, 

ó(f) = max{dimH v : v is an ergodic f-invariant measure on A}. 

See [130J for a precursor result in the special case of polynomial automorphisms 
ofC2 • 

We now sketch the proof of Theorem 10. McCluskey and Manning showed 
in [69] that 

for each x E A. FUrthermore, Palis and Viana showed in [77] that 

dimH(~8(x) n A) = dimB(~S (x) n A) = dimB(~S(x) n A) (31) 

and 
dimH(V",U(x) n A) = dimB(~U(x) n A) = dimB(~U(x) n A) (32) 

for each x E A. Using these results, the completion of the proof of Theorem 10 
depends in a crucial way on the fact that the stable and unstable manifolds have di­
mension 1. In fact, the product structure [., .] restricted to (V/ (x )nA) x (~U(x)nA) 
is locally a Hõlder homeomorphism with Hõlder inverse (and in general is not more 
than Hõlder, for generic diffeomorphisms in a given open set, in view of work of 
Schmeling [105]; see also [110]). However, when the stable and unstable manifolds 
have dimension 1, the product structure [., .] is locally a Lipschitz homeomorphism 
with Lipschitz inverse (see for example [56)) . This allows us to conclude that 
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withcorresponding identities between the lower and upper box dimensions. Since 
the inequalities 

dimH A + dimH B ::; dimH(A x B) and dimB(A x B) ::; dimBA + dimBB 

are valid for any subsets A and B of IRm, it follows from the identities in (30), 
(31) and (32) that 

dimH[V"S(X) n A, ~U(x) n A] = dimB[~S(x) n A, ~U(x) n A] 

= dimB[V/(x) n A, YeU(x) n A] (33) 

= ts +tu· 

On the other hand, since A is locally maximal one can easily show that [x, y] E A 
for alI sufficient1y dose x, y E A, or simply that 

[YeS(x) n A, ~U(x) n A] C A 

for all x E A and alI sufficient1y small ê. Choosing points Xl, X2, ••• in . A such 
that 

A = U [~8(xn) n A, YeU(xn) nA], 
nEN 

Theorem 10 follows now immediately from (33). 
We say that f: M -+ M is conformai on A when dzfIE8(X) and dzfIEU(x) 

are multiples of isometries for every point x E A (for example, if M is a surface 
and dimES(x) = dimEU(x) = 1 for every x E A then f is conformal on A). 
The proof of Theorem 10 given.!>y Pesin in [82] includes the case of conformaI 
diffeomorphisms on manifolds of arbitrary dimension (the statement can also be 
obtained from results in [2]). In this situation the product structure is stilllocally 
a Lipschitz homeomorphism with Lipschitz inverse (see [51, 82] for details) and 
thus we can use the same approach as above. 

The study of the dimension of repellers and hyperbolic sets of nonconformal 
transformations is not yet as developed. The main difficulty has to do with the 
possibility of existence of distinct Lyapunov exponents associated to directions 
that may change from point to point. There exist however some partial results, 
for certain classes of repellers and hyperbolic sets, starting essentially with the 
seminal work by Douady and Oesterlé in [36]. Namely, Falconer [43] computed 
the Hausdorff dimension of a class of nonconformal repellers (see also [40]), while 
Hu [53] computed the box dimension of a class of nonconformal repellers that 
leave invariant a strong unstable foliation. Related ideas were applied by Si­
mon and Solomyak in [117] to compute the Hausdorff dimension of a class of 
hyperbolic sets in IR3 . Falconer also studied a dass of limit sets of geometric 
constructions obtained from a composition of affine transformations that are not 
necessarily conformal [40]. In another direction, Bothe [27] and Simon [116] (also 
using his methods in [115] for noninvertible transformations) studied the dimen­
sion of solenoids (see [82, 113] for details). A solenoid is a hyperbolic set of the 
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form A = n:=1 fnT, where T C m,3 is diffeomorphic to a "solid torus" SI x D for 
some closed disk D C m,2 and f: T """""* T is a diffeomorphism such that for each 
x E SI the intersection f(T)n( {x} x D) is a disjoint union of p sets homeomorphic 
to a closed disk. 

In a similar way that in Section 5.1 the proof of the identities in (30) can be 
obtained with the use of Markov partitions. We briefly recall the notion of Markov 
partition for a hyperbolic set. A nonempty closed set R C A is called a rectangle if 
diam R < 8 (where 8 is given by the product structurej see Section 1.1), int R = R, 
and [x, y} E R whenever x, y E R. A finite cover of A by rectangles RI, ... , Rp is 
called a M arkov partition of A if: 

1. int ~ n int Rj = 0 whenever i =f:. jj 

2. if x E f(int~) n int Rj then 

f-l(~tJ(fX) n Rj) C ~tJ(x) n Ri and f(VeB(x) n~) C ~8(fX) n Rj. 

The interior of each set Ri is computed with respect to the topology induced on A. 
Any hyperbolic set possesses Markov partitions with arbitrarily small diameter 
(see [30] for references and full details). 

Let ~ = {RI, ... , Rp} be a Markov partition of a hyperbolic set. It is well 
known that ô~ = Uf=1 ôRi has zero measure with respect to any equilibrium 
measure. This is a simple consequence of the fact that ô~ is a closed set with dense 
complemento On the other hand, it is also interesting to estimate the measure of 
neighborhoods of ô~. This can be simpler when each element of ~ has a piecewise 
regular boundary (as in the case of hyperbolic automorphisms of 1'2), but it is 
well known that Markov partitions may have a very complicated boundary. In 
particular, it was discovered by Bowen [31} that ô~ is not piecewise regular in the 
case of hyperbolic automorphisms of 1'3. It was shown by Barreira and Saussol 
in [11] that if J1, is an equilibrium measure of a Hõlder continuous function then 
there exist constaÍlts c > O and 1/ > O such that 

J1,({x E A : d(x,ô~) < ê}) ~ Cêv 

for every ê > O. This provides a control of the measure near ô~. FUrthermore, it 
is possible to consider any 1/ > O such that 

1/ < logmax{lId",fll : x E A}' 

where cp in chosen in such a way that J1, is an equilibrium measure of cp, and 

1= U r(ô~) 
nEZ 

is the invariant hulI of ô~. 
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6 Multifractal analysis 

6.1 Hyperbolic dynamics and Birkhoff averages 

As we described in Section 3.2, if f: M -+ M is a cl+a difIeomorphism and p is 
an ergodic f-invariant hyperbolic finite measure, then 

1. Iog p(B(x, r» d8 JtI 
1m = +u 
r~O Iogr 

(34) 

for p-almost every point x E M, where the numbers d8 and rJU are as in (8). Df 
course that this does not mean that all points necessarily satisfy (34). MultifractaI 
analysis precisely studies the properties of the leveI sets 

xE :lm =0-{ M 1· Iogp(B(x, r» } 
r~O Iogr 

(35) 

for each o- E~. In this section we present the main components of multifractal 
analysis and describe its relation with the theory of dynamical systems. 

