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Abstract. We introduce a notion of Gorenstein quiver associated with
a Gorenstein matrix. We study properties of such quivers. In partic-
ular, we show that any such quiver is strongly connected and simply
laced. We use Perron-Frobenius theory of non-negative matrices for
characterization of isomorphic Gorenstein quivers.

1. Introduction

The notion of exponent and Gorenstein matrix has origin in ring theory.
It is important in the study of Gorenstein rings considered by H.Bass in
1963 (see [1]). In particular, these concepts are relevant to the study of
Gorenstein tiled orders [5, Ch.7].

In this paper we introduce a notion of Gorenstein quiver associated with
a Gorenstein matrix and study the properties of these quivers. In Sec-
tion 2 we give a short survey of main results on semiprime right Noether-
ian semiperfect and semidistributive rings which lead to a concept of a
Gorenstein matrix and preliminary results on Gorenstein matrices. In Sec-
tion 3 we recall classical theorems of Perron and Frobenius on non-negative
matrices which play important role in our characterization of isomorphic
Gorenstein quivers. Finally, Section 4 contains our main results. Here we
define a Gorenstein quiver associated with every Gorenstein matrix. We
show that any such quiver is strongly connected and simply laced. We also
give a characterization of isomorphic Gorenstein quivers. At the end we
give some examples of Gorenstein quivers.
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2. Preliminaries

2.1. SPSD-rings. For convenience of the reader we recall main result on
semiprime right Noetherian semiperfect and semidistributive rings (see [4,
Ch.14]). We write SPSD-ring for semiperfect and semidistributive ring (see
[4, Ch.14)).

Definition 2.1. A ring is called semimaximal if it is a semiperfect semiprime
right Noetherian ring such that for each local idempotent e € A the ring
eAe is a discrete valuation ring (not necessary commautative).

The following is a decomposition theorem for semiprime right Noetherian
SPSD-rings.

Theorem 2.1. The following conditions for a semiperfect right Noetherian
SPSD-ring are equivalent:

(a) the ring A is semidistributive;

(b) the ring A is a direct product of a semisimple Artinian ring and a

semimaximal ring;

Theorem 2.2. FEach semimaximal ring is isomorphic to a finite direct
product of prime rings of the following form.:

(@) 20 ... qginQ
e @) @) e g2
ﬂ-anl(’) 7T04n2(’) . O

where n > 1, O is a discrete valuation ring with a prime element w, and
a;j are integers such that auj + oy, = gy for all i, j,k (o = 0 for any i).

Definition 2.2. A matriz £ = (oyj) is called exponent matrix if £ satisfies
the following two conditions:

e a;; =0 fori=1,...,n;
o i + ajp = oy fori, g, k=1,...,n.

An exponent matriz £ is called reduced exponent matrix if a;j +aj; > 0

fori#£j.

Denote by M, (B) a ring of all (n x n)-matrices with elements from a
ring B. Let O be a discrete valuation ring with prime element 7 and
M = 7O = O is the unique maximal ideal of O, D is the classical division
ring of fractions of O.

Denote by A = {0, £ = (aj)} the following subring of M,,(D):
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@) 7120 ... a%nQ
A — T2t o0 R Y @)
OO g . O

A ring A is a semiperfect and semidistributive prime Noetherian ring
with nonzero Jacobson radical (tiled order), see [4, Ch.14].

Let A be a semiperfect ring with the Jacobson radical R. A ring A is
called reduced if A/R is a direct product of division rings. In particular, a
tiled order A = {0, € = (w;)} is reduced if and only if its exponent matrix
€ = () is reduced.

2.2. Gorenstein tiled orders and Gorenstein matrices. In this sec-
tion we collect necessary statements about Gorenstein matrices.

