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Symmetries in Constrained Systems

D.M. Gitman and LV. Tyutin®

Abstract: As it is known, singular theories are theories
with constraints in the Hamiltonian formulation. In partic-
ular, theories with first-class constraints are gauge theories.
Our aim is to describe symmetry structure of a general singu-
lar theory, and, in particular, to relate the structure of gauge
transformations with the constraint structure.

1 Introduction

Our aim is to study the symmetry structure of a general singular theory, and, in
particular, to relate this structure to the constraint structure in the Hamiltonian
formulation. For simplicity, we consider finite-dimensional models whose actions
are of the form

S {q] =/L(q=q’rJ dt, g=(¢% a=1,..,n),

0S _ 8L d oL
6"~ Bg°  dt 9"

= 0 — Euler — Lagrange equations, (1)

where L (g,q) is a Lagrange function. All such theories can be divided into two
classes according to the Hessian’s value,
9*L

Hessian = det W = {

# 0 nonsingular theory )
= () singular theory
Singular Lagrangian theories are theories with constraints in the Hamiltonian
formulation [1]. In particular, theories with first-class constraints (FCC) are gauge
theories.

A finite transformation g (t) — ¢' (¢) is a symmetry of S if

L(g.4) » I (0.4) = L(g,4) + o, 3)

where F is a local function (such transformations are called Noether symmetries).
The finite symmetry transformations can be discrete, continuous global, gauge,
and trivial. Continuous global symmetry transformations are parametrized by a
set. of time-independent parameters v*, o = 1,...,r. The infinitesimal form of a
continuous global symmetry transformation reads dq°(t) = pf (t)v, where p§ (1)
are generators of the global symmetry transformations. Continuous symmetry

1Gitman is grateful to the Brazilian foundations FAPESP and CNPq for permanent support;
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transformations are gauge transformations (or local symmetry transformations) if
they are parametrized by arbitrary functions of time, the gauge parameters (in
the case of field theory, the gauge parameters depend on all space-time variables).
The infinitesimal form of a gauge transformation reads

8q° () = Ra (8) v (2), (4)

where v (t), @ = 1,...,r are time-dependent gauge parameters. The quantities
?;%f; (t) are generators of gauge transformations. Under some natural sugposi-
tions about the structure of the Lagrange function, one can prove that R? (t)
are local operators [5]. The existence of infinitesimal gauge transformations
with generators implies the existence of the corresponding gauge identities, which
present identities between the Euler-Lagrange equations.

For any action there exist trivial symmetry transformations,

e _ 7ab0S
61,;{}‘ =TF hg&'g f (5)

~ w ab 2
where U is an antisymmetric local operator, that is (UT) = =yt .
The trivial symmetry transformations do not affect genuine trajectories. Two

symmetry transformations d;q and d»q are called equivalent (8;¢ ~ d2¢) whenever
they differ by a trivial symmetry transformation,

d1q ~ 02q <= 819 — 02q = 04:q . (6)

Thus, all the symmetry transformations of an action S can be divided into equiv-
alence classes.

Any symmetry transformation implies a conservation law (NoGether
theorem):

dG 208 65
— = —_— = t. -, b
5 dq 5 0] ( 5q) = (@ = const. on extremals, (7)
oL dF
G=P-F,P=—4¢% 6L=—.
dg 1 dt
The local function G is referred to as the conserved charge related to the symmetry
dq of the action S. The quantities dq, S, and G are related by the equation (7).
In what follows, we call this equation the symmetry equation.
Any gauge symmetry generates a conserved charge G which depends
locally on gauge parameters and on their time-derivatives, and vanishes
on the extremals? (the latter fact was already familiar to Noether)

An important inverse statement holds true. Namely: If a global symme-
try transformation generates a conserved charge that vanishes on the

?For us, extremals are local functions 85/dq and any linear combinations of these functions
and their time derivatives.
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extremals then the corresponding action obeys a gauge symmetry. At
the same time the initial global symmetry is a reduction of the corre-
sponding gauge symmetry to constant values of the gauge parameters
6].

At present almost all modern physical models are formulated as gauge theories.
Thus, the study of the general gauge theory is an important mathematical and
physical problem. In particular, the following questions are of especial interest:

How many gauge transformations (with independent gauge param-
eters) are there for a given action?

