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Abstract. A sufficient condition for the existence and uniqueness of
a continuous solution of the integral equation

f(@) = Gle, ha(x) + /D Ko (e, y) Hn (y, £ (9))dy, ha(z)

n / Ks(x,y) Ha(y, £ (v))dy)
DN (—o0,x]

is established under regularity conditions on the functions G, hi, hs,
Hy, Hs, and on the kernels K7 and K2 where D is a subset of R™ and
(=00, z], x € R", is a simplified notation for the interval

[T, (—o0, @] C R™.

Keywords: Existence and uniqueness of solution, integral equation,
Volterra integral equation, Fredholm integral equation, Hammerstein
integral equation, positive solutions, fixed point theorem.

1. Introduction

The non linear integral equation f(x) = f; K(z,y)H (y, f(y))dy has been
studied by R.Iglish [1], A.Hammerstein, [2], M.Golomb, [3] and C.L.Dolph
[4]. Under restrictive conditions on the kernel and controlling the non lin-
earity of the function H, they succeeded in finding sufficient conditions
either to existence and uniqueness of a solution or solely to the exis-
tence of solutions to this integral equation. Non linearities of the type
H(y, f(y)) = 1/y lead to singular integral equations. The integral equa-

tion f(x) fol fly)K(x,y)dy =1 that arises in the theory of communication

systems was studied in [5] by P. Nowosad where the existence and unique-
ness of continuous positive real solutions was established for positive semi-
definite symmetric non-negative kernels, K(x,y), 0 < x,y < 1, such that
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146 José Carlos Simon de Miranda

fol K(z,y)dy > § > 0. An extension of this result was obtained by S. Karlin
and L. Nirenberg in [6]. In their work they prove the existence of contin-

uous positive solutions of the equation f(x fo y)*K(z,y)dy = 1 where
a is a fixed positive parameter and K(x,y) is a non—negative continuous
function on [0, 1]? such that K (z,z) > 0 for all z € [0, 1]. They also showed
the uniqueness of continuous positive solutions in case the parameter o be-
longs to (0,1]. The Schauder fixed point theorem was used to derive the
existence of solutions. Further extensions of P. Nowosad ’s result can be
found in [7] where positive solutions are established for the integral equation

f(@) )+ o K@) (i + b)) dy,a > 0,3 € [0,1). An exis-
tence theorem of 1ntegrab1e solutions to the integral equation f(z) = g(x)+
A [p K(x,y)H(y, f(y))dy where D C IR™ is a compact set and g, K, and H
are functions with values in finite dimensional Banach spaces is obtained
by G.Emmanuele in [8]. Conditions for the existence of nonzero solutions
of integral equations of the the form f(z) = [, K H(y, f(y))dy , D
compact subset of R", where K is a real Valued functlon that changes s1gn
and may be discontinuous, and H satisfies Caratheodory conditions, are
presented by G.Infante and J.R.L.Webb in [9]. The existence of integrable
solutions to the non hnear 1ntegral equation of Hammerstein - Volterra
type f(w,t) fo H(y, f(y,t))dy + fot F(t,z)f(x,z)dz is obtained
by M.A. Abdou W. G El Sayed, and E.I.Deebs in [10]. Also of interest are
monotone solutions to integral equations. In [11], J.Banas , J. Caballero,
J.Rocha, and K. Sadaragani established the existence of nondecreasing con-
tinuous solutions on a bounded and closed 1nterval I to the nonhnear in-
tegral equation of Volterra type f(z) = a(x) fo x,y, f(y))dy,
y € I, under a set of conditions on the functlons a v, and on the continuous
operator T : C(I) — C(I). A similar result is presented by W.G.El-Sayed
and B.Rzepka in [12] for the quadratic integral equation of Urysohn type

with the form f(z) = a(z) + H(z fo z,y, f(y))dy, y € I. Due
to plenty of practical apphcatlons numerlcal methods for solving integral
equations are of great interest. Recently, S.Yousefi and M.Razzaghi, [13]
and K.Maleknejad and H.Derili, [14] applied wavelet methods to obtain
numerical solutions to Volterra - Fredholm and Hammerstein type integral
equations. In this short article we study the integral equation:

f(2) = Gz, h(z / Ky () H(y. £ (9))dy, ho(2)
+ / K (,9) Ha(y, £(y))dy)
DN(—o0,z]

