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An introduction to the Aubry-Mather theory

Andrey Biryuk and Diogo A. Gomes

Departamento de Matemaética and Center for Mathematical Analysis, Geometry and
Dynamical Systems, IST, Lisboa, Portugal

Abstract. This paper is a self-contained introduction to the Aubry-
Mather theory and its connections with the theory of viscosity solutions
of Hamilton-Jacobi equations. Our starting point is Mafie’s variational
approach using holonomic measures [Mn96]. We present the Legendre-
Fenchel-Rockafellar theorem from convex analysis and discuss the basic
theory of viscosity solutions of first order Hamilton-Jacobi equations.
We apply these tools to study the Aubry-Mather problem following the
ideas in [EGOI]. Finally, in the last section, we present a new proof of
the invariance under the Euler-Lagrange flow of the Mather measures
using ideas from calculus of variations.

1. Motivation and the statement of the problem

Let T¢ be the d-dimensional standard torus. Consider a Lagrangian
L(z,v), L : T x R? = R, smooth in both variables, strictly convex in the
velocity v, and coercive, that is,

lim inf M

= —+00.
|00 = |v]

The minimal action principle of classical mechanics asserts that the trajec-
tories x(t) of mechanical systems are critical points or minimizers of the
action

T
/ L(x,%)ds. (1)
0
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18 Andrey Biryuk and Diogo A. Gomes

These critical points are then solutions to the Kuler-Lagrange equations

d

@DUL(X,)'() — D, L(x,%) = 0. (2)
Mather’s problem is a relaxed version of this variational principle, and
consists in minimizing the action

/ L(z, v)du(z, v) (3)
Td x R4

among a suitable class of probability measures p(z,v). Originally, in [Mat91],
this minimization was performed over all measures invariant under the
Euler-Lagrange equations (2)). However, as realized by [Mn96], it is more
convenient to consider a larger class of measures, the holonomic measures.
It turns out that both problems are equivalent as any holonomic minimizing
measure is automatically invariant under the Euler-Lagrange equations. In
what follows, we will define this class of measures and provide the motiva-
tion for it.

Let x(t) be a trajectory on T?¢. Define a measure ul on T¢ x R? by

its action on test functions ¢ € C.(T¢ x RY), v (x,v), (continuous with
compact support) as follows:

T
(¥, py) = % /O P (x(t), %(t))dt.

If x(t) is globally Lipschitz, the family {ul}r~o has support contained
in a fixed compact set, and therefore is weakly-* compact. Consequently
one can extract a limit measure pux which encodes some of the asymptotic
properties of the trajectory x.

Let ¢ € CY(T%). For ¢(z,v) = v - Vo(z) we have

T % _ <
<¢,ux>=Tligo;/o % Vip(x)dt = lim a (T>)T%0( (0)

=0.

Let v(v) be a continuous function, v : R — R, such that inf 174£7|2| > 0,

and |vlli_r)noo 11(7'2‘ = 0o. A measure p in T*xR? is admissible if [14, pa 7(v)dp <
0o. An admissible measure x on T¢ x R? is called holonomic if for all

@ € CY(T%) we have
/ v-Vodu = 0. (4)
TdxRd

Mather’s problem consists in minimizing under all probability mea-
sures that satisfy . As pointed out before, however, this problem was
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An introduction to the Aubry-Mather theory 19

introduced by Maifie in [Mn96] in his study of Mather’s original problem
[Mat91].

Most of the results in this paper are not original or are small adapta-
tions of other proofs. The only relevant exception is the proof that any
holomonic minimizing measure is invariant under the Euler Lagrange flow,
which is original and relies on a simple calculus of variations argument: the
construction of holonomy preserving variations. This invariance result was
first established by Mane [Mn96] (which, in fact, was not a full proof but
was completed by J. Mather in [Mat]). Another proof was given by Fathi
and Siconolfi [FS04] using quite different ideas.

In the original approach by Mather [Mat91], instead of action minimiz-
ing holonomic measures, the problem was to find minimal action measures
invariant under the Euler-Lagrange flow. This approach has the obvious ad-
vantage that any such minimizing measure is automatically invariant under
the Euler-Lagrange flow. However, properties such as the graph theorem
are harder to prove and, furthermore, this approach does not generalize
easily to more general problems, as is the example of the stochastic Mather
problem studied in |[Gom02].

This paper is organized as follows: firstly, in section we establish
the existence of minimizing holonomic measures; in the next section we
present the proof of the classical Legendre-Fenchel-Rockafellar duality the-
orem which is an essential tool to understanding our problem; viscosity
solutions of Hamilton Jacobi equations are the subject of section [, where
we give a self contained presentation of the all the results that we will need;
next, in section [5] with the tools that were developed in the previous sec-
tions, we will compute the dual of Mather’s problem and identify its value;
then we, in section [6] we revisit the results from [EGOI] which establish
regularity for viscosity solutions of Hamilton-Jacobi equations; in section
we construct a special class of variations for measures that preserve the ho-
lonomy constraint and that will be needed in the last section to prove that
the Mather measures are invariant under the Euler-Lagrange dynamics.

2. Minimizing measures

In this section we prove the existence of minimizing holonomic measures
and establish that the minimizing measures are supported in a graph. The
existence result is due to Mane [Mn96]. The graph theorem in the original
formulation is due to Mather [Mat91].

By coercivity, we may assume that the Lagrangian L is positive and
separated away from zero by adding to it, if necessary, a suitable constant.
To be precise, we assume that L > 1. Set vy(v) = inf cpa L(z,v). Let M be

the set of signed o-finite Borel measures in T¢ x R? with finite vy-weighted
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20 Andrey Biryuk and Diogo A. Gomes

total variation, that is,

Mz{u el = v(v)d!u!<00}7
Td x R4

where p is a signed measure in T x R?
Recall, that the total variation measure |u| is defined as

ul(B) = sup > _ |u(E),
=1

where the supremum is taken over all (Borel) partitions {E£;} of the Borel
set E. By definition p is o-finite iff |y is.

Theorem 1. (Riesz representation) Let p € M, define F,, : Cj — R by
F.(f) = [ fdu. Then F, € (Cg)/ and the map p — F), is an isometric
isomorphism of M onto (Cg)/.

Proof. For v = 1 this is the standard Riesz representation theorem, see
[Con90l, Chpt 3, Thm 5.7]. The general case follows by an isometry Cy —
C{, given by the linear operator of multiplication by function f — fv. O

Applying the Riesz representation theorem, as stated in the previous
theorem, we see that the set M is the dual of the set CJ(T¢ x RY) of
continuous functions ¢ that satisfy

[¢lly = sup
TdxRd

¢' < 00, lim gb(x,v) —
¥ |00 Y(V)

We should recall the following fact that any sequence of measures such
that [14, s ¥d|in| is bounded admits a subsequence (still denoted by i)
which converges weakly, that is, there exists a measure u, such that for all

¢ € Cy we have
[, odun— [ oan
Td xRd TdxRd

In particular, since 1 € C, if each of the measures y, is a probability
measure (i.e. nonegative, with total mass equal to 1) then p is also a
probability measure.

Theorem 2. There exists a holonomic probability measure p on T% x R?
which minimizes

/ L(z,v)du(z,v).
Tdx R4
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An introduction to the Aubry-Mather theory 21

Proof. Consider a minimizing sequence of holonomic probability measures
tn. Clearly, the sequence dede L(x,v)duy, is bounded, and so is

Jpawga V(V)dpy. Therefore, through a subsequence, 1, converges in (C)’
to a measure y. The measure p is necessary a probability measure as each
of piy, is. Furthermore, for any ¢ € C*(T%), vD,¢(x) € Cj. Therefore

0= / vDyp(z)dp, — vDyp(z)du,
Td xR Td xR

and so u is holonomic. It remains to prove that it is minimizer. Let Ly(z,v)
be a sequence in Cj increasing pointwise to L. Then

TdxRd Td xR

inf > / Lidpu.
Tdx R4

Applying Fatou’s lemma to the right hand side of the previous inequality
yields the result. O

Therefore

Remark. Another proof will be given using the Fenchel-Legendre-Rockafellar
Theorem, Theorem [4]

Theorem 3. Any minimizing measure is supported in the closure of a
graph. That is, there exists a measurable function v : T* — R? such that

suppu € cl{z,v € T4 x R? : v = v(z)}.

Proof. Proof is given by contradiction. Let p(x,v) be a minimizing mea-
sure. Then, by the desintegration of measures result (slicing measures) in
[Eva90, p.14, Thm 10] there exists a probability measure 6 in T<¢ and for
f-almost every x there exists a probability measure 7(dv;x) in R? such
that du = 0(dz)n(dv;x). If p is supported on a graph then there exists a
function v(z) such that n(v;z) = dy(y)(v). Otherwise, define the function

v(x) in the following way

v(z) = /vn(dv;x).

Furthermore, define the measure 7(dv;z) = Jy(,)(v). Then, by the strict
convexity of the Lagrangian we have

/RdL(w,v)ﬁ(dv;x)</ L(z,v)n(dv; z),

R4
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22 Andrey Biryuk and Diogo A. Gomes

for all points z in which 7(dv;z) # n(dv;z). Therefore, by integrating
against 6, we conclude that

/ L(x,v)n(dv; z)0(dx) </ L(x,v)dpu.

Td xRd Td xRd

Finally, it remains to show that the measure dji = 7(dv;z)f(dx) is holo-
nomic. But this follows easily from the fact that

/ vDp(@)ii(dv; ) ‘S v(2) Do) ‘L / vDap(a)n(dv; ).
R4 Rd

O

Later we will prove that the function v(x) is uniformly continuous u-
almost everywhere (in fact Lipschitz) and so the closure of the graph is in
fact a graph.

3. Legendre-Fenchel-Rockafellar duality theorem

In this section, for the convenience of the reader, we give a proof of the
Legendre-Fenchel-Rockafellar duality Theorem which is based on the one
presented in [Vil03].