What is the structure of the gauge generators (how many time
derivatives they contain) for a given action? What is the structure
of an arbitrary symmetry of the action of a singular theory?

Is there a constructive procedure to find all the gauge transforma-
tions for a given action?

How can one relate the constraint structure in the Hamiltonian for-
mulation with the symmetry structure of the Lagrangian action?

These problems were partially considered in the works [2, 3, 4]. In this talk,
we represent the recent progress in attempts to answer the above questions.

2 Symmetry equation and orthogonal constraint
basis
For the study of the symmetry structure, we start with the consideration of the

Hamiltonian action Sy (there exists an isomorphism between symmetry classes of
the Lagrangian S and the Hamiltonian Sy actions).

5[q]=/L(q1q') dt<=>SH[n]:/[pd—H‘” (n)] dt, n=(nA), n=1(q,p) .
H® (n) = H (1) + 28 () ;
) 1= {n, HV},
ﬁ_o___}{ n¢"”?ﬂ)=0,

where ®(1) () are primary constraints, 7 = (g, p) are phase-space variables, and
A are Lagrange multipliers to primary constraints.

One can see that if dn = (dq,dp,d)) is a symmetry of the Hamiltonian action
Sy, then dy¢q is a symmetry of the Lagrangian action 5,

0Lg = 0qlp(g,4), A(gu) -
The symmetry equation for the action Sy reads

65a , dG _
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where G is the conserved charge. The charge G and all the variations depend on
all the variables and their time derivatives locally. One can study the symmetry
of an action by solving the symmetry equation.

It turns out that the symmetry equation can be easily analyzed (solved) by
algebraic methods if one chooses the so called orthogonal constraint basis. In
the work [7], we have demonstrated that there exists a constraint reorganization
of the first-class constraints (FCC) and of the second-class constraints (SCC)
consistent with the Dirac procedure, i.e., the reorganization does not violate the
decomposition of the constraints according to their stages in the Dirac procedure.
Namely:

It is possible to reorganize the independent constraints ¢ obtained
in the Dirac procedure such that: the complete set of constraints is
divided into SCC ¢ and FCC y. At the same time, it is decomposed
into groups according to the stages of the Dirac procedure,

¢ = (@r X) = ((I’(')) yi=1,..,R,
30 = (9;x9), o= (p), x = (x¥).

Here (V) are constraints of the i-th stage, p() are SCC of the i-th stage,
x'?) are FCC of the i-th stage, and R is the number of stages of the Dirac
procedure. It may turn out that after a certain stage new independent
FCC (SCC) do not appear anymore. We are going to denote this stages
. by R, (R,). Obviously, R = max(Ry,R,). In addition, the constraints in
each stage are divided into groups,

1,0“) —_ ((p(llﬁ)) , §= ‘i, vy R¢;
x® = (x19), a=4,.,8. (10)

Such a division creates chains of constraints. Thus, there exist 8, chains
of SCC

19 = (Lp(ila), i= 1,___,3) ,s=1,.,R8,,
labeled by the index s, and R, chains of FCC

xGlo) = (X(itﬂ)’ § = 1,...,a) ya=1,..,Ry

labeled by the index a. Within the Dirac procedure, the group ¢(!l*) of
primary SCC produces SCC of the second stage, third stage, and so
on, which belong to the same chain, ¢11?) — I8} — HBIs) 4 ... 5 H(sl8)
The chain of SCC labeled by the number s ends with the group of the
s-th-stage constraints. The consistency conditions for the latter group
determine the Lagrange multipliers )\, to be A\. At the same time, the
group x(1*) of primary FCC produces FCC of the second stage, third
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stage, and so on, which belong to the same chain, x(1?) — y(2la) _
x©@le) o ... 5 xleld), We call such organized set of constraints the
orthogonal constraint basis. The described hierarchy of constraints in
the orthogonal basis (in the Dirac procedure) looks schematically as
follows:

oM 5 X

P11 5 L2 ¥,

: - - ¢ ]

QUIR=D) - pIN=1)  ,(8I%-1) cus  QWEUR=Y) o X

7 A L A € L N @I%) cee @REIRY Ly H(RIR) — A
am) e G s xBREURY Oy 5 (RIR) - 0(®) -
x(HR=1 o @R-1)  @IR-1) oo x®UR=D Ly (@R-D)y

: - ~¥ i

X3 4 e O(@(-‘-E))

x(lllJ - 0(®W)

The chain of FCC labeled by the number a ends with the group of the
a-th-stage constraints. Their consistency conditions do not determine
any multipliers and any new constraints. The Lagrange multipliers A,
are not determined by the Dirac procedure (and by the complete set
of equations of motion). Thus, all the constraints in a chain are of the
same class. One ought to say that the numbers of constraints in each
stage in the same chain are the same. At the same time, each chain
may be either empty or contain several functions. Thus, whenever FCC
(SCC) exist, the corresponding primary FCC (SCC) do exist.