Sao Paulo J.Math.Sci. 2, 1 (2008), 145-160



A mixed Hammerstein integral equation 147

where f: D C IR" — A is a function with values in a complete normed
finite dimensional algebra A, K; : D? — A, h; : D — A, H; : D x Im(G) —
A, fori € {1,2} and G : D x Ry X Ry — A, R1,R2 C A satisfy regularity
conditions. Throughout this work we denote the IR™ interval [[;",(a;, b;]
by (a,b] where a = (ai,...,a,),b = (b1,...,b,) € R"™. Also, a; A b; will
denote min{a;, b;} and a; V b; equals max{a;,b;}. For vectors this is done
componentwise: a Ab = (a3 Aby,...,an Aby) and aVb = (a1 Vb1, ...,a, Vby).
It is not required neither that the algebra contains a unit element nor that,
in case it has one, that its norm be one. These are common requirements
to call A a Banach algebra. Being (A, +,-, x, || ||) an algebra over a field
K endowed with an absolute value | |, we suppress the notational use of .
and x and use zy and ax instead of X y and a.x respectively. We assume
that for all z,y € A, ||zy|| < ||z||||ly]|. We use the notation B[z, r] to mean
the closed ball centered at x with radius r in a metric space.

In section 2 we present the main result: an existence and uniqueness of
solution theorem based only on Banach’s fixed point theorem. In section
3 some related results and corollaries are obtained, and, in section 4, we
conclude this work with some examples and final remarks.

2. Main results

The following elementary lemma is used in the proof of Theorem 2.2.

Lemma 2.1. Let (R",A,¢) be R" endowed with Lebesgue measure and
o-algebra, A € A, f: A — IRy such that fA fdl < oo and k € IN. Then,

for all Lebesgue measurable sets C C Ule C; where, for all i,1 <1 < k,
Ci=H; x{x; +tn; : 0 <t <6}, H; a hyperplane, x; € H; and n; one of
its unitary normals, we have

/fd€—>0 as max{d;:1<i<k}—0.
C

Proof : If A is bounded this is a direct consequence of the fact that,
for C C A, we have limyc)_ [, fdl = 0 whenever [, fdl < co. In case
A is not bounded, observe that for all ¢ > 0 there exists r > 0 such
that fIR"\[fr,r}” fdl < €/2 and , taking into account that £(C' N [—r,r|") <

k max{6; : 1 < i < k}(2ry/n)""!, we guarantee that for all € > 0 there
exists ¢ > 0 such that if max{d; : 1 <i < k} < ¢ then me[—r o Al < €/2,
and, consequently, we conclude that

Ve>030>0 max{d;:1<i<k}<d — /fd€<e.
C
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148 José Carlos Simon de Miranda

Our main result, an application of the fixed point theorem for contraction
mappings, is the following;:

Theorem 2.1. Let D be a compact subset of R™, A be a finite dimensional
complete normed algebra, K; : D> — A, h; : D — A, H;: D x A — A, for
i€ {1,2}, and G : D x A%> — A be functions such that:

(1) Vie{1,2} Ve e D lim._, [, || Ki(z,y) — Ki(z,y)||dy = 0.

(2) Vi€ {12} || [p [IKi(2,y)lldylloc < 0.

(3) Vi€ {1,2} sup{||H;(z,2)||:z € D,z € Im(G)} < 00

(4) Yie {1,2} 3¢, 1; >0Vz € D Va,y € Im(G)

|Hi(z,x) — Hi(z, y)|| < ville —yl|.

(5) G is continuous in D x (Im(hy) + B[0,v1k1]) x (Im(hg)

+B[0, VQHQ]).

(6) Vie {1,2} 3 u; >0Ve € DV y;, 2z € Im(h;)+ B0, vk,
1G (@, y1,21) = G(2, 92, 22)|| < pallyr — w2l + p2llzr — 22

(7) Vi € {1,2}, h; is continuous.