BirkhofI's ergodic theorem-one of the basic but fundamental results of ergodic 
theory-states that if S: X -+ X is a measurable transformation preserving a 
finite measure p on X, then for each function cp E L1(X,p) the limit 

1 n-l 

cps(x) = lim - '" cp(Skx ) 
n~oon ~ 

k=O 

exists for p-almost every point x E X. Furthermore, if pis ergodic (seeSection 3.2) 
then 

(36) 

for p-almost every x E X. Again this does not mean that the identity in (36) is 
valid for every point x E X for which cps(x) is well-defined. For each o- E ~ we 
define the leveI set 

{
I n-l } 

Ka(CP) = x E X: liro - '" cp(Skx ) = o- , 
n~oon ~ 

k=O 

i.e., the set of points x E X such that cps(x) is well-defined and equaI to a. We 
also consider the set 

{
I n-l 1 n-l } 

K(cp) = x E X: liminf - L cp(Skx ) < limsup - L cp(Skx ) . 
n~oo n n~oo n k=O k=O 

(37) 

It is clear that 
X = K(cp) u U Ka(CP)' (38) 

aER 
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Furthermore, the sets in this union (possibly uncountable) are pairwise disjoint. 
We call the decomposition of X in (38) a multifractal decomposition. 

One way to measure the complexity of the sets Ko:(cp) is to compute their 
Hausdorff dimensiono We define a function 

by 
1)(0:) = dimH Ko:(cp). 

We also define the numbers 

where M represents the family of S-invariant probability measures on X. It is 
easy to verify that Ko:(cp) = 0 whenever o: ~ [.G:, ãJ. We also define the function 
T: IR ~ IR by 

T(q) = P(qcp) - qP(cp) 

(where P denotes the topological pressure). For topological Markov chains (see 
Section 5.1) the function Tis analytic (see the book by Ruelle [100]). Under the 
assumptions in Theorem 11 below tbere exists a unique equilibrium measure vq 

of qcp (see Section 4.2). 
The following result shows tbat in the case of topological Markov chains the 

set K o: (cp) is nonempty for any o: E (.Q:, ã) and that tbe function 1) is analytic and 
strictly convexo 

TheoreIn 11 (Multifractal analysis of Birkhoff averages) lf crlX is a to­
pologically mixing topological Markov chain and cp: X ~ IR is a Hõlder continuo'US 
function then: 

1. Ko:(cp) is dense in X for each o: E Ül,ã); 

2. the function 1): (.Q:, ã) ~ IR is analytic and strictly convex; 

3. the function 1) is the Legendre transform of T, i. e., 

1)(-T'(q» = T(q) - qT'(q) 

for each q E IR; 

4. if q E IR then Vq(K_Tf(q) (cp» = 1 and 

lim log vq(B(x, r» = T(q) - qT'(q) 
r ..... O logr 

for vq-almost every point x E K_Tf(q) (cp) . 
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Figure 7: Graph of the function T 

n(a) 

Figure 8: Graph of the function n 
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See Figures 7 and 8 for typical graphs of the functions T and 'D. 
Statement 1 in Theorem 11 is an exercise (note that we are considering one­

sided topological Markov chains, although alI the results readily extend to the case 
of two-sided topological Markov chains). The remaining statements in Theorem 11 
are a particular case ofresults formulated by Barreira and Schmeling in [15J. These 
were obtained as a consequence of results of Pesin and Weiss in [86J, where they 
effect a multifractal analysis for conformal repellers (see Section 5.1). In [107], 
Schmeling showed that the domain of'D coincides with [~, ã], i.e., that KOt(cp) ::J 0 

if and only if a E [.(l, ã]. 
The concept of multifractal analysis was suggested by Halsey, Jensen, Ka­

danoff, Procaccia and Shraiman in [49J. The first rigorous approach is due to 
Collet, Lebowitz and Porzio in [34] for a class of measures invariant under one­
dimensional Markov maps. In [66J, Lopes considered the measure of maximal 
entropy for hyperbolic Julia sets, and in [96J, Rand studied Gibbs measures for a 
class of repellers. We refer the reader to the book by Pesin [82J for a more detailed 
discussion and further references. 

Theorem 11 reveals an enormous complexity of multifractal decompositions 
that is not foreseen by Birkhoff's ergodic theorem. In particular it shows that 
the multifractal decomposition in (38) is composed by an uncountable number 
of (pairwise disjoint) dense invariant sets, each of them having positive Hausdorff 
dimensiono We wjll see in Section 7.1 that the set K(cp) in (37) is also very complex 
(even though it has zero measure with respect to any finite invariant measure, as 
a simple consequence of Birkhoff's ergodic theorem). 

We now come back to the study of the leveI sets in (35). Let M be a surface 
and A eM aJocally maximal compact hyperbolic set for a C1+Ot diffeomorphism 
f: M -+ M. We assume that f is topologically mixing on A (see Section 5.1). 
Consider an equilibrium measure J.l of a Hõlder continuous function cp: A -+ IR. 
Under these assumptions J.l is unique and thus it is ergodic (see for example [56]). 

We define functions Ts : A -+ IR and T .. : A -+ IR by 

Ts(q) = P( -qloglldflEBII + qcp) - qP(cp) 

and 
T .. (q) = P(qloglldflE"11 + qcp) - qP(cp). 