The Poisson brackets of SCC from different chains of the orthogonal
basis vanish on the constraint surface

{(p{ils}‘{p{ilv)} =0(®), s#v.
In addition,
{419, HO} = 4110 £ 0 (8),..,80) | i =1, Rp =1, 5 =i +1,0, Ry,
{4119, 19} 0, der* #0;
{x(‘J“J,H“J} = x(i*1l9) 1 0 (@(”,...,@“J) b R e B e s
{x(“‘ﬂJ,H“)} =0 (@(l), ___,@(ﬁ)) )
The consistency conditions for SCC ¢(!?) of the i-th stage

{[p(sm,Hm} =0
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allows one to determine A} multipliers.

We stress, that the consistency conditions for SCC ¢(l®) s > i of the
i-th stage produce SCC ¢(i*11%) of the i + 1-the stage. The consistency
conditions for FCC (i), s > i of the i-th stage produce FCC x(*+!l5) of
the i + 1-the stage. The consistency conditions for FCC x!l) of the i-th
stage do not produce any new constraints and do not determine any
Lagrange multipliers.

Such properties of the constraint basis are extremely helpful for analyzing the
symmetry equation. In particular, they allow one to guess (and then to strictly
prove) the form of the conserved charges as decompositions in the orthogonal
constraint basis. For example, these properties imply that SCC (") cannot
enter linearly into the conserved charges. At the same time, one can see that only
FCC (i) enter the gauge charges multiplied by independent gauge parameters,
other FCC x(11%) | a > i are multiplied by factors that must contain derivatives of
the same gauge parameters.

3 What can be proved solving the symmetry
equation in orthogonal constraint basis?

I. For any theory (singular or non-singular) any symmetry transforma-
tions that vanish on the equations of motion are trivial.

I1. In theories with FCC there exist nontrivial symmetries 4,1, G,
of the Hamiltonian action Sy that are gauge transformations. These
symmetries are parametrized by the gauge parameters v;. The latter
parameters are arbitrary functions of time ¢.

The number of the gauge parameters [v] is equal to the number of
the primary FCC [x(V],

= [x] .

The corresponding conserved charge (the gauge charge) is a local
function G, = G, (n,A!, /1), which vanishes on the extremals. The
gauge charge has the following decomposition with respect to the or-
thogonal constraint basis:

Ry Hy—=1 Ky My=1 R
NS S SE RUES S o YN
i=]1 i=1 a=i+l i=1 s=it+l

Here CJ, (n, \U1,11) and Cla (n, A\, [1) are some local functions, which
are determined by the symmetry equation in an algebraic way. It turns
out that Cff, = O (I), where I = §Su/dn are extremals. The gauge charge
depends both on the gauge parameters and on their time derivatives
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up to a finite order. Namely,

Rx i—1

Gy =Y 3 Giy(n, A (12)

i=1 m=0

where G (7,\) are some local functions. The total number of inde-
pendent gauge parameters together with their time derivatives, that
enter essentially in the gauge charge is equal to the number of all FCC

Ix]s
> =[x .

m=0

The gauge charge is the generating function for the variations 7 of the
phase-space variables,

oG,

G
6117? - {7}3 Gv} = {"?: 7?A} 6?}'4 .

