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1. Introduction

If R is a commutative ring let us consider the ring R[t1,...,t,]. In
[10], W. Nobauer introduces the following definition: For an ideal a of
R and f(t1,...,tn) € R[t1,...,ty] the polynomial f(t1,...,t,) is called a
permutation polynomial modulo a if there are polynomials

fQ(tlu"'utn)7”’7 fn(thatn) S R[tluatn]
such that the mapping
(a17°°°7an)_)(f(a17°°°7an)7f2(a17'°°7an)7"'7fn(a17"'7an))

induces a permutation of the set (R/a)™ into itself. If R/a is a finite set
of cardinality ¢, a polynomial f(t1,...,t,) € R[t1,...,t,] is said to be
a regular polynomial modulo a if the equation f(t1,...,t,) = a(mod a)
has exactly ¢"~! solutions for all amod a. Let us denote by P(a) the
set of all permutation polynomials modulo a and by R(a) the set of all
regular polynomials modulo a. In the same paper he gives conditions for
the equality of these two sets. In particular, equality holds if R is a finite
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field L, or the ring Z of the rational integers, or q is a p—primary ideal
of R, for which there is a positive integer m such that p™ C q C p® C p,
and R/p™ is finite. N. Lausch & W. Nobauer have proved in [5] the
following result:

Proposition A. Let q be a p—primary ideal of R, and q # p, R/q finite.
Then a polynomial f(t1,...,t,) € R[t1,...,t,] Is a permutation polynomial

modulo q if, and only if, f(ti,...,t,) is a permutation polynomial mod p
and the system of congruences

of (ti,...,t

%EO(modp), i=1,...,n, (1)

has no solution in R.
This always will be the case for

(1) The ring of rational integers Z and the ideals g, = p*Z and p = pZ,
p a prime number, v > 2.

(2) The ring of p—adic integers Z, and the ideals q, = p”Z, and p =
pZy, p a prime number, v > 2.

(3) The ring of formal power series L[[Z]] where L is a finite field, and
the ideals q, = (Z¥) and and p = (Z), v > 2 (see below).

Moreover, in these examples P(q) = R(q). Actually, multivariate permuta-
tion polynomials over Z/p”Z, v > 2 have been studied quite recently often,
using a variety of methods, always trying to answer the question: when a
permutation polynomial over pZ can be lifted to a permutation polynomial
over p¥Z 7 (see, for example, [11, 1996], [13, 1996], [14, 1993], [15, 1995]).

In this paper we will deal with case 3. Indeed, the analogous of case
1 when Z is replaced by K[X], where K is a finite field, and the prime
p is replaced by an irreducible monic polynomial p(X) € K[X] can be
translated to case 3. For it has been established (see [2], or [12]) that

K[X]/(p(X)") = {ho+ M2z +...+ 125 s € LY,

where L is the finite field K[X]/(p(X)), and 2, = 0 for j > v, and the
2t for i < v, are # 0 and linearly independent over L. From now on,
K[X]/(p(X)") will be denoted by L,, and its elements by A(z,). As we
will see in Section 2, L[[Z]] may be considered as a projective limit of the
L—algebras L, and L[[Z]]/(Z") ~ L,,, where L; = L.

This particular case has never been mentioned explicitly in the literature,
as far as we know. For this reason, in Section 3, we present a proof of
Proposition A for this particular case, leaning heavily on some interesting
algebraic combinatorial arguments, which have proved to be useful in other
problems concerning the arithmetic of polynomial rings over finite fields
(e.g., see [2]). In a forthcoming paper we will apply the same arguments to
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explicitly study the orthogonal systems of polynomials over L[[Z]][t1,. . . , ]
to prove results similar to those contained in [9] or [11]. Finally, in section
4 we extend to this case a known result on polynomials over finite fields.

