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Discrete group transforms on SU(2) x SU(2) and SU(3)

S. Grimm, F. Lemire, and J. Patera!

1 Introduction

From the point of view of this paper, the cosine transform [1, 21], which underlies
important recent applications such as JPEG, is just one of the discrete transforms
[7], which are based on certain discretizations of the simple Lie group SU(2) in one
dimension, on SU(2) x SU(2) in two dimensions, etc.. The traditional presentation
of cosine transform techniques has no need of group theory.

In this paper we develop the group theoretical foundation for transforms on the
compact semisimple Lie groups SU(2) x SU(2) and SU(3), following the general
reference [17]. Our goal is to show that the method is very versatile as to the
discretizations with various densities of grid points, that it is computationally
very efficient and easy-to-use.

Motivation for studying discrete Fourier-like methods stems from the fact that
numerical computation of various transforms is being widely implemented in prac-
tical science and industry. The need arises in general from two directions: The
first one is the processing of the large amounts of digital data which are being
collected today. The second one is the need for exceptionally fast versions of har-
monic analysis in many fields of science and technology. Generally known and
extensively used are the now traditional methods of the fast Fourier analysis and
the wavelet analysis using various types of wavelets [14]. Even if these methods are
continuous in principle, they require discretization for really fast implementation.

In this article we describe the basics of the 1- and 2- dimensional versions of
a very different and little known general multidimensional discrete transform [17]
based on compact semisimple Lie groups. It is particularly suitable in situations
where Fourier decompositions of similar type need to be performed with maximal
speed many times over. The key to the efficiency of this approach is that a large
body of auxiliary information (so called decomposition matrix for the problem)
can be computed in advance once and used in all subsequent calculations.

In the past the method has been used for problems of rather challenging but
theoretical interest. Thus the Fourier series in eight variables were computed,
involving representations of the largest exceptional simple Lie group Es [9, 12,
11, 16] for example to determine the decomposition of Eg plethysms ([11]). This
problem could not be solved by other means without a major new computational
effort and yet using the present method it is no different than any other Fourier
series problem.

Most recently new interest in the method arose in connection with the ‘good’
behaviour of its continuous extension [5, 3, 4, 2] , opening new possibilities for
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applications in image processing and data compression. In turn this motivated
further interest in the properties of the (continuous) expansion function which the
method uses [19, 18].

Although this multidimensional method is most advantageous in the high di-
mensional context because its effectiveness grows with the order of the Weyl group
of the underlying semisimple Lie group, we describe it in a ready-to-use form in
the two lowest dimensional cases SU(2) and SU(3), i.e. the two least advanta-
geous ones for the method, because of their practical importance and their relative
transparency.

In [17] a discrete computational algorithm is described for decomposing certain
class functions of an arbitrary semisimple compact Lie group G into sums of
irreducible characters, or equivalently into sums of orbit functions. The idea of
the method is to approximate the Lie group by a finite set of its discrete elements,
suitably chosen for the problem at hand, so that the integration over the group is
replaced by a discrete summation. The Fourier series must be finite, however, it
can be arbitrarily long. An orbit function is a sum of exponential functions (two or
one of them for SU(2); six, three or one for SU(3)) related by the requirement or
invariance under the Wey! group of the Lie group. The method is based on the use
of elements of finite order in G and has applications ranging from computations
in representation theory to signal processing.

From another perspective one may view this method as the Fourier expansion
of functions defined on the fundamental region of the corresponding affine Weyl
group. This region is known to be a simplex of the appropriate dimension. For
SU(2) this is just a finite segment of the real line, for SU(3), it is the equilateral
triangle, for other 2-dimensional cases these are triangles with angles {7, T, £}

A simple minded version of the method for SU(2) can be stated as follows.
Suppose there is a Fourier series with N terms equal to the function f(6), 0 <
@ < 7 and that the task is to determine the coefficients of the series.