In [118], Simpelaere showed that 

dimH {x EM: lim 10gJ.lI(B(x,r)) = a} = Ts(q) - qT;(q) + T .. (q) - qT~(q), 
r-+O ogr 

where q E IR is the unique real number such that a = -T~(q) - T~(q). An­
other proof of this statement was given by Pesin and Weiss in [87] (see also [82]). 
Again we observe an enormous complexity that is not precluded by the J.l-almost 
everywhere existence of the pointwise dimensiono 

In the case of hyperbolic Hows versions of these results were obtained by Bar­
reira and Saussol [8] (in the case of entropy spectraj see Section 6.2) and by 
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Pesin and Sadovskaya [84], using in particular the symbolic dynamics developed 
by Bowen [28] and Ratner [97]. 

6.2 General concept of multifractal analysis 

In fact the approach of multi fractal analysis extends to many other classes of dy­
namical systems and to other local quantities. With the purpose of unifying the 
theory, Barreira, Pesin and Schmeling [5] proposed a general concept of multifrac­
tal analysis that we now describe. 

We consider a function g: Y -+ [-00,+00] defined on a subset Y of X. The 
levei sets 

K~ = {x E X: g(x) = a} 

are pairwise disjoint and we obtain a multifractal decomposition of X given by 

X = (X \ Y) u u K~. (39) 
a:E[-oo,+oo] 

Let now G be a function defined on the subsets of X. We define the multifractal 
spectrum:!: [-00,+00]-+ IR ofthe pair (g,G) by 

:!(a) = G(K~) . 

When X is a compact manifold and 9 is differentiable, each levei set Kg is a 
hyper-surface for ali values of a that are not criticai values of g. In multifractal 
analysis we are mostly interested in the study of levei sets of functions that are 
not differentiable (and typically are only measurable), that naturally appear in 
the theory of dynamical systems. 

Furthermore, the multifractal spectra encode precious information about these 
functions and ultimately about the dynamical system that originated them. In 
applications we have frequently no information about the "microscopic" nature of 
the dynamical systern but only information about "macroscopic" quantities such 
as for example about multifractal spectra. It is therefore important to try to 
recover information about the dynamical system through the information given 
by these "macroscopic" quantities and in particular by the multifractal spectra 
(see also the discussion in Section 7.2). 

We now describe some of the functions 9 and G that naturally occur in dy­
namical systems. Let X be a separable rnetric space and f: X -+ X a continuous 
function. We define functions G D and G E by 

GD(Z) = dimH Z and GE(Z) = hUIZ). 

We call dimension spectra and entropy spectra respectively to the spectra gener­
ated by GD and GE· 
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Let f.t be a finite Borel measure on X and Y C X the set of points x E X for 
which the pointwise dimension 

( ) _ (Jl)( ) _ l' 10gf.t(B(x, r» 
gD x - gD X - 1m 1 

r~O ogr 

is well-defined. We obtain two multifractal spectra 

'DD = 'D~) and 'DE = 'D<;) 

specified respectively by the pairs (gD,GD) and (gD,GE). For 0 1+0 diffeomor­
phisms and hyperbolic invariant measures, Theorem 5 ensures that f.t(X \ Y) = O. 

Let now X be a separable metric space and f: X --* X a continuous transfor­
mation preserving a probability measure f.t on X. Given a partition ç of X, for 
each n E N we define a new partition of X by Çn = V~~~ f- k ç. We consider the 
set Y formed by the points x E X for which the local entropy 

gE(X) = g<;)(x) = lim -.!.lOgf.t(çn(X)) 
n~oo n 

is well-defined, where çn(x) denotes the element of Çn containing x. By the 
Shannon-McMillan-Breiman theorem in the entropy theory (see for example [56]) 
we have f.t(X \ Y) = O. FUrthermore, if ç is a generating partition and f.t is ergodic 
then 9E(X) = hJl(f) for f.t-almost every point x E X. We obtain two multifractal 
spectra 

êD = ê~) and êE = ê<;) 

specified respectively by the 'pairs (9E,GD) and (gE,GE). 
We can also consider functions defined by the Lyapunov exponents. In this case 

Theorem 4 guarantees that the involved limits exist almost everywhere. We only 
consider a particular case here. Let X be a differentiable manifold and f: X --* X 
a 01 map. Consider the set Y C X of points x E X for which the Iimit 

.:\(X) = lim .!.loglldzrll 
n~+oo n 

exists. By Theorem 4 (or by Kingman's subadditive ergodic theorem), if f.t is an 
f-invariant probability BoreI measure, then f.t(X \ Y) = O. We define the function 
gL on Y by 

gdx) = .:\(x). 

We obtain two multifractal spectra Á.;D and Á.;E specified respectiveIy by the pairs 
(gL,GD) and (9L,GE). 

The spectrum 'D D = 'D was already considered in Section 6.1. We now describe 
the spectrum êE. Given a compact hyperbolic set A and a continuous function 
cp: A --* IR we define the function TE: IR --* IR by 

TE(q) = P(qcp) - qP(cp). 
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Under the assumptions in Theorem 12 below there exists a uni que equilibrium 
measure vq of qcp. We also define the numbers 

f!.. = inf { - L cp dJ1. : J1. EM} and fi = sup { - L cp dJ1. : J1. EM} , 
where M denotes the family of f-invariant probability measures on A. 

Theorelll 12 (Multifractal analysis of the spectrulll êE) Let A be a com­
pact hyperbolic set 01 a C 1 diffeomorphism f: M -t M, such that f is topologí­
cally mixing on A. 11 J1. is the equilibrium measure 01 a Hõlder continuo'US lunction 
cp: A -t IR then: 

1. KgE is dense in A lor each a E (f!.., fi); 

2. the function ê E is analytic and strictly convex on (f!.., fi); 

3. the function êE is the Legendre translorm 01 TE; 

4. lor each q E IR we have 

lor vq -almost every point x E A. 

Theorem 12 is an immediate consequence of results of Barreira, Pesin and 
Schmeling in [6] (see also [15]). 

We note that in Theorem 12 the manifold is not necessarily two-dimensional, 
contrarily to what happens in Section 6.1 when we described the spectrum 'DD. 
In the case of conformaI repelIers, Pesin and Weiss [86] obtained a multifractal 
analysis of 'D D and Barreira, Pesin and Schmeling [5) obtained a multifractal 
analysis of êE. In [121], Takens and Verbitski obtained a multifractal analysis of 
the spectrum êE for expansive homeomorphisms with specification and a certain 
class of continuous functions (note that these systems need not have Markov 
partitions) . 