Let £ = (a45) € My (Z), where Z is the ring of integers.
Definition 2.3. A reduced exponent matriz £ is called Gorenstein matrix

if there exists a permutation T of the set {1,...,n} such that a;j + ey =
Qr(iy for all i and j.
Theorem 2.3. [5, Ch.7] The following properties for reduced tiled order
A={0, € = (a;j)} are equivalent:

(a) inj.dim Ay = 1;

(b) inj.dim 4A =1;

(c) the exponent matriz € = (ayj) is Gorenstein.

Recall that a commutative ring is called Gorenstein if its injective di-
mension is finite.

If a reduced tiled order A = {O, £ = (w;)} satisfies the conditions of
Theorem 2.3 then it will be called Gorenstein tiled order. In particular,
from [5, Ch.7] we obtain the following statement.

Corollary 2.1. If A is a reduced Gorenstein tiled order then all rings
By, = A/7*A are Frobenius for k > 1. If O/7O is a finite ring, then all
By are finite Frobenius rings.

Theorem 2.3 and Corollary 2.1 indicate the importance of the study of
Gorenstein matrices.

2.3. Quivers. Following P.Gabriel a quiver is a finite directed graph.

A quiver Q = (VQ, AQ, s, e) is a finite directed graph which consists of
finite sets V@ and AQ and two mappings s, e : AQ — V Q. The elements
of V@ are called vertices (or points), and those of AQ are called arrows.
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Usually, the set of vertices V@Q will be a set {1, 2,..., n}. We say that
each arrow o € AQ) starts at the vertex s(c) and ends at the vertex e(o).
The vertex s(o) is called the start (or initial, or source) vertex and the
vertex e(o) is called the end (or target) vertex of o.

A quiver without multiple arrows and multiple loops is called a simply
laced quiver.

Assume that we have ¢;; arrows from the vertex 7 to the vertex j. The
(n x n)-matrix [Q] = (t;;) is called the adjacency matrix of the quiver
Q. A quiver @ is simply laced if and only if its adjacency matrix [Q)] is
(0, 1)-matrix.

Let e;5, i,j = 1,...,n, be the matrix units in M, (R), where R is the

n
field of real numbers, B = ) bj;je;; € M,(R).

i,7=1
Recall that the quiver @ = Q(B) of a matrix B = (b;;) is the simply
laced quiver with V@ = {1,...,n} and there exists the arrow o : i — j if
and only if b;; # 0.
n
Let 7:4 — 7(7) is a permutation of {1,...,n}. A matrix Pr = ) e;-(;

=1
is called a permutation matriz corresponding to 7.

Two quivers 1 and Qo are called isomorphic (Q1 ~ @Q2) if there is a
bijective correspondence between vertices and arrows such that starts and
ends of corresponding arrows map into each other. In this case there exists
a permutation matrix P, such that [Q2] = P [Q1]P;, where T denotes the
transpose.

Conversely, if [Q2] = PT[Q1] Py, then Q1 ~ Q.

Let [Q] be the adjacency matrix of a quiver @ and [Q] € M, (C), where
C is the field of the complex numbers.

Let 27 = (21,...,2,)T € C™ be a right eigenvector of [Q] with an

eigenvalue A, i.e.,

QUET = 22T
and @ = (uq,...,u,) € C" be a left eigenvector of [)] with an eigenvalue
u, i.e.,

Q] = M.
Let 7 be a permutation of the set {1,...,n} and @ = (aq,...,a,) € C".

Denote by a, the n-dimensional vector which is obtained from d =
(a1,...,a,) by the permutation of its coordinates by the rule @; = (a,qy, .-,
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r(n))- Two n-dimensional vectors @ and b are called equivalent if b=ad,
for some permutation 7.

Proposition 2.1. Let Q1 and Q2 are two isomorphic quivers. Let @ be the
right eigenvector of the matriz Q2] with the eigenvalue A. Then the vector

a, T is the right eigenvector of the matriz [Q1] with the same eigenvalue .
If bT is right eigenvector of [Q1] with eigenvalue \ then 5?,1 s the right

eigenvector of [Q2] with eigenvalue \.

