Sao Paulo Journal of Mathematical Sciences 3, 1 (2009), 95-107

Partial actions of groups on algebras, a survey

Miguel Ferrero!

Instituto de Matematica, Universidade Federal do Rio Grande do Sul
91509-900, Porto Alegre, Brazil.

E-mail address: mferrero@mat.ufrgs.br

Abstract. In this survey paper we define partial actions of groups on
algebras and give several related results. For any partial action a partial
skew group ring is defined. This partial skew group ring is not always
associative. Conditions under which associativity holds are studied.
Several other questions are considered like, for example, enveloping
actions and properties of partial skew group rings.

Introduction

As it is well-known, a group G acts on a set X if for any g € G
there exists a bijection ay of X such that oy 0o ap, = agp, for any g, h € G,
and a3 = idr, where 1 denotes the identity element of G. In the case in
which R is a k-algebra, we say that G acts on R if the above holds and, in
addition, any a4 is an automorphism of R.

A generalization of the above, called a partial action of a group, appeared
independently in various areas of mathematics, in particular, in the theory
of operator algebras as a powerful tool in their study (see [1], [7], [8], [9],
[16], [18]). In the more general setting of a partial action of a group G on
a set X the definition is as follows:

Definition Let G be a group with identity element 1 and X be a set. A
partial action o of G on X is a collection of subsets Dy C X (g € G) and
bijections ay : Dg-1 — Dy such that

(1) D1 = X and o1 is the identity map of X;

9These notes are based on several recent papers on the subject.
! Partially supported by Conselho Nacional de Desenvolvimento Cientifico e Tec-
noldgico (CNPq., Brasil).
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(’LZ) D(gh)—l D) Oéh—l(Dh N Dg—l),'

(ii1) ag o ap(x) = agn(z), for any v € ap-1(Dy N Dy-1).

Note that conditions (ii) and (iii) mean that the mapping o, is an
extension of a0 ay,. It is easy to see that condition (ii) can be replaced
by the apparently stronger condition: aj-1(Dp N Dy-1) = Dp—1 N Djy-14-1.
So, conditions (i), (ii) and (iii) are equivalent to the following:

(i’) D1 = X and o is the identity map on X;

(ii") ag(Dg—l NDy) = Dy N Dyp;

(iii") ag(an(z)) = agn(z), for all x € D1 N Digpy-1.

Throughout these notes R will be always an associative algebra with
identity element over a commutative ring k. In this case we require that
{Dy : g € G} be a family of k-algebra ideals of R and every map oy :

D,-1 — D, is an isomorphism of algebras (not necessarily with identities).
This definition in a pure algebraic context has been given in [4].

1. Partial skew group ring

Let R be an algebra over a commutative ring k and o = {ay : D,-1 —

D, | g € G} a partial action of G on R.

gfl

1.1. Definition The partial skew group ring R x, G is defined as the set
of all finite formal sums deG agug, ag € Dy, with the usual addition and

multiplication determined by (agug)(byun) = ag(ay ™ (ag)by)ugh-

It is easy to see, using the conditions of the definition of partial actions,
that the multiplication in R %, G is well defined and defines an structure
of algebra over k. However this algebra is not always associative.

1.2. Example (¢f. [4], Example 3.5) Let R be a four dimensional K-vector
space (K a field) with basis {1,¢,u,v}. Define the multiplication on R by
=02 =uwv=ovu=tu=ut =t>=0and tv = vt = u, where 1 is the
identity of R. Let G be the cyclic group of order 2 generated by g and let 1
be the ideal generated by v (i.e., the subspace generated by v and v). Then
the mapping a4 given on Dy = I by v +— v and v — u defines a partial

action on R. It is not difficult to check that R x, G is not associative.
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So the first question which naturally appears is to find conditions for the
associativity of the partial skew group ring.

Obviously the mapping from R to R *, G which sends a € R to au; €
R %, G is an embedding and allows us to identify R with Ru; C R *, G.

To study when the partial skew group ring is associative the authors in
[4] introduced the following notion.