We note that the spectra 'DD and êE are of different nature from that of the 
spectra 'DE and ê.D. Namely, the first two relate pointwise quantities-the point­
wise dimension and the local entropy-with global quantities that are naturally 
associated to them-respectively the Hausdorff dimension and the Kolmogorov­
Sinai entropy. On the other hand, the spectra 'DE and ê. D mix local and global 
quantities of distinct nature. We refer to them as mixed spectra. It is reasonable 
to expect that the mixed spectra contain additional information about the dy­
namical system. It is also possible to describe the multifractal properties of these 
spectra although this requires a different approach (see Section 8.1 for details) . 

The spectrum J:.,D was studied in [6, 129]. The spectrum J:.,E was studied 
in [5, 6) (it was introduced in [38]). See also [90] for the study of transformations 
of the interval with an infinite number of branches. 
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7 Irregular sets and multifractal rigidity 

7.1 Multifractal analysis and irregular sets 

In the last section we described the main components of multifractal analysis for 
several multifractal spectra. These spectra are obtained from decompositions as 
that in (38) and more generally as that in (39). In particular we possess a very 
detailed information from the ergodic, topological, and dimensional point of view 
about the leveI sets in each multifractal decomposition. However, we gave no 
information about the "irregular" set in these decompositions, Le., the set K(cp) 
in (38) and the set X \ Y in (39). 

For example, when cp: X -+ IR is a continuous function, which is thus in 
L! (X, J.L) for any finite (invariant) measure J.L on X, it follows from Birkhoff's 
ergodic theorem that the set K(cp) in (38) has zero measure with respect to any 
S-invariant finite measure on X. Therefore, at least from the point of view of 
measure theory, the set K(cp) is very small. However, we will see that, remarkably, 
from the point of view of dimension theory, this set is as large as the whole space, 
revealing once more a considerable complexity (now for the "irregular" part of the 
multifractal decomposition). 

We first make a little digression about the concept of cohomology in dynam­
ical systems. Let S: X -+ X be a continuous transformation of the topological 
space X. For each function cp: X -+ IR we consider the irregular set K (cp) in (38) . 
Two continuous functions cp! : X -+ IR and CP2: X -+ IR are said to be cohomolo­
g011.S if there exists a continuous function 'I/J: X -+ IR and a constant c E IR such 
that 

cp! - CP2 = 'I/J - 'I/J o S + c ·· 

on X. It is easy to verify that if cp! and CP2 are cohomologous then K (cp!) = K (CP2) 
and c = P(cpd - P(cp2) . In particular, if the function cp is cohomologous to a con­
stant then K (cp) = 0. The following result of Barreira and Schmeling in [15] shows 
that if cp is not cohomologous to a constant then K (cp) possesses a considerable 
complexity from the point of view of entropy and Hausdorff dimensiono Recall 
that h(fIX) denotes the topological entropy of IIX (see Section 4.2). 

Theorem 13 (Irregular sets) 11 X is a repeller 01 a C1+o transformation, for 
some a> O, such that I is conformai and topologically mixing on X, and cp: X -+ 
IR ia a Hõlder continuous function, then the lollowing properties are equivalent: 

1. cp is not cohomologous to a constant; 

2. K(rp) is a nonempty dense set in X with 

h(fIK(cp)) = h(I7IX) and dimH K(cp) = dimH X. (40) 

For topological Markov chains, the first identity in (40) was extended by Fan, 
Feng and Wu [44] to arbitrary continuous functions. We note that in this case the 
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first and second identities in (40) are equivalent. See also [15] for an appropriate 
version of Theorem 13 in the case of hyperbolic sets. 

We recall that under the hypotheses in Theorem 13 the set K (cp) has zero 
measure with respect to any invariant measure (in particular K(cp) :I X). The­
orem 13 provides a necessary and sufficient condition for the set K (cp) to be as 
large as the whole space from the point of view of entropy and Hausdorff dimen­
sion. Of course that a priori property 1 in Theorem 13 could be rare. However, 
precisely the opposite happens. Let CO (X) be the space of Hõlder continuous 
functions on X with Hõlder exponent () E (0,1] equipped with the norm 

IIcpllo = sup{lcp(x)I : x E X} 

+ sup {C> O : Icp(x) - cp(y) I ~ C for each x, y E X} . 
d(x,y)O 

It is shown in [15] that for each () E (0,1] the family of functions in CO(X) that 
are not cohomologous to a constant forms an open dense set. Therefore, given 
() E (0,1] and a generic function cp in CO(X) the set K(cp) is nonempty, dense 
in X, and satisfies the identities in (40). 

Let now K = Ucp K (cp) where the union is taken over all Hõlder continuous 
functions cp: X -t lR. Under the hypotheses of Theorem 13 we immediately 
conclude that 

h(O"IK) = h(O"IX) and dimH K = dimH X. 

These identities were established by Pesin and Pitskel in [83] when O" is a Bernoulli 
shift with two symbols, i.e., when A = (~ ~) is the transition matrix. Their 
methods are different from those in [15]. Until now it was impossible to extend 
the approach in [83] even to the Bernoulli shift with three symbols. 

A related result of Shereshevsky in [114] shows that for a generic C2 surface 
diffeomorphism with a locally maximal compact hyperbolic set A, and an equilib­
rium measure p of a Hõlder continuous generic function in the CO topology, the 
set 

I { A 1· ·nf log p(B(x, r)) 1. log p(B(x, r)) } 
= x E : Im I I < Im sup I 

r-tO og r r-tO og r 

has positive Hausdorff dimensiono This result is a particular case of results in [15] 
showing that in fact dimH 1= dimH A (under those generic assumptions). 

7.2 Multifractal classification of dynamical systems 

The former sections illustrate an enormous complexity that occurs in a natural 
way in the study of the multifractal properties of dynamical systems. On the other 
hand, in the "experimental" study of dynamical systems it is common to have only 
partial information. The multifractal spectra present themselves as "observable" 
quantities and can be determined within fairly arbitrary precision at the expense of 
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the macroscopic observation of the phase space. It is thus of interest to investigate 
how to recover partialIy or even fuJIy the information about of a given dynamical 
system, using the information contained in the muItifractal spectra. This problem 
beIongs to the theory of multi/raetal rigidity. In this section we want to illustrate 
with a simpIe exampIe how it is possible to make this approach rigorous. 