Let E be a locally convex topological vector space with dual E’. The
duality pairing between E and E’ is denoted by (-,-). Let h : E —
(=00, +0o0] be a convex function. The Legendre-Fenchel transform h* :
E’ — [—00,400] of h is defined by

h*(y) = Sug((%y) — h(z)),

S

for y € E'. In a similar way, if g : E — [—00, +00) is concave we define
“(y) = inf - .
9"(y) = inf ((z,9) - 9(x))

Theorem 4 (Fenchel-Legendre-Rockafellar). Let E be a locally convex
topological vector space over R with dual E'. Let h : E — (—o0,+o0]
be a convex function and g : E — [—00,4+00) a concave function. Then,
if there exists a point xo where both g and h are finite and at least one of
them is continuous,

min [h*(y) — g"(y)] = sup [g(z) — h(z)]. (5)
IS zeFE

Remark. It is part of the theorem that the infimum in the left-hand side
above is a minimum.
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An introduction to the Aubry-Mather theory 23

Proof. First we show the “>” inequality in . Recall that
inf [h*(y) —g" = inf —h — — .
ylgE,[ (v) — 9" ()] Jnf, sup [9(z1) — h(z2) — (y, 21 — 22)]

T1,22€F

By choosing 1 = x92 = x we conclude that
inf [2*(y) — g% (y)] = sup [g(z) — h(z)] .
yek z€E

The opposite inequality is more involved and requires the use of Hahn-
Banach’s theorem. Let

A= sup [g(x) — h(z)].

zeFE

If A = 400 there is nothing to prove, thus we may assume \ < +o0o. We
just need to show that there exists y € E’ such that for all z; and zo we
have

g(x1) = h(z2) — (y, 21 — w2) < A, (6)
since then, by taking the supremum over x; and z9 yields

h*(y) — 9" (y) < A

From A > g(x) — h(x) it follows g(x) < X + h(z). Hence the following
convex subsets of E x R:

Cl = {($1,t1) ceExR:t; < g(l’l)}

and
Cy = {(xg,tz) ceExR: A+ h(ﬂjg) < tQ}.
are disjoint. Let zg as in the statement of the theorem. We will assume
that g is continuous at x( (for the case in which h is the continuous function
the argument is similar). Since (x¢, g(z9) — 1) € C} and g is continuous at
xg, C1 has non empty interior. Therefore, see [KET75, Chpt 4, sect 14.5],
the sets C7 and C5 can be separated by a nonzero linear function, i.e., there
exists a nonzero vector z = (w,«) € E’ x R such that
inf (z,¢1) < sup (z,¢2),
c1€Cy c2€Cy
that is, for any 1 such that g(x1) > —oo and for any z2 s.t. h(zz) < +00
we have
(w,z1) + aty < (w,z2) + ata,
whenever t1 < g(z1) and A + h(z2) < ta.

Note that a can not be zero. Otherwise by using x2 = x¢ and taking
x1 in a neighborhood of xy where ¢ is finite we deduce that w is also
zero. Therefore a > 0, otherwise, by taking t; — —oo we would obtain a
contradiction. Dividing w by « and letting y = —<', we would obtain

—(y,21) + g9(21) < —(y, z2) + h(z2) + A

Séo Paulo J.Math.Sci. 4, 1 (2010),



24 Andrey Biryuk and Diogo A. Gomes

This is equivalent to @ and thus we completed the proof. [l

Remark. The condition of continuity at xg can be relaxed to the condi-
tion of “Gateaux continuity” or directional continuity, that is the function
t — f(xog + tz) is continuous at ¢ = 0 for any = € E. Here f stands for
either h or g.

4. Viscosity Solutions

In this section we present some basic results on viscosity solutions and
its connections with optimal control problems. Most of these results are
standard and can be found, for instance in [Eva9§|, [BCD97| or [FS93].

Let a@ > 0. The infinite horizon optimal control problem consists in
minimizing

0
uq(x) = inf / e L(x,x)ds, (7)

x:x(0)=z J _~o

among all globally Lipschitz trajectories x with initial condition x(0) =
x. Let T € R. A similar problem, the initial value problem, consists in
minimizing

t
Vi) = inf [ Llxids +o(x(-T)) (3)

for t > —T', among all globally Lipschitz trajectories x with initial condition
x(t) = z. Both problems will be useful in the sequel.

Proposition 5. For any a > 0 the function u,, satisfies the dynamic pro-
grammang principle, that is, for any T > 0,

Ua(z) = inf ( /0 eO‘SL(x,X)d8+6_aTua(x(T))). 9)

x:x(0)=x -7

Similarly, V' also satisfies

V(z,t) = inf </t~L(x,x)dt+V(x(—f),—ﬂ>, (10)

x:x(t)=z i

for all =T < —t<t.
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Proof. We will establish @, the proof of is similar. Clearly, for any
trajectory x(-),

0 0 =T
/ eaSL(x,X)ds:/ e L(x,x)dt —I—/ e* L(x,%)ds

—00 =T —00

0
:/ e*L(x,x)ds +
-7

0
e_aT/ e L(x(s —T),x(s —T))ds

—00

0

> / e®L(x,x)ds + e “Tuy(x(=T)).
-7

Thus by taking the infimum we obtain that

Uo(x) > inf ( /0 eo‘sL(x,X)ds+eO‘Tua(x(—T))>.

x:x(0)=z _T

To obtain the other inequality, fix z, fix € > 0 and consider a trajectory
x such that x(0) = z and

inf </0 easL(x,k)ds+eaTua(x(—T))> >

x:x(0)=z _T

0
/ e® L(x,%)ds + e Tuq(x(~T)) — e

-7
Let y be a trajectory such that y(0) = x(—7") and
0
ua(x(—T)) >/ e*L(y,y)ds — €.

Denote by z the concatenation of these two trajectories:
~x(t) itt>-T
2(t) = {y(t—l—T) if t < —T.
Then
0 0
U () < / e L(z,z)ds < / e L(z,z)ds + e *Tu, (z2(-T)) + e

—00 =T

0
< i(I(l)g </ e L(x,x)ds + e Ty, (X(—T))> + 2e.
X:X =T =T

Thus, by sending € — 0 we obtain the opposite inequality. U

Proposition 6. Both infima in proposition [5 are in fact minima.
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26 Andrey Biryuk and Diogo A. Gomes

Proof. This follows from the compactness of the torus and a standard cal-
culus of variations argument. O

We recall that the Hamiltonian H is the Legendre transform of L given
by

H(p,z) = sup(p- v — L(z,v)).
v
If L is strictly convex and coercive in v then so is H(p,x) as a function of
p. Furthermore, for p = D, L(x,v) we have
v=D,H(p,x), (11)

and

DyL(z,v) = —D,H(p, ). (12)
The proof of these identities can be found in [Eva98].

Proposition 7. Let p(z) be a smooth function with bounded first and sec-
ond deriwatives. Suppose o > 0. Denote by ®(x,t) the unique classical
solution to the time dependent Hamilton-Jacobi equation

®, + ad + H(Dy®,z) =0 (13)

on the time interval [—T,0], with initial data ®(z,—T) = p(x). This so-
lution exists for small time T, by the method of characteristics. Then, for
allt > =T,

' (x,t) = inf ( /t eo‘sL(x(s),X(s))dS—i—e_aTgp(x(—T))).

x:x(t)=x -T
Proof. Observe that for any Lipschitz trajectory x we have

e Bx(t). )+ Tlx(-T)) = = [ (e Bx(s). ) ds

t

_ /_ (B (x(s),) + e Dblx(s),5) - K+ €U (x(3),5) .

Adding ffT e L(x(s),x(s))ds + e ®(x(t), t) to the above equality and
taking the infimum over all trajectories x, we obtain

inf < / t e L(x(s),%(s))ds + e_aTgp(x(—T))> = P (x(t), t)+

x:x(t)=x -7
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t
inf (/ e®* (—a®(x(s), s) — Ps(x(s), s)) + e**(L(x(s),%(s))—

x:x(t)=x -T
D,®(x(s),s) - k)ds).
Now recall that —H (p,z) < L(x,v) — p - v, therefore

inf </ e L(x(s),%(s))ds + e_aTgp(x(—T))> > e (x(t), )+

x:x(t)=x _T
X:xig)f:x (/_T eo‘s(—o@(x(s), s) — ®s(x(s),s) — H(D,P(x(s), 3),X(s)))ds>

= D (x(t),1).

Now consider the trajectory x given by solving the following differential
equation
%(s) = DyH(Dy®(x(s), 5), x(s))
with initial condition x(t) = z. Then, since for v = D,H (p,z) we have
—H(p,z) = L(x,v) — p - v, we conclude that

inf < / t eo‘sL(x(s),k(s))ds—i—e_o‘T(p(x(—T))) < P (x(t), 1)+

x:x(t)=z _T

/t e’ (—o@(x(s), s) — ®s(x(s),s) — H(D,P(x(s), s),x(s)))ds =
T

e (x(t), 1),
which ends the proof. ([

In what follows n stands for d or d + 1. So we can treat both space and
time-space situation.

Let F: R"xRxR"™ — R, F(p, z,x), be a continuous function. A bounded
uniformly continuous function u is a viscosity solution to the Hamilton-
Jacobi equation

F(Du,u,x) =0, (14)
if for any C* function ¢ : R — R, ¢(z), and any point xy which lo-
cally maximizes (respectively minimizes) the difference u — ¢, the following
inequality holds:

F(Dg(z0), u(xo), z0) < 0 (resp. > 0). (15)

Note that for time dependent equations the definition also makes sense by
taking F/(DV,V,z) = =V, +aV + H(D,V, x).