2. The algebra of multipliers

Let R be a k-algebra with identity element and I an ideal of R. Take
an element z € R and consider the left and right multiplication of I by
x: Ly : I — I, Ly(a) = xza and Ry : I — I, Ry(a) = ax. Then these
maps [ = L, and r = R, are linear transformations of I which satisfy the
following properties, for all a,b € I:

(a) l(ab) = l(a)b;

(b) r(ab) = ar(b);

(c) r(a)b = al(b).

2.1. Definition The algebra of multipliers (see [12], [14, 3.12.2] and [4],
Section 2) of and algebra I is the set M (I) of all ordered pairs (I,r), where
[ and r are linear transformations of I which satisfy the properties (a), (b)
and (c) above. For (I,r) and (I',r") in M(I), and vy € k the operations are
given by

v, r) = (vl,yr), (L) + 7)Yy =0+ U, r+7") and (L,r)(U',r") = (Lo

U, r'or).

It is immediate that M (I) is an algebra with identity. Also, the map
®: I — M(I) defined by ®(z) = (Ly, Ry), © € I, is a homomorphism of
k-algebras.

2.2. Definition ([4], Definition 2.4) An algebra I is said to be (I,r)-
associative if, given two multipliers (I,r) and (I';r") in M(I), one has that
rol=1lor.

The main result concerning with the associativity question proved in [4]
(Theorem 3.1) is the following

2.3. Theorem If R is an algebra and « is a partial action of G on R such
that each Dy, g € G, is (I,r)-associative, then the skew group ring Rx, G
1S associative.

Sao Paulo J.Math.Sci. 3, 1 (2009), 95-107
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Recall that I is said to be idempotent if I? = I. In particular, if I has an
identity element, then I is idempotent. Also, I is said to be non-degenerate
if for any a € I we have either al # 0 or Ia # 0.

It is not difficult to prove that if I is either idempotent or non-degenerate,
then I is (I, r)-associative ([4], Proposition 2.5.).

Thus the following is immediate.

2.4. Corollary If « is a partial action of G on an algebra R such that each
D, (g € G) is either idempotent or non-degenerate, then the skew group ring
R %, G is associative.

Note that if R is a semiprime algebra, then any ideal of R is non-
degenerate. Then we have the following

2.5. Corollary If R is a semiprime algebra, then Rx, G is associative for
any partial action a of a group G on R.

An algebra with the property that R %, G is associative for any partial
action a of a group G on R is called strongly associative.

The question of finding conditions under which a partial skew group
ring is associative is an open problem. There are some results, of course.
In particular we can quote [13]. In that paper the author studied strongly
associative modular group algebras. But we think there are many other
problems to investigate on the subject.

3. Enveloping actions

Natural examples of partial actions can be obtained by restricting a
global action to an ideal.

3.1. Example Suppose that a group G acts on an algebra T by automor-
phisms By : T — T and let R be an ideal of T'. Assume that Dy = RNBy(R),
for every g € G. Define oy as the restriction of By to Dg-1. Then it is easy

to verify that « = {ay : Dy-1 — Dy | g € G} is a partial action of G on R.

In the above case we say that « is the restriction of 5 to R. Now we
discuss conditions under which a given partial action can be obtained as
the restriction of a global action.

If G acts on T by automorphisms and R is an ideal of T', denote by T’
the subalgebra of T' generated by UgeqBy(R). Since 1" is invariant with
respect to 3, we see that a can be obtained also as a restriction of an action
of G on T'. Thus in order to have uniqueness it is reasonable to require
that 77 = T'. In this case we say that « is an admissible restriction of 3.

Now we define equivalent partial actions (see [4], Section 4):

Sao Paulo J.Math.Sci. 3, 1 (2009), 95-107
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3.2. Definition Given two partial actions o = {ag : Dy-1 — Dy | g € G}
and o/ ={ay : Dy — Dy | g € G} of a group G on algebras R and I,
respectively, we say that o and o are equivalent if there exists an algebra

isomorphism ¢ : R — R’ such that for every g € G the following conditions
hold:

(¢) ¢(Dg) = Dy;
(e0) aj 0 p(z) = poay(z), for allx € Dy-1.