In this paper we develop this method for thie Lie groups G = SU(2), SU(2) x
SU(2), and SU(3). Our objective is to effectively determine the decompositions
of class functions into linear combinations of orbit functions provided the class
functions are known, A priori, to have nonzero coefficients in some fixed finite
range. For most computational applications the functions may be assumed to
satisfy these conditions. The main feature of the method is the construction of a
decomposition matrix D, computed once and for all for a given range of functions.
The coefficients for a function in this range are then determined by a simple matrix
multiplication of D by a vector calculated by evaluating the function at certain
points in the fundmental region.
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2 Class Functions and Orbit Functions on SU(2)

The Lie group SU(2) can be realized as the group of all 2 x 2 complex unitary
matrices. A complex valued class function f on SU(2) is any map f : SU(2) — C
which is invariant under conjugation — i.e. f(C~'AC) = f(A) for all A,C €
SU(2). Let T denote the abelian subgroup of SU(2) consisting of all diagonal
elements in the defining representation,

8211-1'8 0
TZ{( 0 8—21159)‘05951}

Since every unitary matrix can be diagonalized by a unitary transformation, every
element of SU(2) is conjugate to an element of T. Consequently every class
function f on SU(2) is completely determined by its restriction to the subgroup
T. Moreover, we know that every element of SU(2) is conjugate to exactly one
element in the set

62171?9 0
F={(D e—2ui9)|0$9$1/2}cT

The set of special functions on SU(2), called trace functions or characters,
plays an important role. Consider for example z(f) € F. Then trz(d) =
2 cos(2mf) is a class function of SU(2) since tr{C~'z(8)C} = tr{z(6)}} for all
C € SU(2).

For every finite dimensional representation (p, V') of SU(2) the character func-
tion denoted by x, : SU(2) —» C is defined by x,(z) = tr p(z), where z € SU(2).
Clearly each character functiow is a class function. Let R = R(SU(2)) denote the
complex algebra generated by tie character functions of SU(2) where addition and
multiplication are derived from the formation of direct sums and tensor products
of representations. That is if (p1, V1) and (p2, V2) are finite dimensional represen-
tations of SU(2) then x,, + Xp» = Xp1@p2 a0d Xp, Xp2 = Xp1®p2- It is well known
that R has a linear basis consisting of the characters of all finite dimensional irre-
ducible representations. Thus every class function on SU(2) can be written as a
linear combination of irreducible characters.

Another basis for the space of class functions on SU(2), more suitable for
our purposes than the irreducible characters, consists of the orbit functions. With
each irreducible representation of a semisimple Lie group, in particular SU(2), one
associates a set of weights, linear integral combinations of the basis of fundamental
weights. (In physics the weights are the projections of angular momenta, taking
integer or half-odd values. In mathematics one prefers to work with twice the
angular momenta in order to avoid the non-integer values.) The set of weights of
a representation is a union of orbits of weights under the action of the Weyl group
W. In the SU(2) case, W has only two elements, W = (1, —1). Suppose w denotes
the single fundamental weight of SU(2), then an irreducible finite dimensional
representation of SU(2) is specified by a non-negative integer . The corresponding



202 S. Grimm, F. Lemire, and J. Patera

integer or half-odd values. In mathematics one prefers to work with twice the
angular momenta in order to avoid the non-integer values.) The set of weights of
a representation is a union of orbits of weights under the action of the Weyl group
W. In the SU(2) case, W has only two elements, W = (1, —1). Suppose w denotes
the single fundamental weight of SU(2), then an irreducible finite dimensional
representation of SU(2) is specified by a non-negative integer [. The corresponding
set Q(I) of all weights appearing in this representation contains [ + 1 weights:

Q) :={A=mw|me{-,-1+2,...,l}}
The W-orbit of an SU(2)-weight A = mw is the set

_ [ {\ =A% form #0
W'\*{{O}, form=0 |

For each weight A = mw, with m a non negative integer, we associate a function
®,, : [0, 3] — C called an orbit function defined by

- mimé | g=2mimd — g cos(2rmh) if m #0
& (0) = 2rip(z(0)) — ) ©
nlf)= ¥, ¢ i if m = 0

HEWA

It is well known that the set of all orbit functions on SU(2) forms a linear basis
for the algebra R of the class functions, i.e. every class function f of SU(2) can
be decomposed into the Fourier series,

f6) =Y ai®i(6)
=0

Our goal is to describe an efficient computational technique for determining
these coefficients a; in the case where it is known & priori that the function f is a
linear combination of finitely many orbit functions.