By using the following trick we may assume without loss of generality
that the maximum or minimum in the definition are strict: if u — ¢ has

Séo Paulo J.Math.Sci. 4, 1 (2010),



28 Andrey Biryuk and Diogo A. Gomes

a maximum (resp. minimum) at a point zg then let ¢(x) = p(z) — |z —
zo|? (resp. +) then u — ¢ has a strict maximum (resp. minimum) at x,
furthermore the first derivative of ¢ agrees with the derivative of ¢ at x.

In fact, although the definition of viscosity solution requires C'*° test
functions ¢, the viscosity inequalities also hold for C' functions as the
next lemma shows.

Lemma 8. If u is a viscosity solution of then for any C' function
¢ : R" — R, ¢(x), and any point x¢ which is a strict local minimum
(respectively maximum) of the difference uw — ¢ the inequalities hold.

Proof. Let ne be a standard mollifier, and consider the function . = @ *n..
Since ¢, — ¢ uniformly as € — 0, for e sufficiently small there exists a
point z. which is a local minimum of u — ¢., and x. — z. By the viscosity

property

F(Dgc(ze),u(xe),xe) <0 (resp. > 0).
Since Dy, — Dy uniformly, by passing to the limit we have the desired
result. (Il

Before proceeding, we need to recall some definitions. The superdiffer-
ential D} )(x) of a function v at the point x is the set of values p € R"

such that
lim sup Y@+v) =) —p-v
[v|—0 v
Similarly, the subdifferential D1 (x) of 1 at the point x is the set of values

p such that
liming P& TV (@) —p-v
o] =0 [v]

<0.

> 0.

From this definition it follows that both D} (z) are convex sets (possibly
empty).

Proposition 9. If D,y (z), D ¢(x) # 0 then Dy ¢(x) = Divy(z) = {p},
a single point in R™, and v is differentiable at x with Dy = p. Conversely,
if 1 is differentiable at x then

D, (z) = Dfvp(z) = {Datp()}-

Proof. First we claim that if D;v¢(z) and D]+ (z) are both non-empty
they must coincide and have a single element denoted by p. Indeed, for any
p~ € Dyvp(x) and p* € Dfv(x)

o V) = @)

>0
0] =0 |v] -
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nsup L 0) = (@) —p* -

<0.
|v|—=0 ‘U‘

By subtraction we conclude

+ —
J— . v
lminf &PV
|0 ]
In particular, by choosing v = —e%, we get
~lp~™ =p"| >0,

which implies p~ = p™ = p. This (unique) element p satisfies

Y@+v) =) —p-v

|v] =0 |v]

=0,

and so D,y = p.

To prove the converse, we just have to observe that if v is differentiable
then we have ¢ (z +v) = ¢¥(x) + Dyy(x) - v + o(v). O

Proposition 10. Let ¢ be continuous. Then, if p € DI (xg) (resp. p €
D )(z0)) there exists a C function ¢ such that ¥(x) — ¢(x) has a strict
local mazimum (resp. minimum) at xo and p = Dyd(xg). Conversely,
if ¢ is a C' function such that (z) — ¢(z) has a local mazimum (resp.
minimum) at xo then p = Dyd(x) € DF(zo) (resp. Dy v(xg)).

Proof. By subtracting p - (z — zg) + ¥ (x0) to ¥ we may assume ¢ (xg) =0
and p = 0. By changing coordinates we can take xg = 0. Then 0 € D;+(0)

and so
lim sup ¥(z)

z—0 |$’
Hence there exists a continuous function p(x), with p(0) = 0 such that

() < fa]p(z).
Let n(r) = max|y<,{p(z)}. This function is continuous, non-decreasing
and 7(0) = 0. Define

<0.

2|z|
o(x) = / n(r)dr + .

z|
Note that ¢ is C! and ¢(0) = D,¢(0) = 0. Moreover, for = # 0,
2|x|

¥(@) — (x) < |zlp(x) - / n(r)dr — |2 < 0.

||

Thus ¢ — ¢ has a strict local maximum at 0.
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30 Andrey Biryuk and Diogo A. Gomes

Conversely, suppose 1(z) — ¢(x) has a local maximum at 0. Without
loss of generality we may assume ¥ (0) — ¢(0) = 0, and so ¢(0) = 0. Then
P(z) — ¢(x) <0 or equivalently

Y(x) <p-(x—x0) + (d(x) —p- (x — 20)).
Thus, by choosing p = D,¢(z¢), and using the fact that

by @) —p- (@ =)
T—xQ |$ — {L‘0|

=0,

we conclude that D,¢(zo) € D (zg). The case of a minimum is similar.
U

From the previous proposition we conclude that a function u is a viscosity
solution of F'(Du,u,z) = 0 if and only if for all z and any p € D u(x) (resp.
p € D™u(x)) we have F(p,u(z),x) <0 (resp. > 0).

Proposition 11. Let u be a viscosity solution of F(Du,u,x) =0. Then u
solves the equation at all points of differentiability.

Proof. 1t suffices to observe that at any point x of differentiability of wu,
by Proposition [9) {Du(z)} = D*u(z) = D u(z), and therefore by the
previous remark F(Du,u,x) = 0. O

Theorem 12. Let u, be the value function of the infinite horizon dis-
counted cost problem (7). Then uy is a viscosity solution to
auy + H(Dug,z) = 0.

Similarly, let V' be a solution to the initial value problem . Then V is a
viscosity solution of
Vi+ H(D,V,z)=0.

Proof. We present the proof only for the discounted cost infinite horizon as
the other case is similar, and we refer the reader to [Eva98], for instance.
Let ¢ : T = R, o(z), be a O function, and let zg € argmin(u, — ¢). By
adding a suitable constant to ¢ we may assume that u(xg) — ¢(zg) = 0,
and u(x) — p(z) > 0 at all other points.

We must show that
ap(o) + H(Dap(x0), 20) = 0,
that is, there exists v € R% such that
ap(xo) + v - Dyp(zo) — L(zo,v) > 0.
By contradiction assume that there exists 8 > 0 such that

ap(xo) + v - Dyp(xg) — L(xo,v) < —0,
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for all v. Because the mapping v + L is superlinear and ¢ is C*, there
exists a R > 0 and r > 0 such that for all € B, (z¢) and all v € B§(0) =

R?\ Bg(0) we have
0
ap(x) +v- Dyp(x) — L(z,v) < —3

By continuity, for some 0 < r < r; and all x € B,(x¢) we have

6
0p(e) + v Daplw) — Lz, v) < —,
for all v € Bg(0).
Therefore for any trajectory x with x(0) = xg and any 7" > 0 such that
the trajectory x stays near xo on [T, 0], i.e., x(t) € By(x¢) for t € [-T,0]
we have

e Tu(x(~T)) - u(zg) > e~ p(x(~T)) — ()

0
=~ [ et {aplx(®) + %(2) - Daplx() )t

-T
0 0 0
> / eatdt/ e L(x, X)dt.
2 J)-r -T

This yields

0 0 0
u(zg) < —2/ edt + / e L(x,%x)dt + e *Tu(x(=T))
-7 -T

Since the infimum in @ is, in fact, a minimum we can choose a time interval
[—T*,0] and a trajectory x* that minimizes @:

0
ul(wo) = / L e~ Tu(x*(~T")).

A minimizing trajectory on [—7*, 0] also minimizes on any sub interval: for
any T € (0,7*) we have

0
u(zg) = /T e L(x*, %) dt + e Tu(x*(=T)).

Taking T small enough we can insure that x* stays near z on [T, 0]. This
yields a contradiction.

Now consider zy € argmax(u, —¢). Again, by adding a suitable constant
to ¢ we may assume that u(xg) — ¢(zg) = 0, and u(x) — p(x) < 0 at all
other points.

‘We must show that
ap(xo) + H(Dzp(xo),20) <0,
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that is, for all v € R? we have
ap(xo) + v+ Dep(x0) — L(wo, v) < 0.

By contradiction assume that there exists # > 0 such that for some v
ap(xg) + U - Dyp(xo) — L(xo,0) > 0.

By continuity, for some r > 0 and all z € B, (x¢) we have

ap(z) + - Dyp(x) — L(x,v) > g

The trajectory x, with x(0) = x9, X = © stays near zq for t € [-T,0],
provided T" > 0 is sufficiently small. Therefore

e Tu(x(~T)) - u(zg) < e~ p(x(~T)) — (o)

0
_ /_ e (aploe(t) + (1) - Dapl(x(t) )t
0 0
< —2/ eo‘tdt—/ e L(x,%)dt.

-T -T
This yields

0 0
u(xg) > g/ etdt +/ e L(x,%)dt + e Tu(x(=T)).
-7 -7

But since by @

0
u(zg) < / e L(x,%)dt + e *Tu(x(~T)),
-T
1—e—oT

this yields the contradiction gi <0 with T"> 0. (]

(0%
Theorem 13. Let u, be a viscosity solution to
aug + H(Dug,z) = 0.
Then aug is uniformly bounded and ugy is Lipschitz, uniformly in a.
Proof. First let xps be the point where u,(z) has a global maximum, and

Ty, a point of global minimum. Then, by the viscosity property, i.e., the
definition of the viscosity solution, we have

aug(zprr) + H(0,20) <0,  aug(zm)+ H(0,2,) >0,
which yields that au, is uniformly bounded.

Now we establish the Lipschitz bound. Observe that if u, is Lipschitz,
then there exists M > 0 such that

Ua(z) — ualy) < Mlz —yl,
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for all z,y. By contradiction, assume that for every M > 0 there exists x
and y such that

o () — ualy) > Mlz —yl.
Let p(x) = ua(y) + M|z — y|. Then uy(xz) — p(x) has a maximum at some
point x # y. Therefore

aug () + H(Mé:z‘,x) <0,
which by the coercivity of H yields a contradiction if M is sufficiently
large. ([l

Theorem 14. (Stability theorem for viscosity solutions) Assume that for
a > 0 function u® is a viscosity solution for H*(u, Du,x) = 0. Let H* —
H uniformly on compact sets, and u® — u uniformly. Then u is a viscosity
solution for H(u, Du,z) = 0.