Proof. The equality P,[Q2] = [Q1]P; holds. Let @ be an eigenvector of
the matrix [Q2] with eigenvalue A. Then P,[Q2]a” = A\P.a’ = \a, T =
[Q1)PraT = [Q1]a, T, ie. @7 is eigenvector of the matrix [Q1].

Let b be an eigenvector of the matrix [Q;] with eigenvalue A. From
[Q2] Pt = P, Q1] follows [Qo]P.1bT = P.1[Q1]bT = AP.1bT =
)‘gT = [QQ]ij—l- U

1
Definition 2.4. The characteristic polynomial xq(x) of the quiver Q,
is called the characteristic polynomial of the matriz [Q], i.e., xgo(z) =
det(zFE — [Q)]).

Obviously, if Q1 ~ Q2, then x¢, (z) = x,(2).

Recall that path from the vertex ¢ to the vertex j of the quiver @ is
called the a sequence of arrows o7 ... o, such that the start vertex of each
arrow oy, coincides with the end vertex of the previous one o,,_1 for all
m, 1 < m < r and moreover, the vertex 7 is the start vertex of o1, while
the vertex j if the end vertex j is the end vertex of ¢,.. The number r of
arrows is called the length of the path.

Definition 2.5. Let Q be a quiver and VQ = {1,...,n}. Ifn > 2, Q is
called strongly connected if for any two vertices there exists a path from
one to another.

By convention a one-point quiver will be considered a strongly connected
quiver.

3. Perron and Frobenius theorems.

In this section we recall classical theorems of Perron and Frobenius.
Recall that a matrix B € M,(R) is called permutationally reducible if
there exists a permutation matrix P, such that

PTBP, = <%1 33122 )
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where By and B, are square matrices of order less that n. Otherwise, the
matrix B is called permutationally irreducible.

From the equality

(1)
By Bio _ B 0
Dn < 0 BQ) Dn - <321 B§2))

it follows that B is permutationally reducible if and only if there exists a
permutation matrix P, such that

BY o -
PIBpP, = 1 (2) |, where Dy = Z €in—it1
BQl BQ i=1

and B%l) and B§2) are square matrices of order less that n.

Proposition 3.1. [4, §11.3] A matriz B is permutationally irreducible if
and only if the simply laced quiver Q(B) is strongly connected.

A vector ¥ = (y1,...,yn) € R™ is called positive if y; > 0 for i

1,...,n. The number ||7|| = \/y? + ...+ y2 is called the norm of vector .
We have the following well-known result.

Theorem 3.1 (Perron theorem). [6] A positive matriz A = (a;j) (1,7 =
1,...,n) always has a real and positive eigenvalue r which is a simple root
of the characteristic equation and which is larger that the absolute values
of all other eigenvalues. To this mazximal eigenvalue T there corresponds a
positive eigenvector z = (21, 22,...,2n) of A.

A positive matrix is a special case of a permutationally irreducible non-
negative matrix. Frobenius generalized the Perron theorem by investigating
the spectral properties of permutationally irreducible non-negative matri-
ces.

Theorem 3.2 (Frobenius theorem). [2] A permutationally irreducible non-
negative matriz A = (a;;) i,j =1,...,n always has a positive eigenvalue r
which is a simple root of the characteristic equation. The absolute values
of all the other eigenvalues do not exceed r. To the maximal eigenvalue r
there corresponds a positive eigenvector.

Moreover, if A has h eigenvalues \g = r, A1, ..., Ap—_1 of absolute value
r, then these numbers are all distinct and are roots of the equation

M —ph = 0.
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More generally: The whole spectrum Ao, A1,...,An—1 of A, regarded as a
system of points in the complex A-plane, goes over into itself under a ro-
tation of the plane by the angle 2w /h. If h > 1, then, by means of a
permutation, A can be brought into the following block cyclic form:

0 A 0 ... ... 0
0 . A
A= ;
0
0 ... ... 0 "o Apap
Ay O .. ... 0 0

where there are square blocks along the main diagonal.