The definition of enveloping action given in [4], Definition 4.2., is the
following:

3.3. Definition An action B of a group G on an algebra T is said to be
an enveloping action for the partial action o of G on R if « is equivalent
to an admissible restriction of 8 to an ideal of T.

In other words, the action 8 of G on T is an enveloping action for « if
there exists an algebra isomorphism ¢ of R onto an ideal of T" such that
for all g € G the following three properties are satisfied:

(1) ¢(Dg) = ¢(R) N By(p(R));
(2) poay(x) =By op(x) for any € Dy-1;

(3) T is generated by Ugeafy(¢(R)).

If the partial action « of G on R has an enveloping action (7', 3) we may
assume, unless equivalence, that R is an ideal of T' and [ is an action of G on
T by automorphisms {3, | g € G} such that T is generated by Ugeqfy(R),
Dy = RN By(R) and By(z) = ay(x), for any g € G and x € Dy-1. It can
easily be seen that in this case T'= 3 o By(R).

The question of whether a partial action possesses an enveloping action
has been investigated when R is a ring with identity element ([4], Theorem
4.5):

3.4. Theorem Let R be a unital algebra. Then a partial action o of G on
R admits an enveloping action (T, () if and only if each ideal Dy has an
identity element. Moreover, in this case the enveloping action is unique up
to equivalence.

Note that an ideal I of a ring R has identity element if and only if I is
generated by a central idempotent of R.

Sao Paulo J.Math.Sci. 3, 1 (2009), 95-107
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There is another paper in which the existence of enveloping actions is
investigated (see [6]). However we do not want to include too many details
here.

If a has an enveloping action, from Corollary 2.4 and Theorem 3.4 we
have that R %, G is associative. However there is another reason showing

that the existence of an enveloping action is quite important. In fact, we
have the following:

3.5. Proposition If 8 is an action of a group G on an algebra T which
is an enveloping action for the partial action o of G on R, then the partial
skew group ring R xo G can be embedded into the skew group ring T x5 G.
In particular, R, G is associative.

There is another kind of enveloping action for which Proposition 3.5 also
holds. We will see this in Section 5.

4. Elementary properties of partial actions and enveloping
actions

In a recent paper written by the author and J. Lazzarin [11] we study
relations between the properties of R and T', when « is a partial action of
a group G and (T, 3) is the enveloping action of a. All the results of this
section are contained in that paper.

First we note that since T' is a sum of the ideals §4(R), g € G, T does
not have an identity element, in general. To study when 7" has an identity
we need the following

4.1. Definition We say that o is of finite type if there exists a finite subset
{91, -s9n} of G such that 3 ;.. Dgg, = R, for any g € G.

It is clear that if G is a finite group any partial action of G on R is of
finite type. We have the following characterization (see [11], Proposition
1.2).

4.2. Proposition Assume that o is a partial action of G on R with en-
veloping action (T, 3). The following conditions are equivalent:

(i) « is of finite type;
(i) There exist g1, ...,gn € G such that T = Zlgz‘gn By, (R);

(iii) T has an identity element.

From the above proposition the following is easy to prove.
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4.3. Corollary Assume that R is a ring and « is a partial action of a group
G on R with enveloping action (T,(3). Then T is right (left) noetherian
(artinian) if and only R is right (left) noetherian (artinian) and « is of
finite type.

4.4. Example A partial action on an artinian ring which is not of finite
type and T is neither artinian nor noetherian.

Take R = Kej; @ Keo, a direct sum of two copies of a field K, and G an
infinite cyclic group generated by g. We define a partial action of G on R
by taking Djo = R, ago = idg, and Dy = Kesg, agi = idge,, for any i # 0.
Then it is easy to see that this is in fact a partial action and the enveloping
action § of « is defined on the ring T" which is the direct sum of the copies
Ke; of K, i € Z, by ﬁg(eg) = ey, Bg(e1) = e3 and Fy(e;) = ejq1 for any
J#1,2. It is clear that « is not of finite type.