Denote, for i € {1,2}, || [ |1 K:(z.y)lldyll by x; and
sup{||Hi(z,2)|| : * € D,z € Im(G)} by v;. Then whenever pirit1 +

Hokoty < 1 there exists one and only one continuous function f : D — A
such that

f(@) = G, hi(x) + /D K (e, y) Hn(y, f(4))dy, ho(e)
+ / K (a,y) Ha(y, £ (y))dy).
DN(—o0,z]

Before the proof of this theorem is given, we observe that the functions
H;:DxA— A, foric{1,2},and G: D x A?> — A could be replaced by
H;: D x Im(G) — A, for i € {1,2}, and G : D x (Im(hy) + B[0,v1k1]) X
(Im(h2) + B[0,12K2]) — A
Proof: The possible continuous solutions to the integral equation belong
to S := C(D;.A) which is a complete metric space with distance given by
the supremum norm.
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A mixed Hammerstein integral equation 149

Now, for all x € D, we have for every f

0<| /D Ky () H (3, £ (9))dy]) < /D 1K (e )1 H (v, £ () dy
< [ IEa )l sup{lH(s.0)] 5 € Dit € Im(@)}dy
D
— /D 1K1 (2, )|y < vy sup /D |Ki(,9)lldy : = € D}

= ] /D 1K1 (2, 9) Iy oo = 151

Analogously,

0<] Ka(z,y)Ha(y, f(y)dy|| < varo.
DN(—o0,z]
Thus, for all z € D,

() + /D Ky (2, 9) Hy(y, f(4))dy € (Im(hy) + B0, v1m1))
and
)+ [ Kol £y € (i) + B0.vas).

Let, for all f € S, T(f) : D — A be given by
Tf(x) = (T(f))(=)

— Glz, hi(z) + /D K (2, y)Hy (y, f(9)dy, ha(2)

+ / Koz, y) Ha(y, £ ())dy).
DN(—o0,x]

Note that T'(S) C S for if f € S we have
ITf(x) =TF(2) =

— G, M) + / Ky (a,9)H (v, £ ())dy, ha(2)
D
+ / Ko (2, y) Haly, f())dy) — Gz, hi()
DN(—o0,x]
+ /D Ky (2, 9)Hy (4, F(4))dy, ha(2)

N / Koz, y)Ha(y, £ (y))dy)|
DN (—o0,z2]
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Now, the continuity of G in D x (Im(hy)+ B0, v1k1]) x (Im(he)+ B0, v2k2])
and that of h; and he in D together with the inequalities and limits bellow

1 [ st sa) - ([ ginmo. )|

< [ 1 S)IK o) = Kaa)ly

< sup{lH1(. S v € D) [ 1Kiz10) = Koy

< sup{1(s.0)] 5 € Dt € (@)} [ Ka(e.y) = Ky

= v [ I e) = Ka(og)ldy — 025 = =
D
and

I / Ko, y) Ha(y, £ ())dy)
DN(—o0,z]
(e S|
< / VEa(y, T2 (z1) — K, 9)|dy
DN (—o0,xNz

+f 2y S ) K )y
DN(—o0,z]\DN(—00,zAz2]

+f 172y £ I oz
DN(—o00,z]\DN(—00,xNz]

< 1o /D 1Kz, y) — Koz, ) dy

+ Ko, )
DN(—o0,z]\DN(—00,zAz]

+f K2 2. ) dy) — 0
DN(—o00,z]\DN(—00,xAz]

as z — x guarantee that 7T'f is continuous.
Observe that the terms

/ 1K)y
DN(—o0,z]\DN(—00,zAz]

Sao Paulo J.Math.Sci. 2, 1 (2008), 145-160



A mixed Hammerstein integral equation 151

and

/ (2, ) ldy
DN(—o0,z]\DN(—00,zA%]

go to zero as z — x as a consequence of assumption 2 and the fact that
the Lebesgue measure of the sets D N (—oo,z] \ D N (—oo,z A z] and D N

(—=00,2] \ D N (=00, A 2] are bounded above by n|z — z|| (diam (D))",
where diam(D) < oo stands for the diameter of the compact set D .