2. Preliminaries

In this section, for a finite field L with ¢ elements, we establish the
properties of L[[Z]] and L, we need for the rest of the paper. Most of what
follows is found in [2]. Let

[ee]
L{[Z]] = {)\(Z) =Y NZ' N € L}
=0
be the L—algebra of formal power series in the indeterminate Z and coeffi-
cients in L. This algebra is a local ring with maximal ideal (Z). The series
e(Z) =3 72,&iZ" is a unit in this algebra if, and only, if eg # 0. Also each
formal power series A\(Z) can be written uniquely as A\(Z) = e(Z)Z*A2),
where ¢(Z) is a unit and v(A(Z)) is a uniquely determined integer > 0.
Therefore, the mapping defined by A(Z) — v(A(Z)) if AM(Z) # 0 and
v(0) = oo is a discrete valuation on L[[Z]]. The ideals
0)c...c(z)c...c(Z*)c(2) (2)
are the only ideals of L[[Z]], and furthermore L[[Z]]/(Z") ~ L,, a finite
ring, of cardinality ¢, for all v > 1.
Now L[[Z]] is the projective limit of the projective system of L—algebras
(L, (my,1)v<p), where the epimorphisms 7, , : L, — L, are defined by
)‘(ZN) = )\0 + )\12N +...+ )\M,lzﬁfl —> A(Zl,) = AO + )\12,/ +...+ /\y,lz,'jfl ;

the canonical projections 7, : L[[Z]] — L, are thus given by

0 v—1

ANZ) =D "NZ' = Az) =D Nz,
=0 i=0

and is easily seen that L[[Z]]/(Z") = L,.

If f(t1,...,tn) € L[[Z]|[t1,...,tn], its reduction f,(t1,...,t,) modulo
(Z¥) is the polynomial in Ly[t1,...,t,] whose coefficients are the classes
modulo (Z") of the coefficients of f(t1,...,t,). Clearly, if u > v,

Tou(fulti, .. tn)) = fults, ... tn).
We write

v—1 v—1
Ty = (Z Tl,iziw--yZTn,z’Zi) (rij € L) (3)
i=0 1=0
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for an element of L;.
Ifr, e L}, is a zero of fu(ti,...,tn) and p > v, we say that 7, is a

descendant of T, if m, ,(T,) = T,; obviously, if such is the case, f,(7,) =0,
and we also say that 7, is an ascendant of T,. Conversely, if 7, € L}, is a

zero of f,(t1,...,tn), thenin Lj}, 4 > v, 7, has at most ¢"(#—7) descendants,
if any.
A zero T, € L of f,(t1,...,t) is said to be non-singular if
afl(ﬂ'l,z/(Tz/)) o 5f1(7'1,07 KRR Tn,o)
= #0
ot ot
for some j = 1,...,n. Otherwise 7, is called a singular zero. It is clear that

any descendant (resp. ascendant) of a non-singular zero is a non-singular
ZEero.

If 7, is given by (3), let us denote by 7, the element in L given by

v—2 v—2

= E % § i

Ty = Tl,izy7~~~7 Tn,izy .
=0 =0

With the above notations, in [2] the following version of Taylor’s formula
is proven:

Lemma 2.1. If f(t1,...,t,) is a polynomial with coefficients in L[[Z]],
then for each v = 2,3, ... we have
n -~
N _ ofu(T
fulr) = FulE) + 27 Y7 AT g (@

P ot;

If for j =1,...,n, we write

8 v Al/ b=
% = Bjo+Binz + .+ Bjp1z ! (5)
J

(Bjx € L), then after replacing in (4) we obtain
fu(Ty) = fu(Ty) + Z Tjwv—1054,0 le,/_l . (6)
j=1

Now, given f(t1,...,t,) with coefficients in L[[Z]], and a zero 71 =
(11,0, ---»Tno) of fi(t1,...,t,) in LY, we will denote by d(v; f; 71) the num-
ber of its descendants in L], (v > 1). Of course, d(1; f;71) = 1. With this
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notation,
c(v; f) = > dv; f;m1), v=1,
{m1; fi(m1)=0}

indicates the total number of descendants in L' of the solutions of fi(71) =
0.