Let 9 and h be piecewise linear transformations of the interval [0,1] with 
repellers given by 

00 00 

Jg = n g-n(Ag U Bg) and h = n h-n(Ah UBh), 
n=O n=O 

where Ag, Bg, Ah and Bh are closed intervals in [0,1] such that 

See Figure 9. Both repellers can be coded,by a Bernoulli shift with two symbols. 
We consider two Bernoulli measures /Lg and /Lh (each with two symbols) invariant 
respectively under 9 and h. 

1 

° A B 1 

Figure 9: Piecewise linear expanding transformation 

Theorem 14 (Multifractal rigidity) 1/ 1)~g) = 1)~h) then there exists a ho­
meomorphism x: Jg -+ Jh sueh that dg = dh o X and /Lg = /Lh o X· 

Theorem 14 is due to Barreira, Pesin and Schmeling [5] and provides a muIti­
fractal classification based on the spectrum 1) D. The coincidence of the spectra 
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of 9 and h guarantees in particular that the derivatives of 9 and h are equal at 
corresponding points of the repellers and namely at the periodic points. There is 
also a version of this result for hyperbolic sets [6]. A local version of Theorem 14 
was obtained in [3] for a more general class of dynamical systems and arbitrary 
equilibrium measures. 

For more complex dynamical systems it may be necessary to use more than 
one multifractal spectrum in order to obtain a multifractal classification analogous 
to that given by Theorem 14. This is one of the motivations for the study of other 
multifractal spectra and namely of the mixed spectra (see Sections 6.2 and 8.1). 

8 VariationaI principIes and number theory 

8.1 Variational principIes and dimension theory 

As we mentioned in Section 6.2, one can consider several other multifractal spectra 
and in particular the mixed spectra 'D E and e D. These two spectra combine 
local and global characteristics of distinct nature, which depend not only on the 
dynamics but also on the local structure provided by a given invariant measure. 
As we described above (see Section 6), the spectra 'DD and eE are analytic in 
several situations. Furthermore, they coincide with ,the Legendre transform of 
certain functions, defined in terms of the topological pressure. In particular, this 
allows one to show that they are always convexo 

In order to explain why the study of the mixed multifractal spectra is different 
from the study of the nonmixed spectra, we recall the leveI sets 

K~D = {x E X : gD(X) = o:} and K~E = {x E X: gE(X) = o:} 

(see Section 6.2). The main difficulty when we study the mixed spectra is that 
these two families of sets need not satisfy any Fubini type decomposition. 

In the case of conformal repellers, Barreira and Saussol [10] obtained the fol­
lowing characterization of the mixed spectra 'DE and ED. 

TheoreUl 15 (Characterization of the Ulixed spectra) For a repeller X of 
a c1+e transformation f, for some E: > 0, such that f is conformai and topologi­
cally mixing on X, if cp: X -+ IR is a Hálder continuous function with P( cp) = O 
and J-L is an equilibrium measure of cp then 

C",) _ { ." Ix cpdv _} 
'DE (o:) - max h.,(f). v zs ergodzc and - Ix log11 df II dv - o: (41) 

and 

e}j)(o:) = max {dimH v: v is ergodic and - Ix cpdv = o:} . (42) 
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We call conditional variational principIe to each of the identities in (41) and 
(42). We can also obtain conditional variational principIes for the spectra 'D D 

and e E (although in this case the results are essentially equivalent to the corre­
sponding multifractal analysis described in the former sections): 

'D (/.&)( ) - {di .' di d Ix cpdv -} (43) 
D a - max mH v . v 1S ergo c an - Ix loglldfll dv - a 

and 

e~)(a) = max {hv(f) : v is ergodic and - Ix cpdv = a}. (44) 

Some of the consequences that can be obtained from Theorem 15 (see (10] for 
details) are the following: 

1. the functions 'DE and eD are analytic; 

2. the functions 'DE and eD are in general not convex and thus cannot be 
expressed as Legendre transforms. 

The last statement strongly contrasts with what happens with the nonmixed spec­
tra, which are always convexo 

In the case of the full shift, the identity in (44) was first established by Olivier 
[73, 74], for the more general class of the so-called g-measures. This class, in­
troduced by Keane in [59], is composed of equilibrium measures of a class of 
continuous functions that need not be Hõlder continuous. It is known that any 
Gibbs measure isag-measure (see [74] fon:letaiIs). We note that in the case of 
the shift map the identity (44) is equivalent to any ofthe identities (41), (42), and 
(43): simply model the full shift with m symbols by the piecewise expanding map 
of the interval x 1-+ mx (mod 1) and observe that 

dimH A = h(O'IA) and 
Iogm 

for any ergodic O'-invariant measure V. 

d. hv(O') 
1mHv= -­

logm 

In [lO] the authors obtained conditional variational principIes in the more 
general case of transformations with upper semi-continuous entropy (i.e., trans­
formations f for which v 1-+ hv(f) is upper semi-continuous), for functions with 
a unique equilibrium measure (and thus for adense family of functions; see the 
book by Ruelle [100]). In [122], Takens and Verbitski established a conditional 
variational principIe for the spectrum eE for equilibrium measures that are not 
necessarily unique. 

For example, when f: X -t X is a one-sided or two-sided topological Markov 
that is topologically mixing, or is an expansive homeomorphism that satisfies 
specification, the entropy is upper semi-continuous. If, in addition, cp is a continu­
ous function with a certain "bounded variation" then it has a unique equilibrium 



Hyperbolicity and Recurrence in Dynarnical Systems 213 

measure; see [56, 60] for details. On the other hand, one can exhibit plenty trans­
formations that do not satisfy specification but for which the entropy is still upper 
semi-continuous. For example, alI ,8-shifts are expansive and thus the metric en­
tropy is upper semi-continuous (see [60] for details), but in [106] Schmeling showed 
that for ,8 in a residual set with full Lebesgue measure (although the complement 
has full Hausdorff dimension) the corresponding ,8-shift does not satisfy specifica­
tion. It follows from work of Walters [127] that for every ,8-shift each Lipschitz 
function has a unique equilibrium measure. 