3 Elements of finite Order and Decomposition
matrices

For each positive integer N let Ty denote the set of all elements of T having
adjoint order N (the order in the adjoint representation) divides N. It is clear
(see [10] or [15] §4) that there are exactly N +1 conjugacy classes of such elements

namely
{IN,k= (e‘;w' 8_2&,5) Ik=0,1,...,N}

The order Cv . of the conjugacy class of the element zx  is given by

Cn v = lifk=0,N
Nk = 2 otherwise.
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We now define a sesquilinear form on R by setting for all f,g € R
(fLon =Y f(2)9(x)
z€TN
By taking advantage of the conjugacy structure in T we can reduce this form to

N
(f,90n =) Cnif(@np)g(@ni)
k=0

It is easily verified that the set of orbit functions Oy = {®x |k =0,--- , N} are
orthogonal with respect to the form (-,-)»y. In particular, for 0 < a,b < N we
have
<¢as (}b)N
(q’m @0>N
More precisely for O <a< Nand b>0

(®a, ®0)N = KN (a,5)2N (1)

- Jab-

where
ifa# +b (mod 2N)

0
1 ifa=b=0

4 ifa=N,b=nNforn>0
2 otherwise.

Kn ) =

Our proposed computational method for decomposing class functions as linear
combinations of orbit functions hinges on this orthogonality.

More precisely, if f € R with f = Zf:c ap®y then we can compute the
coefficients a; from the fact that

2Nay ifk=0
(f,®x)n =<8Nany ifk=N
4Na; otherwise.
This calculation can be formalized into a matrix multiplication as follows. Let
Dy = (D}?) denote the square N + 1 x N + 1 matrix whose (i, ;)" component
D}/ is given by
4 ifi=0
where K; =<1 ifi=N
2 otherwise.

— KiCj‘I’i(INJ)

D 8N

If we define v(N, f) = (f(z0),--- , f(zn))T. Then

agp
DN 1"(‘?\rs.f) =

an
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More generally, if P > N and f € R with f = Efzﬂ ax P then again forming
the vector v(N, f) = (f(zn,0), -, f(zn))T we have that the i** component of
Dy v(N, f) is equal to the sum of all coefficients of f with index equal to +i
(mod 2N).

In order to illustrate the concepts introduced in this section we consider a
simple example where N = 5. For convenience we set w = e¥,a primitive tenth
root of unity. The values of the first 10 orbit functions of SU(2) on the elements
z; = Ts,; € T5 are given

in the following table:

Ip Iy Iz I3 I4 Is
i 1 1 1 ] 1 1
P | 2 wHw? w4ed P4 w4 208
$ | 2 W4 W4t 4wt w2
$3 | 2 W4T Wt wHw? w4 e® 208
by | 2 w4t w4 w4t Wttt 2
®;, | 2 2w’ 2 2uw® 2 2w
$ | 2 wi+wt W4+ WPt w4t 2
$; | 2 PHw w4t wHw?! w4 2°
@ | 2 wHwd w4t w4t Wt 2
By | 2 wHw W+ P wt4w® 2P

2

2 2 2 2 2

It is easily verified that the orbit functions Os = {®, @1, P2, 3, P4, P5} are
orthogonal with respect to the form (-,-)5. In particular
(®1,®1)5 = 2-2 + 2(w 4 w?)? + 2(w? + w?)?
4+ 2(w® 4+ w")? + 2(w* + w2+ (2P =20=4 x5

and

(@1, 82)5 = 22+ 2(w + w°) (W? + wB) + 2(w? + w®)(W* + wb)
+ 2(w® 4+ w") (W + w8) + (2w°)(2) = 0.
The decomposition matrix Ds is given by

4 8 8 8 8 4
4 4w+ 4P +w®) 4P+ 4wt +wb) 4’
4 4(w? +wB) 4w +wb) 4w +wb) 4(w? +wb) 4
40 |4 4P +w") 4w +wb) dw+o®) 4 +wd) 4P
4 4(w'+wb) 4w +w®) 4(w?+w®) 4(wr+wb) 4
2 2(2wP) 2(2) 2(2w°) 202)  2(wf) 2

Now assume that f is a class function on SU(2) which is known to be a linear
combination of the orbit functions from the set @5. Assume further that we are
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given that
f(@o) =7 flz1)=1-w-u’ f(z3)=w"+wb
flxs) =1-w®—w" f(z4) =w?+w®and f(z5) =3

Then we determine the coefficients of the orbit functions in the decomposition of
f by applying Ds :

4 8 8 8 8 4 7 9 1

4 d(wtw?) 4(wi+w?) 4wi+w?) 4witw’) b l-w-—w 0
1 4 4(w?+w®) 4w +w®) Hwi4w®) 4w+’ 4 w + wh 1
40 | 44@°+07) 4w +w®) 4(w+e®) 4(w?+u®) 40® oy e Bl B

4 4(w*+w®) 4(P+w®) 4w +w®) Hwt+w®) 4 2 8

2 2(2w°) 2(2)  2(2w%) 2(2)  2(w®) 2 e ;“’ [1]

We conclude that f = &g + &5 + &3 + &4.