Now let us show that T is a contraction in S.
We have, for all f,g € S

ITf - Tglloo = |Gz, ha(z) + /D Ky (e, )i (v, £(0))dy, ha(o)
+ / sl y)Ha(y, f())dy) — G(z, ha(x)
DN(—o0,z]
+ / Ky (2, y) Hy (y, 9(9))dy, ha(z) + / Ko(z,y)Ha(y, 9(9))dy) o
D DN (—o0,x]
< pnllha () — ha(x) + / Ky (e y)Hi(y, £(9))dy
D
- /D K3 () Hy (1 9(0))dy oo + pallha(z) — ha(a)

+ / Ko(z, y)Ha(y, f(y))dy — / Ko (2, 9) Ha(y, () dy oo
DN(—o0,z] DN(—o0,z]

< pysupd{|[Hi(y, f(y)) — Hi(y, 9())|| : y € D} /D 1K1 (2, y) || dyll
+ p2 sup{ || Ha(y, f(y)) — H2(y, 9(y))|| : y € DN (—o0, ]}

g / | Ko ) dylloo
DN (—o0,x]

<y sup{a|lf @) — g@)l| - v € D} /D 1K1 (2, )| dyloo
+ pzsup{ea|| f(y) —gW)ll : y € DN (—o0,x]}

al K2 (2, y) | dylloo

DN (—o0,x]

< pullf = glleoll /D 1K1 (2, y)ldylloo + patallf — gl

g / 1Ko, y) ldyloc
D
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152 José Carlos Simon de Miranda

Thus
ITf—Tglloo < (p1t161 + pataka) | f — glloos
a contraction whenever pit1k1 + potere < 1, and the theorem follows.

Theorem 2.2. Let D be a measurable subset of R"™, A be a finite di-
mensional complete normed algebra, K; : D> — A, h; : D — A, H; :
DxA— A, fori € {1,2}, and G : D x A> — A be functions satis-
fying conditions 1 to 4, 6 and 7 in theorem 2.1. If G is continuous and
bounded in D x (Im(hy) + B[0,v1k1]) X (Im(he) + B[0, v2k2]), then when-
ever 1kit1 + pakaty < 1 there exists one and only one continuous function

f:D — A such that
f@) = G, M /Jwam@J@m%mu>

+/ Ks(x,y)Ha(y, f(y))dy).
DN (—o0,z]

The same remark that follows theorem 2.1 is still applicable.

Proof : Follow the steps in theorem 2.1 proof. Observe that

S = B(D;Im(G)), the set of bounded functions from D to the closure of
the image of G, is a Banach space and that T'(S) C S. Use Lemma 2.1 to
deal with the possibly unbounded sets D N (—oo,z] \ D N (—o0,x A z] and
DN (—o0,z]\ DN (=00, z A z].

3. Related results and corollaries

Theorem 3.1. Let K; : ([0,1]")? — Ry, h; : [0,1]" — Ry, fori € {1,2},
be non-negative functions, B and & be strictly positive real numbers, and
H; : [0,1]" x [0,3] — Ry for i € {1,2} and G : [0,1]" x (Im(h1) +
[0,1k1]) X (Im(h2) + [0, v2K2]) — R4 be functions such that:

(1) Vi e {1,2} Vx € [0, 1]” lim,_., fo 1 |Ki(z,y) — Ki(z,y)|dy = 0.

(2) Vi e {1,2} || fio 10 Ki(@,y)dylloc < 00

(3) Vi e {1,2} sup{H; (a: z):x€[0,1]" 2 €0, $]} < oo.

(4) Vie {1,2} 34, >0Vz € [0,1]" Va,y € [%, 3] [Hi(z,2)—H;(z,y)| <
Lilz —yl.

(5) 0 < 5= H{Gla,,2) + (5,9,2) € 01" x (Im(h) + [0,v171])

(Tm(hs) + [0, vak2))} and B = suplGla,y,2) : (v,,2) € [0, 1] x
(Im(hl) [O Vlfil]) (Im(hg) [0 VQK/Q])} < 00
(6) Vie{1,2} 3 pu; > 0 Ve €[0,1]" V y;, 2z € Im(hz) + [0, vk

G 9 9 G M 9
| Spn) G| < iy — ol + pal2r — 2.