Proof. Suppose u — ¢ has a strict local maximum (resp. minimum) at a
point xg. Then there exists xz, — x such that u, — ¢ has a local maximum
(resp. minimum) at x,. Then

H(u*(zq), Do(x4),xa) <0 (resp. > 0).
Letting a — 0 finishes the proof. O

As demonstrated in context of homogenization of Hamilton-Jacobi equa-
tions, in the classic but unpublished paper by Lions, Papanicolaou and
Varadhan [LPV8S], it is possible to construct, using the previous result,
viscosity solutions to the stationary Hamilton-Jacobi equation

H(Du,z) = H. (16)
Theorem 15 (Lions, Papanicolao, Varadhan). There exists a number H
and a function u(x), Z¢ periodic in x, that solves (@ in the viscosity sense.

Proof. Since u,—min u,, is periodic, equicontinuous, and uniformly bounded,
it converges, up to subsequences, to a function u. Moreover u, < %, thus
aug converges uniformly, up to subsequences, to a constant, which we de-
note by —H. Then, the stability theorem for viscosity solutions, theorem
[[4], implies that w is a viscosity solution of

H(Du,x) = H.

Theorem 16. Let u: T — R be a viscosity solution to
H(Du,z) = C.

Then u is Lipschitz, and the Lipschitz constant does not depend on u.
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Proof. First observe that from the fact that © = v — 0 achieves maximum
and minimum in T¢ we have

min H(0,z) < C <max H(0, ).
z€Td z€Td

Then, it is enough to argue as in the proof of Theorem O
To establish uniqueness of viscosity solutions we need the following lemma:
Lemma 17. Let V be a viscosity solution of
Vi+ H(D,V,z)=0

in [-T,0] x R® and ¢ a C' function. If V — ¢ has a mazimum (resp.
minimum) at (zg,to) € R? x (=T,0] then

Pe(wo, to) + H(Dzd(z0,t0),20) <0 (resp. >0) at (zo,to).  (17)

REMARK: The important point is that the inequality is valid even for some
non-interior points (9 = 0).

Proof. Only the case ty = 0 requires proof since in the other case the max-
imum is interior and then the viscosity property (the definition of viscosity
solution) yields the inequality. Consider

~ €
b=¢-<.

Then V —q~5 has an interior local maximum at (x,t.) with ¢, < 0. Further-
more, (x,te) — (z9,0), as € — 0. At the point (z,t.) we have

¢t(x67te) + t% + H(Dx¢(x57t5)a xe) <0,

€
that is, since -5 > 0,

z
Qst(x()v 0) + H(D.I(b(x()? 0)7 IEO) S 0.
Analogously we obtain the opposite inequality, using ¢ = ¢ + g O

Next we prove the uniqueness of viscosity solutions:
Theorem 18 (Uniqueness). Suppose H satisfies
|H (p,z) — H(q,z)| < C(lp| + lal)lp — gl
|H(p,z) — H(p,y)| < Cle —y[(C + H(p,x))

Then the value function given by 1s the unique viscosity solution to the
Hamilton-Jacobi equation

Vi + H(D,V,z) = 0
that satisfies V(z, —T) = ¢(x).

Séo Paulo J.Math.Sci. 4, 1 (2010),



An introduction to the Aubry-Mather theory 35

Proof. Let V and V be two viscosity solutions with

sup V — V=0>0.
—T<t<0

For 0 < €, A < 1 we define

1
V(@ y,t5) =V (@, )=V (y, s)=At+s+2T) = 5 (lr—yl*+|t=s*) —e(|2*+]y[*).
When €, \ are sufficiently small we have

g
max¢($7y7t7 3) = ¢(xe,Aa ye,)\ate,/\a Se,/\) > 5

Since (e x, Yers ter, Sex) = (0,0, =T, —T'), and both V and V are bounded,
we have

24 jter —seaP < €

|Zex = Yer
and
e(Jzeal* + yenl?) < C.
From these estimates and the fact that V and V are continuous, it then
follows that

2 2
— t —
|x5,)\ y€7>‘| _{2— ’ €A SE’A| = 0(1)7

€
as € — 0.

Denote by w and @ the modulus of continuity of V' and V. Then
o ~
) SV(Zea,ter) = V(e Sen)
=V(@en ter) = V(@en, =T) + Vi(er, —T) = V(zer, —T)+

+ V(SL‘E’)\, _T) - ‘7(1’67}\, Se)\) + V(CCE’)\, 55,)\) - V(ye)\a 86,)\) <
< W(T + te,)\) + (:J(T + Se,)\) + @(0(6))

Therefore, if € is sufficiently small 7"+ t. > p > 0, uniformly in e.
Let ¢ be given by
A, ) = V(yer, sep) + AT+t + 502)+
1
+ 5z - Yerl? + 1t = seal®) + e(|z]* + |yeal*).
Then, the difference
V(l’, t) - gb(x? t)

achieves a maximum at (z¢x,te))-
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Similarly, for ¢ given by

O(y,s) = V(xzen, ten) — AT +tex +5)—
1
- ?(’xe,)\ - y‘Q + ‘te,)\ - 5|2) - 6(’*@6,)\|2 + |y‘2)7

the difference

V(yv S) - é(ya S)
has a minimum at (ye x, Se,z)-

Therefore

Gt(Tensten) + H(Dpp(Tensten), Ten) <0,
and

Gs(Yers Sen) + H(Dyd(Yers ser)s Yen) = 0.
Simplifying, we have

— Se,\

te,)\
A+ 2 5

Te X — Ye
+ H(272

g + 26’1"67A7 xe,/\) < 07

€
and
Se

oy —
_)\_|_267)‘727
€

From ([18)) we gather that

Te X — Ye X
2

+ H(2 — 2€Ye \, Yer) > 0.

— 1
H(2L2y“ + 2 n, Ten) < —A+ @‘
€ €

By subtracting (|18]) to we have

AT Yex

Le LTe X — Ye,\
20\ < H(QT — 26y6,)\,y€’)\) — H(Qi

2 + 26376,)\71'6,)\)

Te A — Ye

- 2€ye,)\a ye,)\) - H(QT - 2€ye,)\a xe,)\)

< H(2-r€,)\ _2 Ye,\

+ H(zxe,/\ — Ye\ Te X — Ye A
2
€

- 2€y6,)\7 xe,/\) - H(2 62
w J—
< (C+ TSI L g 0 ) oo — s

LTe X — Ye,\ 9
B — 4€Ye N

+Ce <‘2””€_2?“ + 2eze

—I—’Q

o(1l
s(<)+mﬂauA—%n+mA—&M»

€

when € — 0, which is a contradiction.
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A function u is semiconcave if there exists a constant C' such that
u(e +y) — 2u(@) + u(z - y) < Clyl*.
We assume that L(z,v) satisfies the following estimate
L(z+0y,v+ny)—2L(z,v)+ L(z—0y,v—ny) < (C+CL(z,v))(6?+n%) |(y2]12)

Proposition 19. Consider the solution V to the initial value problem .
Then V is semiconcave in x for each fixed time t.

Proof. We will do the proof for t = 0. Fix € > 0. Let x be a trajectory
such that

Ve, 2 [ Docids 4 1)~
Then we have 7(;

/ L(x,%x)ds < C,
for some constant uniformly l;gunded as € — 0.

Clearly
0
T
Viz+y,0) < / Lty Lt 4 Yyis 4 o(x(=T)).
T T T
Therefore

V(z+y,0) —2V(z,0) + V(zx —y,0) <

0
s+T .y . T+s . gy
e—l—/ Lx+y— %+ %) —2L(x,%x)+ L(x—y——,%x— =) <
7 T T T T

0
cu+ [ Lixidlyl < Clyf’
-T

O

Proposition 20. Let u be a viscosity solution of H(Dyu,z) =0. Then u
18 semiconcave.

Proof. Consider the Hamilton-Jacobi equation.
Vi+ H(DyV,z)=0 (22)

with V(x,—T) = u(z). Then V(x,t) = u(x) is a viscosity solution to ([22]).
By the uniqueness result for viscosity solutions we have that V = w is the
value function for the initial value problem with ¥ = u. But then the
previous proposition implies semiconcavity. ([l

Corollary 21. Let u : T' — R be a viscosity solution of . Then Du
satisfies the following jump condition: Dyu(x™) — Dyu(xz™) > 0.
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Proof. Since f(z) = u — C|z|? is concave, the derivative of f is decreasing.
This implies that f’ cannot have jump discontinuities upwards. ([l

Theorem 22. Let H be convex in p. Let u be a viscosity sub-solution of
H(Du,z) = C and let u® = u*n, be a standard smoothing. Then:

H(Duf(z),z) < C+ O(e), (23)
where O(€) = sup| 52| [za [ylne(y)dy.

Proof. Since the viscosity solutions of H(Du,z) = C are uniformly Lips-
chitz, we may assume for the purpose of this proof that %—g is bounded.

For any z € T? and any p,y € R? we have |H(p,z — y) — H(p,z)| <
|yl sup | D H|.

C> / ne(y) H(Du(z — y), x — y)dy > / ne(y) H(Du(x — ), 2)dy — O(e).

Now, Jensen’s inequality yields

/ ne(y) H(Du(x — y).2)dy > H([ (y) Dule — y)dy, ) = H(Du (z), ),
which completes the proof. ([

For the unbounded case, z € R? the problem H(Du,z) = C (might)
have a viscosity solution (or even a regular solution) for infinitely many C's.
Indeed, Let H(p) = |p|?, then for any P € R? the function u(z) = P -z
solves H(Du) = |P|?, i.e., C = | P|2. However for the case z € T¢ the above
number C' is unique. We will give an elementary proof of the uniqueness of
the number H.