Lemma 2.2. [2, Proposition 2.5, part (b) and Proposition 3.1] Let
f(t1,...,t,) be a polynomial with coefficients in L[[Z]], and let v > 1.
Then:

(a) For each singular zero T, of f,(t1,...,t,) we have
fulry) = fu(T0) (7)
Further, the zero

y v—2 v—2
Ty—1 = 71—1/—1,11(7-11) = (Z 7_1,2'212/—17 cee 72 Tn,izzzj—1> (8)
1=0 1=0

of fu_1((t1,...,t,) has always exactly ¢" descendants in L.
(b) For each nonsingular zero T, of f,(t1,...,t,) we have that

y v—2 v—2
Ty—1 = 71—1/—1,11(7-11) = <Z 7_1,2'212/717 s 72 TmiZ,Z/l) (9)
1=0 =0

has always exactly ¢" ' descendants in L. Moreover,

d(v; f;m1) =d(v—1; f;71)d" ", (10)
for all v > 2.

Proof. Let us put

fz/(a:u) =% +7% +...+ ’}/,,,12571 .

If T, is a singular zero of f,(t1,...,t,), then in (5), B;0 = 0 for all j =
1,...,n. Thus we have (7). The rest of part (a) in the proposition is an
inmediate consequence of (7).

It follows from (6) that 7, is a non-singular zero of f,(¢1,...,%,) if, and
only if,
Yo=n=-.=%-2=0, (11)
and
n
YW1+ > Tiw-1Bj0=0. (12)
j=1

Let us remark that (11) is equivalent to f,,_l('Y',,_l) = 0. Thus 'Y',, has as
many descendants in L!! as solutions has the linear equation (12). But, by
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hypothesis, there is an index k (k = 1,...,n) such that 3 # 0; therefore,
for any choice of the coefficients 7,1, j # k, the equation (12) is solvable
for 7, ,—1. But there are exactly ¢" ! choices for the 7;,_1 (j # k), hence

¢" ! descendants of 7v',,,1. Finally, let us notice that the foregoing argument
also shows that (12) is always solvable, from which the last part of the
Lemma follows. O

3. Characterization of multivariate permutation polynomials

Let us recall that a polynomial f(¢) € L[t] is said a permutation polyno-
mial if the mapping induced on the field L is bijective. The same definition
works for f,(t) € L,[t], for v = 1,2,..., and f(¢) € L[[Z]][t]. In [1] we
proved that f(t) € L[[Z]][t] is a permutation polynomial if, and only if,
fi1(t) € L[t] is a permutation polynomial with no singular zeroes. In the
this section we obtain a similar characterization for multivariate polynomi-
als.

Using the notation established in Section 1, W. N&bauer [10] proves
the following:

Lemma 3.1. [10, Property 3)] Let R be a commutative ring such that
R/a is a finite ring for all ideals a of R, then: [(v)] If p is a prime ideal of
R and q is a p-primary ideal, and p"™ C q C p?> C p, for some m € N*, then
Pa) =R(q). O

The fact that the ideals of L[[Z]] satisfy (2), implies that the radical
of (Z¥) is (Z), and, since this ideal is maximal, (Z") is (Z)—primary.
This said, and since (Z¥) = (Z)” C (Z?) C (Z), Lemma 3.1 proves that
P((Z2¥)) = R((Z")) for all v > 1. Thus

Lemma 3.2. The polynomial f(t1,...,t,) € L[[Z]][t1,-..,ts] induces a
permutation polynomial over L,, if, and only if, the equation f,(t1,...,t,) =
a(z,), for each a(z,) € L, has exactly ¢""~Y solutions. []