(7) Vie {1,2} h; is contmuous
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A mixed Hammerstein integral equation 153

Denote, fori e {1,2}, | f[o 1 Ki(z,y)dy||c by ki and sup{H;(z,z) : x €
[0,1]™ z € [0, %]} by v; Then whenever uikit1 + pokate < 1 there exists one
and only one continuous function f :[0,1]" — IR, such that

f(z) Gz, hi(z) + [Ol]nKl(:c,y)Hl(y,f(y))dy, ha(x)

+ ' }Kz(%y)Hz(y,f(y))dy) =1
Clearly this function is strictly positive.

Proof :
Similar to that of theorem 2.1 . For all x € [0,1]" we have for every f

0< o Ki(x,y)H1(y, f(y))dy

< / sup{Hi(y, () : y € [0, 1]} K1 (2, y)dy
[0,1]™

<1 Ki(z,y)dy < v1K;.
[0,1]"

Analogously,
0< [ }Kz(fc,y)Hz(y,f(y))dy < vaka.
0,z
so that for all z € [0,1]" the solution of the integral equation satisfies

L <= G[x,m(x) [ Koy Hly, £)dys ha(a)
[0,1]™

-1

1
+ . ]Kz(x,y)Hz(y,f(y))dy <5

Thus the possible continuous solutions to the integral equation belong
to S = C([0,1]"; [%, 1]) which is a complete metric space with distance
given by the supremum norm.

Let, for all f € C([0,1]";1R%), T'(f) : [0,1] — IR be given by

Tf(e) = (1) (@) = G| (o) + [, Ko S )

-1
n / Ky(z,y)Ha(y, f(y))dy
[0,2]
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Note that T'(S) C S for if f € S we have

0< - Ki(z,y)Hi(y, f(y))dy < viky
0,1]n
and
0< [ ]Kz(ﬂﬁ,y)Hz(y,f(y))dy < 1Ky
0,z
from which
51> HG[x,m(x) o[ K . Sy, o)
0,1]™
-1
) }Kz(w,y)Hz(y,f(y))dy} > g1

and we get 871 < [|Tf|loo <071
Moreover, conditions 5 and 6 imply the continuity of & on [0, 1]"x (Im(hq)+
[0,1k1]) X (Im(h2)+ [0, v2k2]) and a similar argument to that in Theorem
2.1 proof shows that |T'f(x) — Tf(z)] — 0 as z — x; i.e. leads to the
conclusion that 7T'f is continuous.

G(@,y1,21) =G (2,y2,22) | _ 1 o 1
Observe that| G (2,y1,21)G(2,y2,22) = ‘G(:v,yhzl) G(z,y1,21

tion 6 in this corollary is the same as condition 6 in Theorem 2.1 applied
to é Now follow the steps in Theorem 2.1 proof to show that T is a con-
traction in S.

)\ so that condi-

We observe that the conditions on the kernels in theorems 2.1 and 3.1
hypothesis are implied by Kernel continuity. As a matter of fact, their
continuity on the compact set D? or on [0, 1]>" implies uniform continuity
on D? or on [0,1]?® which, by its turn, implies condition 1; continuity
on D? or on [0,1]*" also implies boundedness and integrability so that
condition 2 is guarantied. Partial differentiability of H; with respect to
the second variable on D x Im(G) or on [0, 1]" x [%, 2] and boundedness

of this derivative on D x Im(G) or on [0,1]™ x [%, 3] implies condition 4

as we can choose, by the mean value inequality, ¢; = sup{||02H;(z, z)|| :
(z,2) € D x Im(G)} or v; = sup{||0eH;(x,2)| : (z,2) € [0,1]" x [%,%]}
Also continuous differentiability of H; on [0, 1]™ x [%, 3] clearly implies 4.

Similarly, bounded partial differentiability with respect to the second and
third variables of G on D x (Im(h1) + B[0,v1k1]) x (Im(he) + B0, v2k2])
or of & on [0,1]" x (Im(hy) +[0,v1k1]) x (Im(h2) 4 [0, v2k2]) or continuous
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A mixed Hammerstein integral equation 155

differentiability of % on [0,1]" x (Im(h1) + [0,v151]) x (Im(hs) + [0, vaka])
implies condition 6.