4 Decomposition of Class functions on SU(2) x
SU(2)

The decomposition of 1-dimensional class functions on SU(2) can easily be ex-
tended to 2-dimensional class functions in a trivial manner by using the compact
Lie group SU(2) x SU(2). The group G = SU(2) x SU(2) denotes the set of all
ordered pairs (A, B), with A, B € SU(2). Multiplication in SU(2) x SU(2) is de-
fined componentwise - i.e. if (4, B), (C, D) € SU(2) x SU(2) then (A4, B)(C, D) =
(AC,BD). Every element in G is conjugate to an element in the subgroup
Tsu(2)xsu(z) = T x T and from our previous results we have that every ele-
ment in G is conjugate to exactly one element in the set

e21rio5 0 e2‘m‘w 0 1
{(( 0 e~2m‘¢):( 0 emszw)) |05¢:¢<§}-

Clearly this set can be identified geometrically with a square and therefore the
complex valued class functions on SU(2) x SU(2) are in 1-1 correspondence with
the functions on the square

f :D — C.

The dominant weights A of G are given by the set of all functions A¢, ) =
awy +bw, (in short (a,b)), where a,b € Z2° and w; (resp. ws) are the fundamental
weights in first (resp. second) copy of SU(2). Further the Weyl Group of G is
simply the Cartesian product of the Weyl group of SU(2) with itself. Then we
associate with each dominant weight A(, ;) an orbit function ®(, ;) defined by

é(n,b) — eZWi(cu1+dwz] - @aq,b
(c,d)EW x W (a,b)
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where ®, and ®; are orbit functions (2) on the respective SU(2) components of
G. These orbit functions of G are known to be a basis for the space of all class
functions on G. As before the goal is to decompose a given class function on G
into a linear combination of orbit functions.

5 Decompositon of Class functions on SU(2) x
SU(2)

For any pair of positive integers IV and M, Ty x Ty is an abelian subgroup
of Tsy(z)xsu(z)- The conjugacy classes of elements in Ty x Tjs are in one-one
correspondence with the set

et 0 e 0
o (7 3) 5 )

where 0 < k < N,0 <1 < M. Further, for (znk,znm,;) we have -

Pop((zNkzM1) = Pa(Zn k) Po(Tar,)

- (ezﬂi%} % e—zm'%i) (ezm'ﬁ, T e—zm‘ﬁ,) , (a,b#0)

As in the case SU(2), we can now define a sesquilinear form on the space of all
class functions on G by setting

(fovm= Y. =y
(z,)ETNxThr
N-1M-1

=3 Y OnaCumaf(@n i, 2m)9@N ks Tard)-
k=1 I=

In particular if we apply this form to orbit functions we observe that

(@b @)V = Y. Pap(@9)®a)(z,Y)
(z,4)ETNn xTht

3 Y @) EEE)

I

z€Tn yeTM
=Y ¥ (x)8:(z) Y Bu(y)®aly)
z€TN yETN

= (‘I’n:q’C)N@’bs‘I’d)M
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Therefore, choosing integers a,b,c,d such that 0 < a < N, 0 < b < M, and
¢,d > 0, we obtain with (1)

(®(a,8)» Rre,a)) N M = KN (a,0) K pr,(b,0)4N M

where, K (a,c) and Ky (p,q) are defined in (1). It follows then that the orbit
functions in the set

Ony ={®up|0<a<N,0<b< M}
are orthogonal with respect to the form (-, -)n ar:
(®(a,b)s e,y v, =0 for R(ap) # c.a) € On, M-

Therefore, in analogy with the case of orbit functions on the group SU(2), if f is
an orbit function on G which is known a priori to be a linear combination of the
orbit functions in the set O ar then we can use the form (-,-)y as to determine
the coefficients of this decomposition. In fact this calculation can be formalized
into a matrix multiplication by a decomposition matrix Dy ar which is equal to
the tensor product of the decomposition matrices Dy and D s used to decompose
orbit functions on SU(2).