A strongly connected quiver @) is called primitive if its adjacency matrix
[@Q] has only one eigenvalue with maximal absolute value 7, otherwise @ is
called imprimitive.

4. Gorenstein quivers
In this main section we discuss the properties of Gorenstein quivers.
We will need the following definition.

Definition 4.1. Let QQ be a strongly connected quiver with the adjacency
matriz [Q]. The mazimal positive eigenvalue r is called the index of Q

(r=1inzxQ).
Remark 4.1. Let

n
8; = E a;; (1=1,2,...,n), s= min s;, S = max s;.
1 1<i<n 1<i<n
]_

Then for a permutationally irreducible matriz A > 0

s<r S,
and the equality sign on the left or the right of r holds for s = S only; i.e.,
they hold only when all the row-sums si, s2, ..., S, are all equal.
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Remark 4.2. A permutationally irreducible matriz A > 0 cannot have two
linearly independent positive eigenvectors with the mazrimal real eigenvalue
r.

Let £ = (ay;) be a reduced exponent matrix. Set 1) = (8;;), where
Bij = ayj for i # j and B;; = 1 for i =1...,n. Also set E@ = (7ij), where
Yij = 1I<nk1£ (Bir + Bri). Obviously, [Q] = €@ — €W is a (0, 1)-matrix.

Theorem 4.1. [4, Ch.14] The matriz [Q] = £® — €W is the adjacency
matrixz of the strongly connected simply laced quiver Q@ = Q(E).

Definition 4.2. A quiver Q is called Gorenstein if it is the quiver of a
Gorenstein matrix.

We immediately obtain from Theorem 4.1 the following property of
Gorenstein quivers.

Corollary 4.1. A Gorenstein quiver QQ is strongly connected simply laced
quiver.

Eigenvector of a matrix [@)] is also called an eigenvector of the quiver Q.
Corollary 4.2. A Gorenstein quiver QQ has a positive eigenvector.

Example 4.1. Consider the matrix

12 =

WWI R WWNNNN OO
WWIR R WWNNNNO O
NS NN OIS U e N TN
NS NON OIS O e I = TSI
NN N Ol Ol Ol e o SN NGNS
AR NN DN OO
OO NSO NN W W
O NN OO B NN W W
Ol Ol o o SN NSO NN Ol )
O Sl = N NSO NS O )
OO R R NN NN W W
OO AR R NN NN W W

This is the Gorenstein matrixz with the following permutation
0(512) - (17 2)(37 4)(57 6)(77 8)<97 10)(117 12)

Now we construct the Gorenstein quiver Q(E) of E12.

51(5) = FE1o + 12, where Eys is the identity 12 x 12-matriz,
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2
51(2) =

NS N N N SO N SO SO SO SO = O
AR R S S R W W W WO
NN SN SN NN SO JC N N R SN
NN NG JU JUIN NN NG SO SO Ol TN
NN U U SO St o N C TGN
N N U U SN SO e TN
COLOLO Lo O N S QO QO
LO Lo LoD O A L0 o A
OO O MO U T A s QO O
LO LoD O UT U I S QoW
Y SRR NN U JUIN SR JURT NN
(Ol = NN N NN NG JU SO SO SO NN

and

[Q(&12)] =

HFR R ROROORRFRF -
R EFPRPRPOOOOFRFEFE=
R RO PR OOOOR
R R RRPOFRPFRPROOOOORREF

R R OORFRRFR R R FREFEORF
R R OO KRR RFREFERFRRFRO
OO OO EFEFOROO

OO FRFOOHRFEEFEFOOO
OO MR FEFEFOFROOOO
OO R R RPRPRPOODOOO
O OO OOHFHFEFERFRFERF
RO OO0 FHFHEFEF

Obviously, inx E1o = 7, but the sum of all elements of the first column is
9.

The right eigenvector of [Q(€)] is (1,1,1,1,1,1,1,1,1,1,1,1)T.