In [12], Barreira and Saussol obtained conditional variational principIes for 
hyperbolic flows. 

8.2 Extensions and applications to number theory 

In the theory of dynamical systems we are frequently interested in more that 
one local quantity at the same time. Examples include the Lyapunov exponents, 
the local entropy, and the pointwise dimensiono However, the theory described 
above (in Sections 6 and 8.1) only allows us to consider separatelyeach of these 
characteristics. This observation is a motivation to develop a multi-dimensional 
version of multifractal analysis. More precisely, we want to consider, for example, 
intersections of leveI sets of Birkhoff averages, such as 

and to describe their multifractal properties, including their "size" in terms of the 
topological entropy and of the Hausdorff dimensiono 

The corresponding multi-dimensional multifractal spectra exhibit several non­
trivial phenomena that are absent in the one-dimensional case. Furthermore, the 
known approaches to the study of one-dimensional multifractal spectra have to be 
modified to treat the new situation. Nevertheless, the unifying theme continues 
to be the use of the thermodynamic formalismo 

We now illustrate the results with a rigorous statement in the case of topologi­
cal Markov chains. Let M be the family of O'-invariant probability measures on X 
and consider the set 

The following result is a conditional variational principIe for the sets Ko: ,{3' 

TheoreIn 16 (Conditional variational principIe) Let O'IX be a topologically 
mixing topological Markov chain, and rp and t/J Hõlder continuous functions on X. 
Then, for each (a,,8) E int 1) we have K o:,{3 f. 0 and 

h(O'IK o: ,{3) = sup {hlJ(O'): (Ix rpdJl, Ix t/JdJl) = (a,,8) with Jl E M} 

= inf {P(P(rp - a) + q(t/J -,8» : (p, q) E Il~n . 
(45) 
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Theorem 16 is a particular case of results of Barreira, Saussol and Schmel­
ing [13]. Namely, they also consider the interséction of any finite number oflevel 
sets of Birkhoff averages, as well as of other local quantities such as pointwise 
dimensions, local entropies, and Lyapunov exponents. The first identity in (45) 
was obtained independently by Fan, Feng and Wu [44], also in the more general 
case of arbitrary continuous functions. In [122], Takens andVerbitski provided 
generalizations of these results. We will see below that the second identity in (45) 
can be applied with success to several problems in numher theory. 

It is also shown in [13] that if O"IX is a topologically mixing topologicaI Markov 
chain and cp and 'Ij; are Hõlder continuous functions on X, then the following 
properties hold: 

1. if (a,{3) fi. 'D then K a ,f3 = 0; 

2. if for every (p, q) E JR2 the function W+q'lj; is not cohomologous to a constant 
then 'D = int 'D; 

3. the function (a,,8) I-t h(O"IKa,f3) is analytic on int 'D; 

4. there is an ergodic equilibrium measUre J1.a,f3 E M with J x cp dJ-L = a and 
Ix 'Ij; dJ1. = {3, such that 

J1.a,f3(Ka,f3) = 1 and h/.L",p(O") = h(O"IKa,f3)' 

In particular, the second property provides a condition which guarantees that the 
identities in Theorem 16 are valid for an open and uense set of pairs (a, {3) E 'D. 

Besides their own interest, these results have several applications and namely 
applications to number theory. Instead of formulating general statements here 
we will descrihe explicit examples that illustrate well the nature of the results 
obtained by Barreira, Saussol and Schmeling in [14]. Given an integer m > 1, 
for each number x E [0,1] we denote by x = 0.X1X2 , .. the base-m representation 
of x. It is immediate that this representation is unique except for a countable set 
of points. Since countable sets have zero Hausdorff dimension, the nonuniqueness 
of the representation does not affect the study of the dimensional properties. 

For each k E {O, .. . ,m -I}, x E [0,1] and n E N we define 

Tk(x,n) = card{i E {I, ... ,n} : Xi = k}. 

Whenever there exists the limit 

() 1. Tk(x,n) 
TkX = 1m 

n-too n 

it is called the frequency of the number k in the hase-m representation of x. 
A classical result of Borel [25] says that for Lebesgue-almost every x E [0,1] we 
have Tk(X) = 11m for every k. FUrthermore, for m = 2, Hardy and Littlewood [50] 
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showed that for Lebesgue-almost every x E [0,1], k = O, 1, and all sufficient1y 
large n, 

Irk(~,n) _ ~I < Jlo~n. 
In particular, Lebesgue-almost ali numbers are normal in every integer base. This 
remarkable result (that today is an immediate consequence of Birkhoff's ergodic 
theorem) does not imply that the set of numbers for which this does not happen 
is empty. 

Consider now the set 

Fm(ao, . .. ,am-d = {x E [0,1]: Tk(X) = ak for k:x O, ... , m -I}, 

whenever ao + ... + a m-l = 1 with ai E [0,1] for each i. It is composed of the 
numbers in [0,1] having a ratio ak of digits equal to k in its base-m representation 
for each k. A precursor result concerning the size of these sets from the point of 
view of dimension theory is due to Besicovitch [19]. For m = 2, he showed that if 
a E (O, t) then 

dimH {x E [0,1] : lim sup rI (x , n) ~ a} = 
n-too n 

aloga + (1 - a) log(1 - a) 
log2 

More detailed information was later obtained by Eggleston [39], who showed that 

m-l 

dimH Fm(ao, .. . ,am-l) = - L ak logm ak· (46) 
k=O 

We note that it is easy to show- and this does not require the above result­
that each set Fm(ao, ... , am-d is dense in [0,1]. The identity in (46) can be 
established by applying Theorem 11 when m = 2, Theorem 16 when m = 3, and 
an appropriate generalization of Theorem 16 when m ~ 4, thus providing a new 
proof of Eggleston's result (see [13] for details). 

We now consider sets of more complicated nature. Let m = 3 and consider 
the set 

F = {x E [0,1] : rI (x) = 5To(x)}, 

This is the set of numbers in [0,1] for which the base-3 representation has a ratio 
of ones that is five times the ratio of zeros. The ratio of the digit two is arbitrary. 
It follows from work in [14] that 

dimH F = log(1 + 6/55/ 6 ) ~ 0.85889 ... . 
log3 

In order to explain how this result is obtained, we first observe that 

F = U F3(a, 5a, 1 - 6a). 
a:E[O,I/6] 

(47) 

(48) 
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It is easy to show that the constant in (47) is a lower estimate for dimH F. N amely, 
it follows from (46) and (48) that, since F ::J Fa(o:, 50:,1 - 60:) for each 0:, 

d. o: log o: + 50: log(50:) + (1 - 60:) log(1 - 60:) 
lmHF> max - . 