REMARK. It is clear that we can extend this technique to decompose n-dimen-
sional class functions on the compact Lie group consisting of the Cartesian product
of n copies of SU(2). In this case the class functions are identified with functions
on an n-dimensional cube — i.e. the fundamental region of the group SU(2) x
- x SU(2).

6 Class Functions and Orbit Functions on SU(3)

There exist 2 dimensional class functions defined on geometric regions correspond-
ing to the fundamental regions for each of the rank 2 compact Lie groups. In this
section we consider the class functions on the group SU(3) which consists of the
complex unitary 3 x 3 matrices. Again, since every unitary matrix can be diag-
onalized by a unitary transformation, it suffices to restrict the domain of class
functions on SU(3) to the diagonal matrices:

eZﬂiz 0 0
T:=40(z,y,2):=| 0 €% 0 ||z+y+2=0
0 0 e?rriz

(Note that (z,y,2) and (z + a,y + b,z + ¢), where a,b,c are integers with a +
b+ ¢ = 0, represent the same element in T.) Let ¢; = (1,-1,0) = T — 7 and
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as = (0,1, —1) = § — Z be the projections of (1,—1,0) and (0,1, —1) to the plane
defined by z + y + z = 0. Then
T = {aa; +baz |0< a,b< 1}
=~ {ao; + baz | -1 < (2a—0b),(2b—a),(a+b) <1}. (2)
Both are fundamental domains with respect to translations by the lattice gener-
ated by o; and ay. The latter being a regular hexagon centered at the origin.

This is shown in the following pictures, which are the projections onto the plane
defined by the equation z +y + z = 0:

o z ay

/
\,

Y

&l

o (23]

Two elements in T are conjugate, iff they differ by a permutation of their diag-
onal entries. Therefore the conjugacy classes in SU(3) are in 1-1 correspondence
with the points of

F={(z,y,2) €T |z 2y 22z},
and F can be visualized in the projection to the plane z +y +2=0:

aq
z

w2

<

Qg

Denote the verices of F' as in the above picture by w; = %(2&1 + ay) =7 and
Wy = %(al +2a3) =T+ 7. The w; and wy are the fundamental weights of SU(3).
Note that with the usual scalar product we have (w;, ;) = d;;. Then

F = {aw; +bwy |a,b >0, a+b <1}
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and a class function f : SU(3) — C can be identified with a function on the
(equilateral) triangle f : FF — C.

The Weyl group W of SU(3) can be seen as the group generated by the
reflections in the lines orthogonal to a; and as, i.e. the lines along w; and ws.
Then for any weight A = aw; + bw, the W orbit of A is given by

WA= {awl + bwq, —aw; + (a + b)u&, ((1 + b)W], — bws,
buwy — (a + b)wa, —(a. + b)wl + aws, —bwy — WQ}.

Recall the definition of the orbit function:

B, = Z 2N

REWA

where

62“'\(30’1 4 thQ) — e2ﬂi(a:+by}_

It follows then that the orbit function ®,; associated with the dominant
integral weight A = aw; + bw; is given by

P00 = 1

®(4,0) g2miows | 2mi(—awitaws) | o—2miaws

By = &P oM. 4. g Reiie

By = e2miawitbwa) | p2mi(—awrt(atb)ws) 4 p2mil(atbwr—bwa) |

e2rri(bu;—(a+b)w2}+62ﬂi[—{a+b)w1+nw1) +82ﬂi(—bw1——awz]

7 Decomposition of class functions on SU(3)

Let T denote the subgroup of T' containing all elements of adjoint order N.
Clearly Ty contains 3N? elements and the conjugacy classes of elements in T
are in 1-1 correspondence with the elements in

TN F = {—w, +-E—w2 €T |a,beZ2%a+b< N}.
N N

For computational purposes it is convenient to observe that the elements in Ty N F'
can be written in terms of the {oy,as} basis. In fact these elements exactly
correspond to the elements ca; +das where ¢,d € 355Z2% with c+d = 0 (mod 3),
2¢> dand 2d > c.