Our computations show that left eigenvector of [Q(E12)] which corre-
sponds to the eigenvalue 7 is

(15, 15, 8, 8, 10, 10, 16, 16, 14, 14, 11, 11).
We have the following statement.

Proposition 4.1. Let QQ be a simply laced strongly connected quiver, d
be an arbitrary positive real number. There exists a unique right positive
eigenvector @ with the eigenvalue r = inx Q and ||i|| = d.

Proof. By the Frobenius theorem there exists a positive right eigenvector
# with the eigenvalue r. Let ||Z]| = dy, then ||dd; *&|| = d. Let @ and ¥ be
two positive eigenvectors with the eigenvalue r, and ||@|| = ||¢]| = d. By
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Proposition 3.1 and Remark 4.2 @ = at. We have ||d]| = «||0]| = afd]|.
Therefore, « = 1 and @ = v.

Now we can establish our main result.

Theorem 4.2. Let Q1 and Q2 be two isomorphic simply laced strongly con-
nected quivers. Then their characteristic polynomials xg,(x) and xg,(x)

are equal and positive right (left) eigenvectors @ and b with the mazimal
eigenvalue v such that ||@|| = ||b|| are equivalent.

Proof. We have that [Qs] = PI[Q1]P:. Therefore, xg, (%) = xg, (7). Let
d be a right eigenvector of [@Q2] with the eigenvalue r, and b be a right
eigenvector of [Q2] with the eigenvalue r. By Proposition 2.1, b is the right
eigenvector of [Ql] with the eigenvalue 7. We have that ||b, | = [|b]| for any
7. Therefore, ||b.|| = ||@||. Applying Proposition 4.1 we obtain @ = b,.

Let Q be a simply laced strongly connected quiver with the adjacency
matrix [Q] = (¢;;). The transpose quiver QT is the quiver whose adjacency
matrix [Q7] is equal [Q]7. The quiver Q7 is simply laced and strongly
connected if and only if the quiver () has the same properties. Obviously,
Q1 ~ Q9 if and only if QT = QL. If b is a left eigenvector of [Q]T, then b7
is a right eigenvector of [Q)]. So, the theorem is proved in the left case. Te
right case is proven analogously. ([

Applying Theorem 4.2 to the case of Gorenstein quivers we obtain

Corollary 4.3. Let Q1 and Q2 be two Gorenstein quivers. If Q1 ~ Q9, then
XQ: (%) = xQ,(x), r = inx Q1 = inx Q2 and right (left) positive eigenvector

a of [Q1] with the eigenvalue r and right (left) positive eigenvector b of (Q2]
with the same eigenvalue such that ||d@|| = ||b|| are equivalent.

Example 4.2. Consider two Gorenstein quivers:
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Q1 = Q(&), where

000000
201010
e_|1 10000
6=12 12010
111100
2 12120

is the Gorenstein matriz with the permutation

( )

— N
DN W
[GCREN
= Ot
(@) i ep

Q2 = Q(Ts), where

NN NDO
NNDNDND OO
NN OOO
NN OOOO
NOOOOO
(=N el el e las)

is the Gorenstein matrixz with the same permutation
1 2 3 45 6
6 1 2 3 4 5/
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Obviously, the adjacency matrices of these quivers are

011000 110000
001100 011000
0007110 001100

@I=1 00001 1| 9 [@=]000110
10000 1 000011
110000 100001

We have that inx Q1 = inx Qo = 2. The left eigenvector (1,1,1,1,1,1) o
[Q1] is the left eigenvector of [Q2]. The right eigenvector (1,1,1,1,1,1)T

of [Q1] is the right eigenvector of [Q2]. It is easy to see that xq,(x) =
(z +1)%x(z — 2)(2% + 3) and x@,(z) = x(z — 2)(z* — 42 + \2? — 62 + 3).
By Theorem 4.2 the quivers Q1 and Q2 are non-isomorphic.
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