Lemma 3.3. If the polynomial f,(t1,...,t,) is a permutation polyno-
mial over L, then f,_1(t1,...,t,) is a permutation polynomial over L, 1.
In particular, fi(t1,...,t,) € L[t1,...,t,] is a permutation polynomial.
Proof. Let f,(t1,...,tn) € L,[t1,...,t,] be a permutation polynomial and
consider the equation f,_1(t1,...,t,) = a(z,—1), where a(z,-1) = ap +
a12y—1+ ...+ ozl,_ng:% € L,_1. Let N denote the number of solutions of
this equation in L} ;. On the other hand, there are ¢ elements a(z,) =
aotarzy+. ..oy 02t 24N, 124"t € L, one for each A\, € L, such that
Ty—1v(a(2,)) = a(z,—1). Then, by hypothesis, for each of the above a(z,),

Sao Paulo J.Math.Sci. 3, 1 (2009), 1-12



Characterization of Multivariate Permutation Polynomials in Positive Characteristic 7

the equation f,(t1,...,t,) = a(z,) has ¢"(*~1) distinct solutions in L”, all
of which are descendants of the solutions of f,_1(t1,...,t,) = a(z,-1).
Thus ¢*"1) = N¢g"1 and N = ¢-D=1

Let f(t1,...,tn) € L[[Z]][t1,...,tn] be such that fi(t1,...,t,) €

L[tq,...,t,] is a permutation polynomial. We ask now when this polyno-
mial can be lifted to a permutation polynomial f,(t1,...,t,) €
Lylty, ... tn].
Proposition 3.1. Let f(t1,...,tn) € L[[Z]][t1,...,tn] be such that
fi(t1, ..., t,) is a permutation polynomial. Then
(i) If all the zeroes of fi(t1,...,tn) —ag € L[t1,...,t,] are nonsingular,

then the polynomials f,(t1,...,t,) € L,[t1,...,t,] are permutation
polynomials, for all v > 1.

(ii)) Conversely, if at least one solution of the equation fi(t1,...,t,) —
ag = 0 is singular then f,(t1,...,t,) is not a permutation polyno-
mial over L, for v > 2.

Proof. (i) By hypothesis, the zeroes of the polynomial

Hy = fi(t1,...,tn) — ap are nonsingular, and each one of them has exactly
q»=D=1) descendants in L? for all v > 2, from Lemma 2.2, (b). Since
there are exactly ¢" ! zeroes of Hi(t1,...,t,) in L™, the result now follows.
(ii) Let 71 = (71,0,...,Tn0) be a singular zero of  fi(t1,...,t,) €
L[tq,...,t,], and suppose that there exists a descendant
To = (T1,0 + 71,122, -+, Tn,0 + Tn,122)

of 71 in LE. Then by Lemma 2.2, (a), 71 has exactly ¢ descendants in Lf.
Since, by hypothesis, the equation fi(t1,...,t,) = 0 has exactly ¢" ! solu-
tions, the equation fo(t1,...,t,) = 0 has exactly ¢"¢" ! = ¢>*~1 > ¢?(»~1)

solutions, showing that fo(t1,...,¢,) is not a permutation polynomial.
Thus in order to f,(t1,...,t,) be a permutation polynomial for v > 2
all the zeroes of the polynomial fi(t1,...,t,) — ap must be nonsingular.
O

The above result suggest the following definition: a polynomial
ft1, ... tn) € L[[Z]][t1, - . ., tn] is & permutation polynomial if f1(t1,...,tn)
€ L[ty,...,t,] is a permutation polynomial and the zeroes of fi(t1,...,t,)—
ag are nonsingular for all ag € L.

Combining the above results we can state now the following characteri-
zation of permutation polynomials.
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Proposition 3.2. The polynomial f(t1,...,t,) € L[[Z]][t1,...,ts] Is a
permutation polynomial if, and only if, f,(t1,...,t,) € Ly[t1,...,t,] Is a
permutation polynomial for eachv =1,2,.... [

If H1 = fl(tla . ,tn) — Qy, and since

OHi(t1,...,tn)  Ofi(ty,... tn)
ot B ot; ’
the above result is a rewording of the more general Proposition A in the
case considered here.