(13)

(Note that here the Poisson bracket acts only on the explicit depen-
dence on 7 of the gauge charge.) The variations §,\ contain additional
time derivatives of the gauge parameters, namely, they have the form

Ry i
SA=3 ST (0, AT ™, (14)

i=1 m=0

where T! are some local functions, which can be determined from the
symmetry equation in an algebraic way.
Thus, the gauge charge G, have the following structure

Ry, Ry
Go=> Y amtm At (15)
m=1 b=m
where the local functions G™ (5, A1) have the form
Ry Ry
6™ =33 xkacmb(n, Ay + 0 (17) , (16)
k=1a=k

and C2b(n, Al) are some local functions. Thus,
G,=0(x)+0(I?). (17)
The form of the variations 6,7 follows from (?7),

Ny Ny Ry Ry
6,n = (Z Z) (Z Z) {n,x(kla)}cgbygm—ll +0(I) . (18)

k=1 a=k m=1b=m
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After the gauge charge has been determined, the variations §,A can be found
from the equation (??). Their general structure is given by Eq. (14), where
Ti. (7, \")) are some local functions. In particular, one can see that

By )
5,8 =3 D%, Nk + 00, 1< ). (19)

t=1

Note that the local functions G¥, , Ci™, and T}, do not depend on the gauge
parameters and are, in that sense, universal. The matrices C and D are not
singular.

III. In theories with FCC, any symmetry én, G of the Hamiltonian
action Sy can be represented as the sum of three types of symmetries

0\ _ [ 6 dom Otr?]
(@)=(a)+(&)+(e) )
such that:

The set d.n, G, is a global symmetry, canonical for the phase-space
variables 7. The corresponding conserved charge G, does not vanish on
the extremals.

The set 657, G5 is a particular gauge transformation given by Egs.
(12), (13), and (14) with fixed gauge parameters (i.e. with specific forms
for the functions v; = 7; (¢, n[”,,\m)) that do not vanish on the extremals.
The corresponding conserved charge (G; vanishes on the extremals,
whereas the variations d;n do not.

The set 6i,7, Gy, is a trivial symmetry. All the variations d;n7 and
the corresponding conserved charge G, vanish on the extremals. The
gauge charge G, depends on the extremals as G,, = O (I?).

As an example, we consider a field model which includes a set of Yang-Mills
vector fields A, , a =1,...,7, and a set of spinor fields ¥* = (¥, i =1,...,4),

1 - -
Si= /cda:, L=-3G 6" + Wy Vg =V (¥, 9),
Ga, = 0, AL — O AL + f ALAS, Vig = 0,05 —iTHAL, (21)

where V' is the local polynomial in the field, which contains no derivatives. The
model is based on a certain global Lie group G,

¥ (z) % exp (v°TL) Y (z), g€ G, v*, a=1,..,r,
Ta =TF , T Tl =80T . F515 % FEIE 4 JE f=0.

For V' = 0, the action is invariant under gauge transformations (¢® = v* (z))

SAS = Doy®, 8¢ = iT,pv®, Dy = 8,05 + fHAS. (22)
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We assume the polynomial V' to be such that the whole action (21) is invariant
under the transformations (22) as well. Below we relate the symmetry structure of
the model with its constraint structure. To this end we first reveal the constraint
structure.

Proceeding to the Hamiltonian formulation, we introduce the momenta

oL oL . d,L

Poa = gV Pia™ o5 =Ga‘n,P¢:

0.A0a oAia

o

Thus, there exists a set of primary constraints (1) = (X(l),ip{al},o =1, 2) =0,
where
XD =poa, 01" =py —ir°, o =p;.

The total Hamiltonian reads H") = [ #")dx,
1 1
HO = Sply + 7GR —pyr 7 Vi + A (Diypin =97 Tath) +V + X5 + 05000 .

By performing the Dirac procedure, one can verify that there only appear sec-
ondary constraints x( ) =

{(pgl),H(i)} =0= 25 =2X% (4,%,9),
{xﬁl),H{l)} e x?) = D§pip + i (p,pTa#J + p,;,m') s (Ta)g = —7° {TJ)S ~4°

All the constraints ¢ are second-class and all the x are first-class. It turns out
that the complete set of constraints already forms the orthogonal constraint basis,

namely:

(p(lll)= (1) X(1|2) 1) (2I2):_: (2.

X X

and there are no constraints (/1)

LU RN |
XD 5 2 0(@)

According to the general considerations, we chose the gauge charge in the form
G= / [v"xgm) + C“xﬁ,’m] dx, C* = (e’ + dpi) .
Solving the symmetry equation (9), we obtain C¢ = p* —v° A% f4 = D& v* . Thus,

b= / [p“an“yb +1 (praﬁb +pvf:TuJ’) Vﬂ] dx
0A% = {A3,G} = Do, 8¢ = {¢,G} = iT.y°.
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4 Main conclusions

Below we summarize the main conclusions.