- aE[O,1/6] log 3 
(49) 

The maximum in (49) is attained at o: = 1/(55/6 + 6) and it is easy to verify 
that it is equal to the constant in (47). This establishes a lower estimate for the 
Hausdorff dimensiono 

The corresponding upper estimate is more delicate, namely because the union 
in (48) is composed of an uncountable number of pairwise disjoint sets. The 
approach in [14) uses a generalization of the conditional variational principIe in 
Theorem 16, now for quotients of Birkhoff averages (see [14) for details). In the 
particular case considered here this variational principIe states that for each k f:. f 
and fJ ~ O we have 

. ~x ~ 
{ 

()} 
{ 

m-l } 

dimH X E [0, 1] : Tt(X) = fJ = max: - ~ 0:; logm 0:; : O:t = fJ . 

We conclude that for each k f:. f and fJ ~ O there exists a set 

with 

dimH Fm(O:o" .. , O:m-r) = dimH { x E [O, -1] : :;i;~ = fJ} . 

In particular, letting m = 3, k = 1, f = O, and fJ = 5 we conclude from (48) that 
the inequality in (49) is in fact an identity, and we establish (47)_ 

These applications to number theory are special cases of results established 
in [14): these include the study of sets defined in terms of relations between the 
numbers TO(X), ... , Tm-l (x), and the study of sets defined in terms of frequencies 
of blocks of digits, or even for which some blocks are forbidden (thus generalizing 
work of Billingsley [20]). 

9 Quantitative recurrence and dimension theory 

9.1 Quantitative recurrence 

The Poincaré recurrence theorem (Theorem 2), as described in Section 1.2, is 
one of the basic but fundamental results of the theory of dynamical systems. 
Unfortunately it only provides information of qualitative nature. In particular it 
does not consider, for example, any of the following natural problems: 
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1. with which frequency the orbit of a point visits a given set of positive mea­
sure; 

2. with which rate the orbit of a point returns to an arbitrarily small neigh-
borhood of the initial point. 

Birkhoff's ergodic theorem gives a complete answer to the first problem. The 
second problem experienced a growing interest during the last decade, also in 
connection with other fields, including compression algorithms, and numerical 
study of dynamical systems. 

We consider a transformation f: M -t M. The return time of a point x E M 
to the ball B(x, r) (with respect to I) is given by 

rr(x) = inf{n E N : d(rx, x) < r}. 

The lower and upper recurrence rates of x (with respect to f) are defined by 

P() 1· . f logrr(x) d R() 1· logrr(x) 
A..k x = lmm ---- an x = lmsup . 

r-+O - log r r-+O -log r 
(50) 

Whenever R(x) = R(x) we denote the common value by R(x) and call it the 
recurrence rate of x (with respect to 1). 

In the present context, the study of the quantitative behavior of recurrence 
started with the work of Ornstein and Weiss [75], closely followed by the work of 
Boshernitzan [26]. In [75] the authors considered the case of symbolic dynamics 
(and thus the correspondingsymbolic metric in (13» and an ergodic cr-invariant 
measure J-L, and showed that R(x) = hJ1.(cr) for J-L-almost every x (see Section 9.2 
for more details). On the other hand, Boshernitzan considered an arbitrary metric 
space M and showed in [26] that 

(51) 

for Jl-almost every x E M (although the result in [26] is formulated differently, it 
is shown in [9] that it can be rephrased in this manner). It is shown in [9] that 
the inequality (51) may be strict. . 

In the case of hyperbolic sets, the following result of Barreira and Saussol in [9] 
shows that (51) often becomes an identity. 

Theorem 17 (Quantitative recurrence) For a Cl+a diffeomorphism with a 
hyperbolic set A, for some a > O, if J-L is an ergodic equilibrium measure of a 
Hõlder continuous function then 

R(x) = lim logJ-L(B(x, r» 
r-+O logr 

(52) 

for Jl-almost every point x E A. 
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Theorem 17 is a version of the result of Ornstein and Weiss in [75] in the 
special case of symbolic dynamics. The proof of Theorem 17 combines new ideas 
with the study of hyperbolic measures by Barreira, Pesin and Schmeling [7] (see 
Section 3.1) and results and ideas of Saussol, Troubetzkoy and Vaienti [104] and 
of Schmeling and Troubetzkoy [111] (see also [109]) . In [11], Barreira and Saussol 
established a related result in the case of repellers. 

We note that the identity (52) relates two quantities of very different nature. 
In particular, only R(x) depends on the diffeomorphism and only the pointwise 
dimension depends on the measure. 

Theorem 17 provides quantitative information about the recurrence in hyper­
bolic sets. Putting together (50) and (52) we obtain 

1. loginf{n E N: d(rx,x) < r} 1. logl-'(B(x,r)) 
1m = 1m 
r~O -log r r~O log r 

(53) 

for I-'-almost every point x E A. Thinking as if we could erase the limits in (53), 
we can say that Theorem 17 shows that 

inf{k E N: fk x E B(x,r)} is approximately equal to l/I-'(B(x,r)) 

when r is sufficient1y small, that is, the time that the orbit of x takes to retum to 
the ball B(x, r) is approximately equal to l/I-'(B(x, r». This should be compared 
to Kac's lemma: since I-' is ergodic it teUs us that 

Hence, the average value of 7"r on B(x , r) is equal to 1/ p,(B(x, r)) . Therefore, 
Theorem 17 can be though of as a local version of Kac's lemma. 

In another direction, the results in [9, 11] motivate the introduction of a new 
method to compute the Hausdorff dimension of a given measure (see Section 3.2). 
See [9] for details. 