Since L[[Z]] is a unique factorization domain, the elements of
L{[Z]][t1,- .., tn] can be uniquely written as

flr,.. o tn) =e(D)Z7 f*(t1, .-, tn), (13)
where ¢(Z)Z", r > 0, is the content of f(t1,...,¢,) and f*(t1,...,t,) is
primitive. From (13) it follows that f,(¢1,...,t,) is identically the null
polynomial if » > v > 1, i.e., it is not a permutation polynomial. Therefore,
in our context we must assume always that the polynomials considered are
primitive.

4. Some consequences

In this section we generalize a result on multivariate permutation poly-
nomials over a finite field found in [8], though remarking that this is not
the only one that could be generalized.

The following result, which provides a tool to find from known ones new
permutation polynomials, is proved by W. No6bauer in [10, p. 338].

Proposition B. If m < n and h(ty41,...,tn) € Rltmy1,...,tn] is a per-
mutation polynomial modulo the ideal a, and g(t1,...,t,,) € R[t1,...,ty] is
an arbitrary polynomial, then the polynomial g(t1,...,tm)+h(tms1,---,tn)
is a permutation polynomial modulo a. In particular, every permutation
polynomial modulo a in R[tq,...,ty] Is again a permutation polynomial
modulo a in R[ty,...,t,].

Its translation to the case which occupies us, reads thus as follows:

Proposition 4.1. Suppose that f(ti,...,t,) € L[[Z]][t1,...,t,] is of
the form
f(tl,...,tn) :g(tl ...,tm) —I—h(tm+1,...,tn),
1 < m < n, where h € L[[Z]]|[tm+1,---,tn] is a permutation polynomial
and g € L[[Z]][t1,-..,tm]. Then f is a permutation polynomial. In partic-
ular, every permutation polynomial in L[[Z]|[t1,...,ty] Is a permutation
polynomial in L[[Z][t1, ..., ty].
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Proof. Here we provide a direct proof of this Proposition based on our
previous results and techniques. Indeed, if f(¢1,...,t,) € L[[Z]][t1,. .., tn]
is such that

f(tl,...,tn) = g(tl ...,tm) +h(tm+1u--- ,tn),
where h(tm41,.-.,tn) € L[[Z]][tm+1,---,tn] is a permutation polynomial,
let us assume that 71 = (710, .., Tm,0, Tm+1,0, - - - » Tn,0) is a singular zero of

Hl(tl,... ,tn) = fl(tly"' ,tn) — Qp,

so that
%—]3(7'1) = g—{;(ﬁ) = g—gj(ﬁ,o, ce 3 Tmo) F aa—}tl;(Tm+1,0, ey Tn0) =0
forall j=1,...,n. But for j >m+1, g—g;(Tl,o, ..., Tm,0) = 0 always, and
consequently
%—Z(Tmﬂg, ooy Tno) =0 for j>m+1.

But this means that h € L[[Z]]|[tm+1,- - - ,tn] is DOt & permutation polyno-
mial (Proposition 3.1). O

Let us recall now that for a commutative ring with unity R, a nonsingular
linear transformation in R™ is defined as a system of equations

n
ti:Zaijyj—Fbi (i:1,...,n),
7=1

where a;;, b; € R and det(a;;) € R*. In particular, for a polynomial

ft1,...,tn) € L[[Z]][t1, - - ., tn], we define a nonsingular linear transforma-
tion of its indeterminates to be a transformation of the form
n
ti= Y aij(Z)y; + Bi(2), (14)
j=1

where «;;(Z), pi(Z) € L[[Z]], and det(c;j(Z)) = det(A) € L[[Z]]*. If we

write

det(0ij(2)) =0+ > exZ", g0 #0,
k=1

it is clear that m,(det(A)) = gg + €12, + ... +e,125 "+ € LS. Therefore
the projection of (14) by ,

j=1
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is a non-singular linear transformation of the indeterminates, since
my(det(A)) = det(oyj(2,)) € L. In particular, m(det(A)) = g9 # O,

and

n
ti =Y oijoy; + Bio
=1
where aj0 = 71 (a;j(Z)) and B0 = m1(6;(Z)) is a nonsingular linear trans-
formation in L™. Conversely, the nonsingular linear transformation in L"

n
ti=Y oy + 8 . Biel (16)
=1

is a nonsingular linear transformation in L[[Z]]".