Theorem 23. Let H be convex in p, Z%-periodic in x and %—IZ is bounded.

Let C be a real number, such that H(Du,z) = C has a viscosity solution
u. Then

C= inf sup H(Dy(z),z).
@:smooth zETd
Proof. Let u be a viscosity solution. Inequality implies

inf sup H(Dy(z),z) < C.
p:smooth ;. ~d

To show the opposite inequality we take any smooth function ¢(x). Due to
periodicity, the set of points where u — ¢ achieves a local minimum is non
empty. For example, one could consider a point of global minimum. Let
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z, be a local minimum point for v — ¢. The definition of viscosity solution
implies H(Dy(xy),x,) = C. Thus, for any smooth function ¢(x), we have

sup H(Dy(x),z) > C.
T
Taking infimum over ¢ completes the proof. O

The Theorem does not assert uniqueness of the viscosity solution u. In-
deed, as the next examples illustrate, such viscosity solutions are not unique
even up to constants, see for instance [Con95| for a detailed discussion and
additional examples.

Example 1. A simple example in which there is no uniqueness of solution
is the following: let ¢ : T — R be an arbitrary C' function, and consider
the Hamilton-Jacobi equation:

Du(Du — Dv) = 0.

Clearly this equation admits two solutions, v = 0 and u = % (modulo
constants). <

Example 2. Let P € R. Consider the Hamiltonian
_ [P +pf

2

For P = 0 this corresponds to a one-dimensional pendulum with mass and
length normalized to unity. We will look for explicit the solutions of

|P + Dyul?
2
Proposition 24. Any solution (u, H(P)) of satisfies
u(P,x) = / —P +s(y) \/2(F(P) + cos2my) dy + u(P,0),  (25)
0

where |s(y)| = 1, with H(P) =1 for |P| < % and

H?(p,z) — cos 2T,

— cos 2mx = H(P). (24)

1
P= :l:/ \/Q(W(P) + cos 2my) dy, (26)
0
otherwise.

Proof. For a.e. z € T!, the solution u(x) satisfies
(P + Dyu)?
2
This implies ﬁ(P) > 1 and so,

= H(P) + cos2mz.

Dyju=—-P+ \/2(F(P) + cos2mx), ae. x €R.
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Thus holds, for |s(y)| = 1.

By Corollary [21] the only possible discontinuities in the derivative of u
are the ones that satisfy D,u(z~) — Dyu(xt) > 0. Therefore s can change
sign from 1 to —1 at any point but jumps from —1 to 1 can happen only

when \/2(F(P) + cos2mx) = 0.

If we require 1-periodicity there are two cases:

(i) if H(P) > 1 the solution is C* since \/Q(F(P) + cos 2my) is never
zero. In this case P and F(Iﬁ satisfy . It is easy to check that
this equation has a solution H(P) whenever

1
|P| 2/ Vv 2(1 + cos 2my)dy,
0

that is, whenever |P| > 2.

(ii) Otherwise, when |P| < 47~!, H(P) = 1 and s() can have a dis-
continuity. Indeed, s(x) jumps from —1 to 1 when = = % + k, with
k € Z, and there is a point xg defined by the equation

1
/0 s(y)v/2(1 + cos 2my)dy = P,

in which s(z) jumps from 1 to —1.

O

This example also shows that does not have a unique solution. In-
deed, since cos 27z is also 2-periodic, we may look for 2-periodic solutions.
In this case we find out that for |P| small, there are two points in which
the derivative can be discontinuous and we can choose freely one of them
because the only constraint is periodicity. Note, however, that the value
of H is uniquely determined and is the same whether we look for 1 or 2

periodic solutions. <
5. Duality
Let
M+:{,uEM: duzl,uzo}
Td xRd

be the subset of the probability measures among all y-weighted (signed)
measures. In this section we show using Fenchel-Legendre-Rockafellar’s
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theorem that

inf  sup /(L(aj, v)—vVe)dp= sup inf /(L(:r, v) —oVe)dp.
HEMT eC1(Td) peCL(Td) peM
(27)

We define the set of holonomic measures as follows:

Miol = {ueM: v- Dyp(x)dp = 0, vgoecl(ﬂrd)}.

TdxRd

Consider the set

C= {d} € CJ(T% x RY) : ¢(x,v) = v - Dyp(x), for some ¢ € Cl(']l‘d)}.
(28)

We observe that

Mholz{ueM: bdu =0, vwec}.

Td xR
Since ¢ — vD,p is a linear mapping, C is a convex set. Using the fact that

inf /(L(m, v) —v - Vp)dp = min(L(z,v) —v- V),
peMF v

we observe that the R.H.S. of can be written as
sup  inf /(L(a:,v) —v- V(p)du = sup f(v),
©eC(Td) peM Y(z,v)
where f: Cg (T4 x RY) — R is given by
Fw) = {minx,v (Lz,v) +¥(x,0)), if¢eC,

—00, otherwise.
and we can further decompose f as f(v) = g(¢) — h(¢)), where
9(¥) = min(L(z, ) + (z,v)),
and

0, if ¢ eC,
400, otherwise.

o) ={

Proposition 25. The function h is conver. The function g is concave and
continuous.

Proof. Since C is a convex set, the function A is convex. The function g

is concave as it is the infimum of affine functions. It remains to show the
continuity of g.

Séo Paulo J.Math.Sci. 4, 1 (2010),



42 Andrey Biryuk and Diogo A. Gomes

Let ¢, — ¢ in CJ. Then ||¢,|ly and ||¢|, are uniformly bounded by
some constant C. The growth condition in v for the function L implies the
existence of R > 0 such that

min (L +v) = min (L + 1),
Td x R4 Tix Bgr

for all 4 in CJ(T% x R%) with |||, < C. Here By is the ball in R? of the
radius R centered at the origin. In Bpg, 1, — % uniformly, therefore

L n) — L
oin (L + ) — min (L + ).

Proposition 26. We have

N 0, ‘ € Mo
h(u):{ if hol

400 otherwise,

and

—00 otherwise.

_ ~ +

Proof. By Proposition the function h is convex. Therefore, using the
definition of the Legendre-Fenchel transform for convex functions and then
the definition of h we have

h*(p) = sup (/wdu h(¥ > —SUP/de
eCy (T4 xR%) el

If 1 € Mpo) then [tpdp =0, for all ¢ € C. Hence h*(p) = 0 if 4 € M.
If 11 & Mhyor then there exists ¢ € C such that [ ¢dp # 0. Thus

h*(u) = sup [ dp > sup of ¢dp = +oo.
pel acR

By Proposition [25( the function g is concave. Therefore, by the definition
of the Legendre-Fenchel transform for concave functions, we have

() = f d
9" (1) DT ey (/d) p—yg( )

First we prove that if x4 is not a non-negative measure then g*(u) = —occ.
Indeed, take 11 > 0 such that [41du < 0. Then, for ¢, = ny;, we have
J ndp — —o0o as n — oo. Observing that g(¢) is positive, if ¢) > 0 (since
L > 1), we have

g (p) < igf{/wndu - g(@bn)} = —o0.
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Now, and for the rest of the proof, assume that u > 0. We will show
that

g (1) < — / Ldu+  inf < / ¢du—minw> . (29)

$EC] (TAxRY)
Note that implies g*(u) < — [ Ldu by taking ¢ = 0.

To establish (29), let L, be a sequence of functions in Cj(T? x RY)
increasing pointwise to L. Any function ¢ in CJ(T¢ x R%) can be written
as ¢ =1 — Ly, for some 1 also in CJ(T¢ x R?). Thus

9" (p) = inf | (/w — Lyp)dp — g(v — Ln)> -

$HEC] (T4 xR

—/Lndu—i- inf </ dp — m1n(1/1+L L )>
heCy (T4 xR%)
Since L — L,, > 0 we obtain

“(n) < — [ Lnd f d
g (1) / u+¢ecwlrjlrded (/w = mln¢>

By the Monotone Convergence Theorem [ L,du — [ Ldp and we arrive at

29).
If [ Ldp = 400 then g*(u) = —oc. On the other hand, if [ du # 1 then

weogi(rﬂlrngd) </ dy — min¢> < Oilré]%a </ dp — 1> = —00,

by choosing 1 = «, constant. Thus, if the mass of p is not one, then
implies ¢g*(u) = —oo.

If [ Ldp < oo then adding and subtracting this term from the definition
of g* (1) we can write

g (p) =— / Ldp+  inf </(L +9)du — min(L + w>) :

$eC] (TAxRA)
Additionally, if [ d,u =1, then we have [(L + t)dp > min(L + ) for each
1. Therefore g*(u) > — de,u O

Observe that

inf (R*(p) —g" (1)) = inf /Ld,u = L.H.S. of .

peM HEMT N Myl
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We are now in position to apply the Legendre-Fenchel-Rockafellar duality
theorem with £ = Cj, E' = M and g and h as above. Applying it we arrive

at .

5.1. Closeness remarks. In this sub section we show that /\/lf, Mol
and C are not only convex sets, but also they are closed sets.

Proposition 27. Both /\/l;r and My are closed subsets of M. The set C
is closed in CJ(T¢ x R%),

Proof. The set Mf is the intersection of a cone of nonnegative measures
(which is closed) with a kernel of a linear continuous function on M. The set
Mol 18 an intersection of kernels of a family of linear continuous functions

on M.

Now we will prove that C is closed in Cj(T? x R?). Let ¢, (z,v) =
v-Vn(z) be a sequence in C, ¢, € C'(T?%). Assume that the sequence 1,
converges in C (T? x R?) to a function 1. We have to prove that there
is a function s, € C1(T%) such that

Yoo =V Vipoo - (30)
For any k=1,...,d and n € N define
fn,k(x) = %(3«",%)

where 0, is the unit vector in k** direction. We have Enk = a%kgon. The
sequence of the continuous vector fields

{gn,b gn,Q, cee 7£n,d}20:1

satisfies the following two properties:

(1) the vector field the integral over every closed loop in T¢ is zero for
any n (because &, , = a%k@n);
(2) it converges uniformly as n — oo.