Any symmetry transformation can be represented as a sum of three
kinds of symmetries: global, gauge, and trivial symmetries. The global
part of a symmetry does not vanish on the extremals, and the corre-
sponding charge does not vanish on the extremals as well. This sep-
aration is not unique. In particular, the determination of the global
charge from the corresponding equation, and thus the determination
of the global part of the symmetry is then ambiguous. However, the
ambiguity in the global part of a symmetry transformation is always a
sum of a gauge transformation and a trivial transformation. The gauge
part of a symmetry does not vanish on the extremals, but the gauge
charge vanishes on them. We stress that the gauge charge necessarily
contains a part that vanishes linearly in the FCC, and the remaining
part of the gauge charge vanishes quadratically on the extremals. The
trivial part of any symmetry vanishes on the extremals, and the corre-
sponding charge vanishes quadratically on the extremals.

The reduction of symmetry variations to extremals are global canon-
ical symmetries of the physical action, whose conserved charge is the
reduction of the complete conserved charge to the extremals.

Any global canonical symmetry of the physical action can be ex-
tended to a nontrivial global symmetry of the complete Hamiltonian
action.

There are no other gauge transformations that cannot be repre-
sented in the form (11).

We stress that in the general case the gauge charge cannot be con-
structed with the help of any complete set of FCC only, for its decom-
position contains SCC as well. A model for which the gauge charge must be
constructed both with the help of FCC and of SCC is considered in the Ezample
1 ;

Note that in our procedure, generators (conserved charges) of canon-
ical and gauge symmetries may depend on Lagrange multipliers and
their time derivatives. This happens in the case when the number of
stages in the Dirac procedure is more than two. In the Ezample 2 we
represent models that illustrate this fact.

The gauge charge contains time derivatives of the gauge parameters
whenever there exist secondary FCC. Namely, the power of the highest
time derivative that enters the gauge charge is equal to X, — 1, where
Ry is the number of the last stage when new FCC still appear. A simple
model for which the gauge charge contains a second-order time derivative of the
gauge parameter is considered in the Ezample 3.

Since there is an isomorphism between symmetry classes of the Hamiltonian ac-
tion Sy and the Lagrangian action S the symmetry structure of Lagrangian
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action S coincides with the symmetry structure of the Hamiltonian
action Sy, and is given by all the assertions represented above. As to the con-
crete form of a symmetry transformation (symmetry transformation
of the coordinates) of the Lagrangian action S, it can be obtained as
a reduction of the symmetry transformation of the coordinates of the
Hamiltonian action Sy by the substitution of all the Lagrange multipli-
ers and momenta via coordinates and velocities.

Example 1: Consider a Hamiltonian action Sy that depends on the
phase-space variables (¢;,pi, ¢ = 1,2, ) and (4,74, @ = 1,2), and of two Lagrange
multipliers A; and A, ,

Su = f [pidi + maia — HO| dt, HO = B + 213,

1l 1 1
H[gl} = —2-71'5) + x17m0 + 5'})% + §q§ +qp2 + ArT1 + Af-‘pl .

One can see that the model has two primary constraints m; and p;. It is easy
to verify that a complete set of constraints can be chosen as y = (m,ms) and
@ = (4q1,42,p1,p2) - Here x are FCC and ¢ are SCC. Thus, the model is a gauge
one. The peculiarity of the model is that gauge symmetries of the action Sy have
gauge charges which must be constructed with the help of both FCC and SCC.

Example 2: Consider a Hamiltonian action Sy that depends on the
phase-space variables (gq,ps, @ = 1,2,) and (z,4,7,, @ = 1,2,3), and on a La-
grange multiplier X,

Su = / [Pa’éi + Tafa — Hm] dt, HY) = Hé” +V,V=qz2},

1 ’ 1 1 1
Hl'.(ll) A E (qf +pf) + 1o + T2y + 53’2% + iﬂg + E?T:;-) + Amy,
The model has one primary constraint m;. The peculiarity of the model is that
symmetries of the action Sy have charges that must depend on Lagrange multi-
pliers.

Example 3: Consider a Lagrangian action that depends on the coordi-
nates x,v, z,

S=%/[(i~y)2+(3‘;—z)2]dt.

One can easily see that the action is gauge invariant under the following transfor-
mations that include first and second-order time derivatives of the gauge param-
eters,

dx=v,dy=v,0z="0.
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