Clearly, the pure Hammerstein or Volterra - Hammerstein integral equa-
tions are particular cases of the complete mixed integral equation.

In this way one can write some corollaries, the weaker of them is:

Corollary 3.1. Let K : [0,1]?> — IR be a non-negative continuous function.
Denote || fol K(z,y)dy|lec by k and assume xk < oo. Let also B and & be
strictly positive real numbers, and H : [0,%] — IRy and G : [0,vk] — Ry
be functions such that:

(1) v =sup{H(2) : z € [0, 3]} < coc.

(2) H is continuously differentiable on [%, 1]
Denote « = sup{|H'(2)| : z € [%, 31

(3) 0 < =inf{G(z) : z € [0,vK]} and
B =sup{G(z) : z € [0,vk]} < 0.

(4) G is continuously differentiable on [0, vk].

/
Denote p = sup{| (%) | : z € [0,vk]}.

Then whenever ukt < 1 there exists one and only one continuous function
f(z), x €[0,1], such that

1
@) & ([ Kepma)) =1
Clearly this function is strictly positive.

Proof : Theorem 3.1 and remarks above. .

4. Examples and Final Remarks

The following examples will show typical uses of the theorems and corol-
laries developed so far.

Concerning the integral equation

1
) e ([ £ Kiepar) =1
we can obtain the following

Example 4.1. Let «y be a real positive number and K : [0,1]> — IR be a
non-negative continuous function such that

1
H / K (2, y)dyloe =

Sao Paulo J.Math.Sci. 2, 1 (2008), 145-160
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where Kk < % in case vy > 1 and kye' =15 < 1 in case 0 < v < 1.

Then there exists one and only one continuous solution f(x), z € [0,1],
to the integral equation

f(x) exp (/01 f(y)”K(fc,y)dy> =1

This solution s strictly positive.

Proof :

Clearly, 6 = inf{exp(z) : z € R4} = inf{exp(z) : z € [0,a]} = 1, what-
ever a > 0 is, so that v = sup{z? : z € [0, }]} = 1 and 8 = sup{exp(z) :
z € [0,vk]} = e®. Thus ¢ = sup{y27~1 : z € [, 1]} which is equal to 7 in
case v > 1 and to ve(!="% in case 0 < v < 1. The exponential function is
continuously differentiable and p = sup{e™" : z € [0,x|} = 1. Now apply
Corollary 3.1 .

The second example concerns integral equations for matrix valued func-
tions.

Example 4.2. Consider the complete mized Hammerstein integral equation
on Mayo(IR)-valued functions of [0, 1]?

f(z) =Gz, h(z) + o Ki(z,y)Hi(y, f(y))dy, ha(x)

+ o Ko(z,y)Ha(y, f(y))dy)

where A1, Ag, 01,0 are real numbers, Ki(x,y) = exp(A\ <§1 1 )),

2 T2
24 xq ﬁlz
_ ojw? (v 0 _ Vel
Hi(y, f(v)) = Tirme (0 y2>’ fu(z) = (%x% 2—%‘2)’

112 2 t(,\2 0
KQ(-/L‘,y) = eXp()\Q <lé Zé)); HQ(y7f(y)) = % <y2 %1>)

2
ha(x) = (2 ié)), and G(z,y,2) = ||z||“yz, for positive , and the

norms of vectors and matrices are the euclidean ones. Then a sufficient
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A mixed Hammerstein integral equation 157

condition for existence and uniqueness of a solution to this integral equation
18

\/5 (R2€2‘)\1‘|91‘ + R162|)‘2|‘92|>
'<1+ R? ) (R+(R/\(\/R2+ —R))2> o

1+ R ) \14+(RA(VRE+1-R))

where Ry = (4 + v2|611e2™1), Ry = (2 + v/2|05]e?*2) and R = RyR».
Thus, the set of parameters (A1, A2, 01,62) for which the solution is unique
contains an unbounded open neigbourhood of the origin.