Therefore the limit {§oo,1,800,2, -1 &c0,d} is a continuous vector field such
that the integral over every closed loop in T? is zero and e (z,v) = v -
£so(). Fix 29 € T The function

Poo(T) = / oo
o
is well defined, is C! and satisfies (30]). O

As a Corollary we have that h is a convex lower semicontinuous function.
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5.2. First application of duality. Using the fact that
sup /(v - Vo(z) — L(z,v))dp = supsup (v - Vo(z) — L(z,v)) =
MEMT T v

sup H(Vo(z),z),

inf /L(x,v)d,u(x,v) = inf sup /(L(x,v)—v-Vgo(x))du(x,v),

uEMfﬁMhol MG./\/ll+ p:smooth

and the fact that inf(—(...)) = —sup(...) we see that can be restated
as

inf /L(x,v)d,u(a:,v) = —infsup H(Vp(z), x) (31)
NGMTthol Y =z
Definition. H = —  inf [ L(z,v)du(z,v).
pEMTNMyo1

Theorem 28. C = H is the unique number, for which the equation
H(Du,z)=C (32)

admits a periodic viscosity solution.

Remark. Recall, however, that the viscosity solutions to (32| are not
unique, as was discussed in the previous section.

Proof. Apply Theorem [23| and . (]

Remark. The inequality sup, H(Dy(x),z) > H for any smooth function
@ is elementary. Indeed,

sup H(Dy(x),x) = sup H(Dy(x),x)du >
T w:prob Jx v

sup / H(Dy(x),z)du(z,v).

p:prob
holonomy

Using the inequality H(Dg(x),x) > v - Do(x) — L(z,v) we are done.
Remark. inf sup H(Dp(z),z) < H.

@:smooth 4

Take any viscosity solution u of H(Du,z) = H (it exists by Thm .
Let u® be, as before, a standard smoothing. Applying Theorem [22] above
we have H(Du(z),x) < H + o(e).

Theorem 29. The graph from Theorem[3 can be chosen to be bounded.
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46 Andrey Biryuk and Diogo A. Gomes

Proof. Let u = u(x) be a viscosity solution of H(Du,z) = H. From The-
orem [22| we have : Du€ is uniformly bounded for ¢ € (0, 1), that is there
exists K such that

|Duf| < K.
We also have L(z,v) —v - Du® > —H(Du(z),x) > —H — o(¢). Let u be a
minimizing measure. We have:

—H = /L(:p,v) —v-Dufdp > inf /L(:L’,’U) —v-Dufdp > —H — o(e).
peM

Let M = sup{|v| : L(x,v) —|v| K —max, L(x,0) < 0}, then v(x) is bounded

by M. Indeed, assuming the contrary we have, that some positive mass of

the measure p is in {z,v : [v| > M + 6}. If we collapse (project) this part

of measure to v = 0, then we obtain loss in action which is separated away

from zero, and would be large than o(e), provided e is small enough. ([

6. Regularity

In this section we present (with small adaptations) the regularity results
for viscosity solutions in the support of the Mather measures by [EGOI].
We should point out that the proofs of Theorems presented here
appeared in [EGO01]. For the setting of this survey, we had to add an
elementary lemma, Lemma [30] for the presentation to be self-contained, as
our definition of Mather measures differs from the one used in [EGO1].

Lemma 30. Let p be a minimizing holonomic measure. Then

/ Dy L(z,v)dp = 0.
T4 xR

Proof. Let h € RY, consider the measure pj, on T? x R? given by
/ ¢z, v)dpn = / ¢(x + h,v)dp,
Td xR Td xR

for all continuous and compactly supported function ¢ : T¢ x R¢ — R.
Clearly, for every h, pp is holonomic. Since p is minimizing, it follows

d
— [ L h,v)d =
5 | L@ +eh,v)du i 0,
that is,
/ D, L(z,v)hdp = 0.
Tdx R4
Since h € R is arbitrary, the statement of the Lemma follows. (I
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It will be convenient to define the measure i on T¢ x R% as the push
forward measure of the measure p with respect to the one to one map
(v,x) — (p,x), where p = D, L(v, x). In other words we define the measure

fion T¢ x RY to be
[, o= [ o DL o)
TdxRe Tdx R4
We also define projection fi in T of a measure p in T¢ x R? as
[ e@in@) = [ s@datev).
Td Tdx R4
Note that, in similar way, [ is also the projection of the measure ji. Observe

that for any smooth function ¢(x) we have that f satisfies the following
version of the holonomy condition:

/ Dy H(p, ) Daip(a)dji = 0,
Td x R4

because we can use identity if p= Dy(z,v).

Theorem 31. Let u be any viscosity solution of , and let © be any
minimizing holonomic measure. Then fi-almost everywhere, Dyu(z) exists
and p = Dyu(x), fi-almost everywhere.

Proof. Let u be any viscosity solution of . Let 1. be a standard mollifier,
u® = ne * u. By strict uniform convexity there exists v > 0 such that for
any p,q € R? and any z € T? we have

i
H(p,z) > H(g,x) + DyH (g, 2)(p — @) + 5 |p — al*
By Theorem any viscosity solution of , and in particular u, is Lip-

schitz.

Recall that, by Rademacher’s theorem [Eva98], a locally Lipschitz func-
tion is differentiable Lebesgue almost everywhere. Using p = D,u(y) and
q = Dyu(z), conclude that for every point = and for Lebesgue almost every
point y:

H(Dyu(y),z) > H(Dyu(z),x) + DpH(Dyu(z), z)(Dyu(y) — Dyut(z)) +

21D (2) = Dau(y)[
Multiplying the previous identity by n.(x —y) and integrating over R? in y
yields

(D)) + 5 | o = 9)|Dou(@) = Douty)Pdy <
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48 Andrey Biryuk and Diogo A. Gomes

/Rd ne(z — y)H(Dgu(y), z)dy < H + O(e).
Let

Bua) = 3 | ne = n)IDou(@) = Doty .

Now observe that

Z Dy () — p|2dji <
2 TdX]Rd

/EdXRd [H(D$u5<1‘),$) — H(p, x) — DpH(p,HJ)(DmuE(g;) _p)] dii <

/ H(Dyu(z),r)di — H,
TdxRd
because

/ D,H(x,p)Dyu(x) =0,
TdxRd

and
pDyH (z,p) — H(z,p) = L(z, DpH (z,p)),
and [14, pa L(z, DyH (x,p))dfi = —H. Therefore,

gl . , )
Q/deRd | Deuf(x) — pl“dp + /Td Be(z)dii < O(e).

Thus, for p-almost every point x, Bc(z) — 0. Therefore, f-almost every
point is a point of approximate continuity of Dyu (see [EG92], p. 49).
Since u is semiconcave (Proposition , it is differentiable at points of
approximate continuity. Furthermore

D u® — Dyu
pointwise, fi-almost everywhere, and so D,u is i measurable. Also we have
p = Du(z), [ — almost everywhere.
O

By looking at the proof the previous theorem we can also state the fol-
lowing useful result:

Corollary 32. Let n. be a standard mollifier, u® = ne x u. Then
/ |Duf — Dyul?di < Ce,
Td
as € = 0.

As a Corollary we formulate an equivalent form of Theorem
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Corollary 33. Let u be any viscosity solution of , and let v be any
minimizing holonomic measure. Then p-almost everywhere, Dyu(z) exists
and

D,L(v,z) = Dyu(z) w — almost everywhere. (33)

and
D,L(v,x) = —D,H(Dyu(x), ) [ — almost everywhere. (34)
Proof. First we observe that the measure i is the push forward measure of

the measure p with respect to the one to one map (v,z) — (p,x), where
p = DyL(v,z). Therefore an i — almost everywhere identity

Fi(p,z) = Fy(p,x) (p, x)-ii almost everywhere
implies the p — almost everywhere identity
Fy(DyL(v,x),x) = Fo(DyL(v, x), x) (v, x)-p almost everywhere.
Thus follows directly from Theorem

Using and the identity D, L(v,x) = —D,H(D,L(v,x),x), we arrive
at . ]

We observe that from the previous corollary it also follows

D,H(Dy,z)Dyudfi = 0.
Td

Indeed,

D,H(Dyu,x)Dyudp = /DpH(Dx,a:)Dwuedﬁ +
Td Td

/ DpH(Dyu,z) (Dyu — Dyuf) dji.
Td

We have
/ D,H(Dy,z)Dyudp = 0.
Td

To handle the second term, fix § > 0. Then

D,H(Dyu, ) (Dyu — Dyuf)

< § | |DyH(Dyu,z)|*dp +
Td Td

1
/|@m—awﬁm.
5'[rd

Note that since u is Lipschitz the term D,H (D,u,x) is bounded, and so is
Jpa |DpH (Dyu, z)|*dfi. Send € — 0, and then let § — 0.
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Theorem 34. Let u be any viscosity solution of , and let p be any
minimizing holonomic measure. Then

/11‘d |Dyu(z + h) — Dyu(z)?dp < C|hJ%

Proof. Applying Theorem [22| we have
H(Dyu(z + h),z +h) < H + Ce.