We now consider the case of repellers and briefly present two applications to 
number theory. Let x = 0.XIX2·· · be the base-m representation of the point 
x E [0,1]. It was shown in [11] that 

inf{n E N: 10.xn xn +1··· - 0.xlx2 · · ·1 < r} '"" ! when r -+ ° 
r 

for Lebesgue-almost every x E [0,1], meaning that 

1. loginf{n E N: 10.xn xn+l .. . - 0.xlx2 · · ·1 < r} 
~ =1 
r~O -logr 
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for Lebesgue-almost every x E [0,1]. Another example is given by the continued 
fractions. Writing each number x E (0,1) as a continued fraction 

1 
x= [mt,m2,m3, ... ] = -----~--

1 
mt+------

1 
m2+--­

m3+··· 

with mi = mi(x) E N for each i (this representation is uni que except for a count­
able subset of (0,1)), it is shown in [11] that 

inf{n E N : I[mn,mn+t, .. . ]- [mt,m2, ... ]I < r} '" .!. when r -* ° 
r 

for Lebesgue-almost every x E (0,1). 

9.2 Product structure and recurrence 

We already described the product structure of hyperbolic sets (see Section 1.1) 
and the product structure of hyperbolic measures (see Section 3.1). The study 
of quantitative recurrence can also be used to obtain new information about the 
product structure. 

Figure 10: Definition of the unstable return time (the shaded area is the set of 
points at a dU-distance of V/(x) at most r) 
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Let f: M -+ M be a C1+a diffeomorphism with a locally maximal compact hy­
perbolic set A eM, and denote by ds and du the distances induced by the distance 
d of M respectively on each stable and unstable manifo1d. When d(rx, x) :s; Ó, 

for each p :s; Ó we can define (see Figure 10) 

r:(x,p) = inf{n E N: d(f-nx,x):S; p and ds([x,f-nx], x) < r}, 

r;:-(x,p) = inf{n E N: d(rx, x) :s; p and du([rx,x],x) < r}. 

We call r; (x, p) and r;! (x, p) respective1y stable and unstable return times. Note 
that the functions p t--+ r; (x, p) and p t--+ r;! (x, p) are nondecreasing. We define 
the lower and upper stable recurrence rates of the point x E A (with respect to I) 
by 

and the lower and upper stable recurrence rates of the point x E A (with respect 
to I) by 

where 

r:JS ( ) l' . flogr;(x,p) 
oU< X,p = lmlD 1 

r-tO - ogr 
and R s( ) l' 10gr;(x,p) 

X,p = lmsup 1 ' 
r-tO - ogr 

=UR ( ) l' log r;! (x, p) 
X,p = lmsup 1 . 

r-tO - ogr 
r:JU ( ) l' . flogr;!(x,p) 

oU< X,p = lmln 1 
r-tO - ogr 

and 

When E8(x) = R 8(x) we denote the common value by R8~ and call it stable 
recurrence rate of x (with respect to 1), and when EU (x) = R (x) we denote the 
common value by RU(x) and call it unstable recurrence rate of x (with respect 
to 1). 

Barreira and Saussol showed in [11] that for a C1+a diffeomorphism that is 
topologically mixing on a locally maximal compact hyperbolic set A, and an equi­
librium measure J.l of a Hõ1der continuous function, we have 

d RU() l' logJ.l~(BU(x,r)) an x = 1m .....:::..:.....::<....:.....--...:....:.......:..:.. 
r-tO logr 

(54) 

for J.l-almost every x E A, where J.l~ and J.l~ are the conditional measures induced by 
the measurab1e partitions çs and çu (see Section 3.1). Ledrappier and Young [65] 
showed that there exist the limits in the right-hand sides of the identities in (54) 
(see Section 3.2). 

The following result in [11] can now be obtained using Theorems 5 and 17 and 
the identities in (54). 

Theorem 18 (Product structure for recurrence) Let A be a locally maxi­
mal compact hyperbolic set of a C1+a diffeomorphism that is topologically mixing 
on A, for some o: > O, and J.l an equilibrium measure of a Hõlder continuous 
function. Then, for J.l-almost every point x E A the following properties hold: 
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1. the recurrence rate is equal to the sum 01 the stable and unstable recurrence 
rates, i.e., 

2. there exists p(x) > O such that lor each p < p(x) and each ê > O there ia 
r(x, p, ê) > O such that il r < r(x, p, ê) then 

e r:(x,p) 'r;(x,p) < -e 
r < ) r . rr(x 

The second statement in Theorem 18 shows that the return time to a given 
set is approximately equal to the product of the return times in the stable and 
unstable directions, as if they were independent. 

A related result was obtained by Ornstein and Weiss in the case of symbolic 
dynamics. Namely, they showed in [75] that if 0+: E+ ~ E+ is a one-sided 
subshift and f.L+ is an ergodic 0+ -invariant probability measure on E+ , then 

1· loginf{n E N: (in+l o ooin+k) = (i1 · ooik)} h () 
1m k = ~+ o 

k~oo 
(55) 

for f.L+ -almost every (i1 i 2 • o .) E E+ o They also showed in [75] that if o : E ~ E 
is a two-sided subshift and f.L is an ergodic o-invariant probability measure on E, 
then 

r loginf{n E N: (in-k o o · i n+k) = (i-k o. ·ik)} _ h ( ) (56) 
k~~ 2k+ 1 - ~ o 

for f.L-almost every (o o o LI io i 1 o o • ) E E. 
Given a two-sided shift o : E ~ E it has naturally associated two one-sided 

shifts 0+: E+ ~ E+ and 0-: E- ~ E- (respectively re1ated with the future 
and with the past). FUrthermore, any o-invariant measure f.L on E induces a 
0+ -invariant measure f.L+ on E+ and a 0- -invariant measure f.L- on E-, such that 

h~+(o+) = h~-(o-) = h~«(J'). 

For each w = Co o o i-lioil . o o) E E and k E N we set 

rt(w) = inf{n E N: (in+l · o oin+k) = (i1 o o ·ik)}, 

rk"(w) = inf{n E N: (Ln-k o o o Ln-t) = (i-k" · Lt)}, 

rk(W) = inf{n E N: (in-k o. oin+k) = (Lk' o oik)} o 

Let now f.L be an ergodic o-invariant measure on E. It follows from (55) and (56) 
that for f.L-almost every w E E, given E > O, if k E N is sufficient1y large then 

-ke rt(w)rk"(w) ke 
e ~ () ~ e . rk w 

Theorem 18 and the identities in (54) are versions of these statements in the case 
of dimensiono 
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