Proof : The algebra Msyo(IR) with usual operations and euclidean norm
is complete and satisfies ||zy|| < ||z||||ly||. We have the following inequalities:

(1) Vo € (0,1 [I(@)] <4, Vee 0,12 |he)] <2,

Yy X2

e 2
< SUPge[o,1)2 f[o 1)2 eIVt Y gy < 2]

@ K@yl < cap(] | (”” )n) and | [, 1K1 (2, 9) |y oo

2
Ly

2
Y
@ Kool < expllral | (55 25 )0 and Iy o)l
< SUPe( 12 f[o 12 el Vit tyi s gy < e21he]

(4) 1H(y, F)] < |01 Hﬂy PV I Ha(y, f))]
< |92 Jllr{ft WIEV y1 "‘yz and

sup{|[H1(y, f(y))|l : y € D,z € Im(G)}

< sup{||Hi(y, f(y))]| : y € D,z € A)} < V2[61].
sup{||Ha(y, f(¥))|l - y € D,z € Im(G)}

< sup{||Ha(y, f ()] : y € D,z € A)} < V2|6a].

Thus, k1 < e2Ml gy < 22l ) < V2|01], vo < V2|0s|, and Im(hy) C
B[0,4] as well as Im(hg) C BJ0,2].

Now, [|G(z,y1,21) — G(z,y2, 22)|| = [[[|*[|y121 — yaza|| = [[=[|*[[y121 —
yo1 + w22 — w272l < (o — w2l ]| + lwellllzs — 22):
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Thus, Vo € D,Vyi,y2 € Im(h1) + B[0,v1k1] C B[0,4 + \/§|91‘€2l>\1|]
V21, 2o € Im(hg) + B[0, vak2) C B[0,2 + v/2|62]e2*2]] we have

G (@, y1,21) = G(,y2, 22)|| < (2 + V2|ale®* ) [ ya — 1 |
+ (4 + V2001 12M )20 — 2]
and i1 < 2+ V2(02)e**! and gy <4+ V202N,

G = ||z||“yz — Im(G) C B0, sup{||z||*yz: x € D,
= B[O, (4 + \/5‘49”62\)\1\)(2 + \/§|92|€2‘)‘2‘)],

X1 0 2 I 0

091:(/2 0912’
Hi(z,y) — Hi(z,2)|| = | —2L— S

201+ 1200 — 20+ 2D
VAN R aE P

2 2 2 2 2
y — =z ([l 7 D
< V20u(] |2|| +1

Iy

P R )
(ol + =)l = =0 12210l + =)y — =)
<V L+ 1=P)C+ o)
22 z
= VAl + ) -

Now, the maximization of g(u,v) = (1 + 1112) (I“:U%) subjected to

the constraint (u,v) € [0, R]?, for arbitrary R, furnishes u = R and v =
RA(VRZ+1— R) so that, letting R = (4 + v/2|61|e?M1) (2 + v/2|0]e21P2])

we have
R* \ (R+(RAVRZF1-R))
Lléﬁ\ﬂl\@*um) <1+<RA(\/W—R))2>

Analogously, since z € B[0,r] «— 2z € B[0,r], we have

||(Zt)2|| HZ/tH + ||Zt|| t t
Hy(x,y)— Hs(x < 2|0 1+ — <
| Ha(z,y) 2(z,2)| < \/_‘ 2] < L+ [J21]]2 L+ [ly? Iy ==l <
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vaionl (1+ o ) (£ 20 )y,

1+R?2)\1+(RAWR2+1-R))
and

R? R+ (RN (VR? - R
a0 1) (R
1+ R 1+ (RN (VR?2+1-R))?
In this way, by Theorem 2.1, existence and uniqueness of solution of the
integral equation is implied by pik1t1 + pokate < 1 and, consequently, by :
5(01,02, M, Ao) i= V2((2 + V2[02[e*2 )M g,
R2
2[A1y,21A
+ (44 V201D 2lg,)) - (1 + m)
.(R—F(R/\(\/R?—i- —R))) -
1+ (RAN(VR?2+1—R))?
Now, observe that s is a continuous function and s~1([0,1)) > {(0,0)}xIR2.
Finally, we remark that one can consider the situation where either K; or

H; takes values in the field instead of in the algebra and obtain variants of
the theorems presented thus far.
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