By Theorem the derivative Dyu(x) exists g almost everywhere. By
proposition viscosity solution satisfies equation in classical sense
at all points of differentiability. Thus H(D,u(z),z) = H for ji almost all
points z. Now observe that

Ce > H(Dyu(x + h),x + h) — H(Dyu(z), x)
= H(Dyu(x + h),x+h) — H(Dzu(z 4+ h),z) + H(Dyu(x + h),z)—
H(Dyu(x),x)
The term
H(Dyuf(z+ h),x+h) — H(Dzu(x + h),z) =
D H(Dyu(z + h),z)h + O(h?) =
D,H(Dyu(z), z)h + O(h* + h|Dyus(x + h) — Dyu(z)|) >
Dy H(Dyu(z), z)h + O(h%) — %|Dxu€(x +h) — Dyu(z).
Therefore, for i almost every x, we have
H(Dyuf(x + h),xz) — H(Dyu,z) < Ce— D, H(Dyu(z),z)h +
%\Dxue(m +h) — Dyu(z)? + Ch2.
Since
H(Dyu®(xz + h),xz) — H(Dyu,z) > %]Dxue(:v + h) — Dyu(z))® +
D,H(Dyu, z)(Dyu(x + h) — Dyu(x))
we have
Z/|Dxu€(x + 1) — Dyu(z)2di < Ce+ Clh)* — /DmH(Dwu(x),x)hdﬁ.
By and Lemma [30[ it follows

/DmH(Dxu(ac), x)hdp = —/DxL(v,x)hdu =0.
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As € — 0, through a suitable subsequence (since Dyu(x + h) is bounded
in L%), we may assume that Dyu(z + h) — £(z) in L%, for some function
¢ e L%, and

/|§ — Dyul?di < Ch)>.

Finally, we claim that {(z) = D,u(z + h) for g almost all 2. This fol-
lows from Theorem [31] and the fact that for i almost all z we have £(z) €
D7 u(xz + h), where Dy stands for the subdifferential. To see this, ob-
serve that by Proposition 20| u is semiconcave, therefore u¢ are uniformly
semiconcave, that is

u(y+h) <u(x+h)+ Dyu(z+ h)(y —x)+ Cly — a:|2,

where C' is independent of e. Fixing y and integrating against a non-
negative function p(z) € L%L yields

[, 0w+ ) = o 1) = Do+ 1)y = ) = Cly = o) (@) < 0
T

By passing to the limit we have that

u(y+h) < u(z+h)+E&(z)(y—z)+Cly—z| for all y and fi-almost all x,
that is, £(z) € Dy u(x + h) for fi-almost all z. O

Lemma 35. Let u be any wviscosity solution of , and let p be any

manimizing holonomic measure. Let 1 : T x R — R be a smooth function.
Then

” D,H(Dyu,x)Dy [(z,u(z))] dip =0

Proof. Clearly we have

» Dp,H(Dyu,z)Dy [¢p(x,u(x))] dp = 0.

By the uniform convergence of u€ to u, and L/% convergence of D uc to D u,
see Corollary [32] we get the result. O

Theorem 36. Let u be any viscosity solution of , and let p be any
minimizing holonomic measure. Then, for fi almost every x and all h € RY,

lu(x + h) — 2u(z) +u(z — h)| < C|h>

Proof. Let h # 0 and define
a(x) = u(z + h), u(z) = u(z — h).
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Consider the mollified functions €, 1€, where we take
0 < e < n|h|?, (35)
for small n > 0. We have
H(Du,z +h) < H + Ce, H(Duf,x —h) < H + Ce.

For j[i-almost every point x, (for which Du(x) exists and therefore
H(Du(z),r) = H) we have

H(Du,x) —2H(Du,x) + H(D4, z) <
2Ce + H(Di, x) — H(D@, x + h) + H(Da¢, x) — H(DaS, x — h).
Hence
%(]fo — Dul? + |Di€ — Du|?) + D,H(Du, z) - (Di€ — 2Du + Dic)
< C(e+|h?) + (D H(Duf, x) — D H(Dic, x)) - h.
Using the inequality

0%H
Opox

)

(D H (p,2)~De H(g,2)) 4] < | " Jnf?

2H
Ip— gl Ih| < Flp—a*+1 | 24

92H
where H opor

=sup sup , we arrive at

P |z|=1,lh|=1 i)

2H
Zjhi%@% x)

%(|Dﬂ€ — Du|? + | Di* — Du|?) + D,H(Du, z) - (Di€ — 2Du + Di) <
Cle + |hf2).

Fix now a smooth, nondecreasing, function ® : R — R, and write ¢ :=

@' > 0. Multiply the last inequality above by ¢ (W), and integrate
with respect to fi:
u¢ — 2u + u¢

v ~€ 2 ~€ 2 =
? [ D = DuP +1Di — Du)e (W) di  (36)

+ [ D,H(Du,x)- (Dua® —2Du+ Duf)p(---) dpp
Td

<c<e+|h|2>/w¢<m>du.

Now the second term on the left hand side of equals
7€ — 2 ~€
[ [ oo (SRS e
Rt JT¢ ||
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and thus, by Lemma [35|it vanishes. So now dropping the above term from
and rewriting, we deduce

DU (i + h) — Du(z — h)[%6 (ue(x +h) —2u(z) + u(x — h)) i

Td |h|?
(38)
< Cle+ |h?) /Td s (ue(aH— h) — 2‘12(‘.225) +uf(z — h)) di.

We confront now a technical problem, as (38]) entails a mixture of first-
order difference quotients for Du® and second-order difference quotients for
u, u¢. We can however relate these expressions, since u is semiconcave.

To see this, first of all define
E. = {z € supp(p) | u(z 4+ h) — 2u(x) + u(z — h) < —k|h|?},  (39)

the large constant x > 0 to be fixed below. The functions

a(x) = u(@) = Slal’, @ () = u'(a) = o (40)
are concave. Also a point x € supp(iz) belongs to E if and only if
a(z + h) — 2a(z) + @ (z — h) < —(k + a)|h|%. (41)
Set
fe(s) :=a" (m + S|Z|) (—|h| < s < |R)). (42)

Then f is concave, and

u (x4 h) = 2u(x) + u(z — h) = f(|h]) = 2f(0) + f(=|hl)
Al

= [ V(@) (|hl —|s]) ds

—|h|

|h| 1" 1"
> |h f€ (s)ds (since f¢ <0)
—|hl

= Bl [£< () = £ (~In)]
= (Du‘(x + h) — Da(x — h)) - h.
Consequently, if x € E., this inequality and together imply
206 (z) — a(z)| + |Dac(x + h) — Dac(x — h)||h| > (k + a)|h|?.
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Now |u(z) — u(z)| < Ce on T¢, since u is Lipschitz continuous. We may
therefore take 1 in (35]) small enough to deduce from the foregoing that

|Da(w + h) - Dac(z — b)| > (5 +a)lh. (43)

But then
|Du(z + h) — Duf(z — h)| > (g —a)lh|. (44)

Return now to (38). Taking x > 2« and
1 if2<—x«
0(z) = {0 if z > —k.

The inequality (38) was derived for smooth functions ¢. However, by re-
placing ¢ in by a sequence ¢,, of smooth functions increasing pointwise
to ¢, and using the monotone convergence theorem, we conclude that
holds for this function ¢. Then we discover from that

(5 = @) hPR(E) < Cle+ IR(E.).

We fix k so large that

(7 —a)P?>C+1,

K
2
to deduce
(Inf? - COn(E,) < 0.
Thus f(Ee) =0if n in is small enough, and this means
u(z 4 h) — 2u(z) + u(z — h) > —k|h|?
for j-almost every point z. Now let ¢ — O:
u(x + h) — 2u(x) + u(z — h) > —xlh|?
p-almost everywhere Since
u(z + h) — 2u(z) + u(z — h) < alhl?
owing to the semiconcavity, we have
lu(z + h) — 2u(z) + u(x — h)| < C|h|?
for fi-almost every point z. As u is continuous, the same inequality obtains

for all x € supp(f). O

Now we state and prove the main result of this section.
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Theorem 37. Let u be any viscosity solution of , and let p be any
minimizing holonomic measure. Then for fi-almost every x, Dyu(x) exists
and for Lebesgue almost every y

[ Dau(x) = Deu(y)| < Clz —yl. (45)
Proof. First we show that
lu(y) — u(@) = (y — x) - Dyu(z)| < Cle - yf>. (46)
Fix y € R% and take any point x € supp(ji) at which u is differentiable.
According to Theorem [36) with h :=y — z, we have

lu(y) — 2u(@) +u(2z — y)| < Cle - yf>. (47)
By semiconcavity, we have
u(y) —u(z) — Du(z) - (y — x) < Cle -yl (48)
and also
u(2x —y) — u(z) — Du(z) - 2z —y — z) < Clz —y|°. (49)
Use in :

u(y) — u(z) — Du(z) - (y — x) = —Cla — y|*.

This and establish .

Estimate follows from , as follows. Take x,y as above. Let z be
a point to be selected later, with |z — z| < 2|z — y|. The semiconcavity of
u implies that

u(z) < u(y) + Duly) - (z —y) + Clz — yI*. (50)

Also,

u(z) = u(x) + Du(x) - (z —x) + O(|z — 2]2),

u(y) = u(x) + Du(z) - (y — z) + O(|z — y[*),
according to . Insert these indentities into and simplify:

(Du(z) — Du(y)) - (z —y) < Clz —y|*.

Now take
Du(z) — Du(y)
|Du(z) — Du(y)|

zi=y+|z—yl

to deduce (45)).

Now take any point x € supp(i), and fix y. There exist points xj €
supp(ft) (k = 1,...) such that zx — = and wu is differentiable at xp. Ac-
cording to estimate

u(y) — u(zr) — Du(ay) - (y — o) < Clag —yl* (k=1,...).
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The constant C' does not depend on k or y. Now let & — oco. Owing to
we see that {Du(xy)} converges to some vector 7, for which

lu(y) —u(x) —n- (y — )| < Cla —y|*.
Consequently u is differentiable at = and Du(z) = 7. O

It follows from Theorem [37] that function v defined by Theorem [3 is
Lipschitz on a set of full measure . Indeed, by substituting the L.H.S. and

the R.H.S. of into H,(p,x) = Hp(p,z) in place of p’s and using

we have

v(z) = DpyH(Du(x),xz) [ almost everywhere.
We can then extend v as a Lipschitz function to the support of u, which is
contained in the closure of this set of full measure. Note that any Lipschitz
function ¢ defined on a closed set K can be extended to a globally defined

Lipschitz function ¢ in the following way: without loss of generality assume
that Lip(p) = 1; define

o(r) = ylgf{ o(y) + 2d(z,y).