By abuse of language we still write f(y1,...,yn) € L[[Z]][y1, Y2, -, Yn]
(resp., fu(Y1,---,Yn) € Luly1,y2,--.,yn), v = 1,2,...) for the polynomial
obtained from f(t1,...,t,) € L[[Z]][t1,t2,...,tn] (vesp., fu(ti,...,tn) €
Lylt1,...,ty], v=1,2,...) under the nonsingular linear transformation (14)
(resp., (15)).

Let now f(t1,...,tn) € L[[Z]][t1,--.,tn] be a permutation polynomial
and let 79 = (71,0,72,0,...,Tn,0) be one of the ¢" ! nonsingular zeroes of
fi(t1,...,tp) — «, for some o € L. Using (16) we obtain, putting v;0 =
Ti,0 — /8i7

V1,0 = Q11Y1 + @12Y2 + ...+ QinYn
72,0 = Q21Y1 + a22Y2 + ... + Q2nYn

Yn,0 = Qp1Y1 + Ap2y2 + ... + Qnpln,

Since det(a;;) # 0, the above system has a unique solution 74 = (&1, ..., &)
which is then a zero of fi(y1,¥2,...,yn) — @. Thus we have shown that the
property of being a permutation polynomial over a finite field L is invariant
under singular linear transformations of the indeterminates.

Now we will prove that if for a € L all the zeroes of fi(t1,...,t,) — «
are nonsingular, then all the zeroes of fi(y1,y2, ..., Yyn) — « are nonsingular.
Indeed, let 7o be a zero of fi(t1,...,t,) —a, and 7, the corresponding zero
under (16). If 7( were singular, then for j =1, 2, ..., n, we would have

df1(ro) _ dfi(ro) Ot1 " dfi(ro) Otn
8yj 8t1 8yj o 8tn 8yj
df1(7o) 9f1(70)
= _— =0
ot Qayj + + ot Qlnj

Sao Paulo J.Math.Sci. 3, 1 (2009), 1-12
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Since det(a;) # 0, the above system of linear homogeneous equations has

df1(1o)

a unique solution, the null vector. Therefore 5 - Oforalli=1, ...,

(2
n, which forces 7 to be a singular zero of fi(t1,...,t,), contradicting our
initial choice of 7¢. Thus we have proved

Proposition 4.2. Let f(t1,...,t,) € L[[Z]][t1,...,tn] be a permutation
polynomial. If

n
ti=Y_ i (2)y; + Bi(2), (17)
j=1
is a nonsingular transformation of the variables of f(t1,...,t,) then
f(y1,-..,yn), the polynomial obtained by the transformation of the vari-
ables of f(t1,...,t,), is again a permutation polynomial. [

Two polynomials f and g in L[[Z]][t1, ..., t,] are called equivalent if f and
g can be transformed into each other by nonsingular linear transformations
of its variables.

Proposition 4.3. Let f(t1,...,t,) € L[[Z]][t1,-..,tn] be a polynomial.
If f(t1,...,t,) is equivalent to a polynomial of the form

g(tla cee 7tn71) + tn )
where g(t1,...,tn—1) € L[[Z]][t1,-..,tn—1], then f is a permutation poly-
nomial.

Proof. Let (17) be the nonsingular linear transformation taking
flty, ..., ty) into g(t1,...,tn—1) +t,. Since t, is a permutation polynomial
this transformed polynomial is a permutation polynomial, by proposition
4.2. Applying the inverse nonsingular transformation, Proposition 4.2 tells

us that the polynomial f(¢1,...,%,) is a permutation polynomial. [
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