As before we use Ty to define a sesquilinear form on the set of all class functions
on SU(3). In fact, for any class functions f,g on SU(3) we define

(frov =Y flx)g(z)

rETN
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The key observation is that the set of orbit functions {®(,4) | 2,0 > 0,a+b <
N} is a maximal set of orthogonal functions with respect to this form. In fact,
for (a:b)a (C,d) € {(I,y) | T,y € ZZO;-’-‘: +y < N}

(®(a,8)> P(cia)) N

=4
By Bap)n  edhed

(a,b). As in the previous section then we can take advantage of these orthogonality
relations to compute the coefficients of a class function on the group SU(3). To
illustrate we present a simple example. Assume that N = 2. There are exactly 12
elements of adjoint order 2 and these can be collected into 6 conjugacy classes

1 1 1 1
zo = 0= (0,0), 7 = jwr = £(2,1), T2 = gw2 = £(1,2),
1 1 1 1 1
Ty =w) = 5(2,1), z4=§w1+—2-w2=-2—(1,1), Ts =wy = 5(1,2)

where we have listed the coordinates in the a-basis. The elements {zy, 3,25} are
central elements and hence their conjugacy classes have order one. The order of
the conjugacy classes for the elements {z;,z2,z4} is three. The following table
provides the values of the initial set of orbit functions on these elements:

Iy I T T3 T4 Ty
@00 | 1 1 1 1 1 1
Puo) | 3 wr+P 2w + w* 3wt -1 3uw?
@01 | 3 2w + w! w4+ 20° 3w -1 3!
(2,0) 3 3&\.’4 3w2 3&02 3 3&)4
®a1 | 6 -2 -2 6 -2 6
P2 | 3 3w? 3wt 3wt 3 3w?
$30) | 3 -1 -1 3 -1 3
P [ 203) 2w?+2w°) 2Qw+w?) 2(3w?) 2(-1) 2(3w?)
B2 | 20) 2w+w?) 2(w?+20%) 2(3w?) 2(-1) 2(3w!)
Po3 | 3 -1 -1 3 -1 3

where w = e8". Note also that

1
2@,0 =203 =320, 2@y =2%00, 202 =220,
By direct computation we find that

(®(0,0)> ®(0,0))2 = 12

(21,0, ®(1,0))2 =36 =3 x 12
(®(2,0), B(2,0))2 =108 =9 x 12
(‘b(l.l);q’(;,]))z =144 =12 x 12
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8 Eigenfunctions for the Neumann problem on an
equilateral triangle

The orbit functions of dominant integral weights on the compact Lie group SU(3)
are related directly to the eigenfunctions for the Neumann problem on an equi-
lateral triangle [20]. In fact the fundamental region of SU(3) with respect to
conjugation is the equilateral triangle

F ={aa, +baz |a,b>0;a+b<1}.

For each dominant integral weight p = mw; + nw, the associated orbit function
®, can be viewed as a complex valued function with domain F'. If we identify o,
and az with the vectors in the plane having rectangular coordinates (3/2, —/3/2)
and (0, v/3) respectively then in terms of rectangualr coordinates we have that

F={(z,)|0<y<zv3y <V3(1-2)}

The orbit function ®, can then be expressed in terms of rectangualar coordinates

a's .
B, (z,y) = Ci > eap (?{kx +J\/§y))

™ (kD)

where the sum is taken over the indices (k,1) € {(2m + n,£n),(n — m,£(m +
n)), —(2n +m),£m)}, and C,,, denotes the orbit size of the weight . By direct
calculation one can easily verify that ®, is an eigenfunction for the Neumann
problem on the equilateral triangle F' —ie. f = ®, satisfies

Af+AXf=0 on D

)
E-——D on 6D

with the eigenvalue \ = 169“2 (m? + n? + mn).

By comparing with [6, 20] we see that, in fact, the orbit functions associated
with the dominant integral weights of the compact Lie group SU(3) exactly coin-
cide with the solutions to the Neumann problem. It follows then that the problem
of decomposing a class function on SU(3) in terms of orbit functions is equiva-
lent to the decomposition of the class function in terms of eigenfunctions for the
Neumann problem on an equilateral triangular region in the plane.
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Figure 1: Dependence of the SU(2) x SU(2) orbit function ®, 3(z, y) on continuous
variables within —1.5 < 2,y < 1.5. Lighter color square indicates the fundamental
region of the group.

Figure 2: Dependence of the SU(3) orbit function @, ;1(z,y) on continuous vari-
ables within —1.5 < z,y < 1.5. Lighter color triangle indicates the fundamental
region of the group.

Figure 3: Real part of the orbit function R®; 3(x,y) within —-1.5 < z,y < 1.5.
Lighter color triangle indicates the fundamental region of the group.

Figure 4: Imaginary part of the orbit function S®; 3(z,y) within —1.5 < z,y <
1.5. Lighter color triangle indicates the fundamental region of the group.