An easy exercise then shows that ¢ = ¢ in K and that ¢ is Lipschitz.
Therefore we may assume that v is globally defined and Lipschitz.

7. Holonomy variations

In this section we study a class of variations that preserve the holonomy
constraint. These variations will be used in the last section of this paper
to establish the invariance under the Euler-Lagrange flow of minimizing
holonomic measures.

Let &£ : T9 — R?, £(z) be a C! vector field on T?. Let ®(¢,x) be the flow
by &, i.e.,

®(0,2) =z, and %@(t,x) =£(D(t, ).

Consider the prolongation of ¢ to T¢ x R?, which is the vector field on
T x R? given by

. . 0
el 0) = E(a), in(r,0) = viok (). 61)
Lemma 38. The flow of s given by
Xi(t,z,v) = Okt x), Vi(t,z,v) = vsgik(tja:). (52)
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Proof. Since the X-part of the flow coincides with the ®-flow, it only re-
mains to show that

V(0,z,v) =v, and %V(t,m,v) = ’[)(X(t,x,v), V(t,x,v)).

The first statement (V(0,z,v) = v) is clear since the map x — ®(0,z) is
the identity map. The second statement can be rewritten as

433
ox;

gtV (t,z,v) = Vi(t,z,v)

D(t, )

A simple computations yields

GiVi(t,v) = sl (F (6 2))= vgh (6(®(t,0)) ) =

@4
Vg ggk g = Vi(t,z,v) ggk ,
Vil (t,z) 5 lt.) Tl t,2)
which is the desired identity. ([

For any real number ¢ and any function ¢ (x,v), define a new function
iy as follows

U (z,v) = ¢(X(t,:c, v), V(t,x,v)). (53)
Thus the flow generates the flow on space of functions 1 (z,v) given
by .
Lemma 39. The set C, defined in , is invariant under the flow given

by .

Proof. Let g € C*(T?) be such that v (z,v) = via%l_g(@. Let g; denote the

flow by ® of the function g, i.e., g¢:(z) = g(®(¢,z)). We claim that for any
real number ¢ we have

0
Yi(w,v) = Uz‘aixigt(%)a
where 1, is given by . Indeed,

0 0 od
U(x,v) = Vi(t, x ’U)ag = 83:9 axk =
’fX(t,m Flo(t,a) 7 litz)
0 0
%87563 (g(q)(ta x))) = Usaixsgt(x),
and so the Lemma is proven. (I
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The flow on functions generates the flow on measures: (¢, ) —

where
[ wau = [ i (54)

Lemma 40. The flow preserves the holonomy constraint.

Proof. Let p be a holonomic measure. We have to prove that pu; is also a
holonomic, i.e., [tdu, =0 for any ¢ € C. This is clear since the flow
preserves the set C. O

Theorem 41. Let pu be a minimizing measure for the action , subject

to the holonomy constraint. Then for any C' vector field ¢ : T — R¢ we
have

oL oL 4

et — e Eedu = 0. 55

al’sé + avs Uk 8Ik€ :LL ( )
Proof. Let u; be the flow generated from p by . Relation expesses
the fact %(f L(m,v)dut)‘t_o =0. O

8. Invariance

In this section we present a new proof of the invariance under the Euler-
Lagrange flow of minimal holonomic measures.

Lemma 42. Let 4 be a measure on a manifold M. Let x be a smooth vector
field on M. The measure u is invariant with respect to the flow generated by
the vector field x iff for any smooth compactly supported function & : M — R

we have
/ V¢ - xdp = 0.
M

Proof. Let ®; be the flow, generated by the vector field x. Then if p is
invariant under ®;, for any smooth compactly supported function &(x) and
any t > 0 we have

[ (@) - c@au=o,

By differentiating with respect to ¢, and setting ¢ = 0, we obtain the “only
if” part of the theorem.

To establish the converse, we have to prove that for any ¢ the measure

wt is well-defined as
pe(S) = (@) 71(9)).
and coincides with pu.
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By the Riesz representation theorem it is sufficient to check that the

identity
/ cdp = / cd

holds for any continuous function £ (vanishing at oo). Any continuous
function can be uniformly approximated by smooth functions. Therefore it
is sufficient to prove the above identity for smooth functions £ with compact
support.

Assume, without loss of generality, that () is a C%-smooth function.
Fix t > 0. We have to prove that

/gcpt (z)dp = 0.

We have

/f(q’t(w)) —&(x)dp = z_: /f(cbt(k:-i-l)/N(x)) — &( Py () dp =
=0

N-—1
3 / (@ (2)) — Eu(@)dp
k=0

where &(z) = &(Pu/n(2))

N-1
= 3" [ V60)- (hx(a) + O(f)) + Ol =
k=0
N-1
> [ Ve x@du+ o) = 0h)
k=0
Taking the limit N — oo we complete the proof. ([l

Now turn to the case where the manifold M is T x R? with coordinates
(z,v). In what follows ( );51 denotes the j, s entry of the inverse matrix. We
will only use this notation for symmetric matrices, thus, this notation will
not lead to any ambiguity. Before stating and proving the main Theorem
of this section, we will prove an auxiliary lemma.
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Lemma 43. Let p be a minimal holonomic measure. Let v°(x) be any
smooth function. Let ¢(x,v) be any smooth compactly supported function.
Then

/vk;gi(x, UE(ZE))—F

gi(x,ve(x)) (;i) 41 (z,v(x)) <§fg(x,v) - “’“af:gvs (xﬂ,e(x))) dpy =

/vka(;(qb(x,ve(a:)))du—/vkaik(gi(m,ve(x)))'(;)du—i—
/vk<§f(x,v€(w)) - i(m,v))%()ﬁ'ﬁ)du, (56)

S

where X; is a function of x only (does not depend on v), and is defined as
follows:

: 9 2L\ !

X(z) = ({ﬁ)i(x,v%x)) ((92@) A (z,v%(2)).
js

Remark. We will only use this lemma for the case when v¢ is the stan-
dard smoothing of the function v(x), that is, v¢ = 7. x v, where 7, is a
standard mollifier. The function v(zx) is the function whose graph contains
the support of u, given in Theorem [3] This explains the notation v°.

Proof. This Lemma is based on Theorem In this proof and bellow v¢
stands for the function v¢(z). We have:

¢ o0 . oo, . . O
vkaigck(x,v (z)) = Uk@?ck(é(m’v (x))) vka—vj(a:,v (x))a—m(a:)
Rewrite the last term:
0¢ € 81); 0¢ NTIANE ey 0L o\ OvS
vkaT)j(x,v (x))aT%(x) = Uk, (v )(W)js (2, 0°) g (@, 0°) g ()

. 82 87)6
— ’UkX;(.Z') Jvs lfuq (a}’vﬁ)ﬁ((p).

Plug these two lines into . And therefore we reduce (56| to
: OL 9*L 9*L dvg
XE€ = _ = € € q du =
/ 5(@) (3;1"5 (@,v) Uk(@xkﬁvs (,v%) + 0vs0v, (@, )axk>> H
0

_/vkaﬁk(gi(x,ve))‘(;)du+/ Uk (gi(x,ve)—gi(x,vﬁ(;;c(f(;)d?. |
57
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Using the chain rule in the LHS and the Leibniz rule in the RHS we further

reduce (57) to
. 0 (0L . B
/X <8$s Ukaiwc(aivs(l’,’l) )))du_

0 (0L oL 0
X g (s (71 () dn
- [okig (G- [ug @y
Noting the cancellation of the term f Usz G (a—L )d,u, we see that
the last identity is equivalent to (55)) with &s(x) = X{(z). O

Theorem 44. Let p be a minimizing holonomic measure. Then u s in-
variant under the Fuler-Lagrange flow.

Proof. By Lemma [A2] we have to prove that for any smooth compactly
supported function ¢(x,v)

96 | 06 (0°L oL 02L,
+ — — Vg
8.%'k v; G2 0z, 0x1,0v,

=0, (58)

where ( )J_s1 stands for the j, s entry of the inverse matrix.

The idea of the proof is first to rewrite in an equivalent form and
then apply an approximation argument. Since p is supported by the graph
v = v(z) we will change the z,v arguments with z,v(z) for the following

¢ 09 (82L -

. 1 2L . . .
four types of functions Bag? Doy m)]’s , and Fer00s oceuring in (158):

/vkaa:i(:c, v(x))+

0 AN oL 92
(%qz.(”3>”($)) <520>]~5 (z,v(2)) <8xs(w, V) = kg (o:,v(:v))> du = 0.
(59)

To complete the proof of the theorem, we use Lemma The first and
second integrals in the RHS of are zero due to the holonomy constraint.
The third integral in the RHS of tends to zero as ¢ — 0, because

[v¢(z) —v(z)| < ce and therefore [v°(2) — v| < ce p-a.e., and because X¢is

uniformly Lipschitz and hence 0,, X ¢ is uniformly bounded Therefore the
LHS of . ) tends to zero as € — 0.
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But the LHS of also tends to the LHS of as € — 0. Indeed,
since v(z) is a Lipschitz vector field we have

ove(z
Ox

Moreover for any smooth function ¥(x,v) we have

U (z,v(x)) = ¥(z,v(z)) (uniformly)

vé(x) = v(x) (uniformly) and is uniformly bounded.

and
68 (\I! (z, ve(x))> is uniformly bounded.
x
Also note that for p almost all (z,v) we have v = v(z). Therefore the
Theorem is proven. O
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