An interesting result proved in ([4], Theorem 4.2) is the following

4.5. Theorem Assume that « is a partial action of G on R having an
enveloping action (T, 3), where T has an identity. Then the partial skew
group ring Rx, G and the skew group ring T'xg G' are Morita equivalent.

The following is an immediate consequence of Proposition 4.2 and The-
orem 4.5.

4.6. Corollary If «a is a partial action of finite type of G on R, the partial
skew group ring RxoG and the skew group ring TxgG are Morita equivalent.

It is well-known that if T is left (right) noetherian (artinian) and G is
finite, then T x5 G is left (right) noetherian (artinian). Thus the following
is immediate from Corollary 4.6.

4.7. Proposition If R is left (right) noetherian (artinian) and G is finite,
then R xq G is left (right) noetherian (artinian).
The following is an easy consequence of the above results.

4.8. Corollary Assume that o is a partial action of a group G on R with
enveloping action (T, 3). Then T is semisimple if and only if R is semisim-
ple and « is of finite type.

To study relations between the properties of R and T we use the fact
that T is a sum of ideals all of which are isomorphic to R.

Recall that a ring S is said to be a ring with local units if for any finitely
many i, ...,k € S there exists an idempotent e € S with {s1,...,sx} C eSe
([19], Ch. 10). Also, S is a right (left) s-unital ring if for any = € S one
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has z € xS (z € Sz) [6]. It is clear that a ring with local units is a right
and left s-unital ring.

Since any finite subset of T is contained in a subring which is a finite
sum of the ideals G,(R), g € G, the following is an easy consequence.

4.9. Corollary Assume that o is a partial action of a group G on a ring
R with enveloping action (T, 3). Then T is a ring with local units.

Recall that a radical v is said to be hereditary if for any ring R and ideal
I of R we have v(I) =~y(R) N1 ([3], p.- 125).

4.10. Proposition Assume that o is a partial action of a group G on
R with enveloping action (T,3). If v is a hereditary radical, then R is
~v-semisimple if and only if T is y-semisimple.

As a particular case of Proposition 4.10 we immediately have

4.11. Corollary Under the above assumption, R is semiprime (semiprim-
itive) if and only if T is semiprime (semiprimitive).

If R is prime, then R does not have nonzero central idempotents. Thus
any ideal D, must be either R or zero (this possibility is not excluded in
[4] for partial actions with enveloping actions), so the partial action is not
necessarily a global one, in general. However, if T' is prime, then clearly
T = R and the partial action is a global action on R.

Recall that R is said to be von Neumann regular if for any a € R there
exists b € R such that aba = a. For equivalent conditions of the definition
see Theorem 4.23 of [14].

4.12. Proposition Assume that o is a partial action of G on R with
enveloping action (T,3). Then R is von Neumann regqular if and only if T
1s von Neumann regqular.

If « is a partial action of finite type of G on R with enveloping action
(T, 3), there exist a smallest integer n > 1 and gy,...,g9, € G such that
T =3 1cicn Bg:(R). In this case the order of a is defined as n.

We denote by udimgS the uniform dimension of S as left S-module.

4.13. Proposition Let R be a ring and a a partial action of finite type
of G on R with enveloping action (T,(3). Then udimpR < udimpT <
o(a)udimprR, where o(«) is the order of . In particular, if G is a finite
group of order |G| we have udimsT < |GludimpR.

Denote by Z(.S) the left singular ideal of S.
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4.14. Lemma Assume that S =) .7 B;, where B; is an ideal of S which
has identity 1; as a ring, for any i. Then we have Z(B;) = Z(S) N By, for
any 1.

The following is an immediate consequence of the above.

4.15. Corollary Let R be a ring and o a partial action of G on R with
enveloping action (T, 3). Then R is left non-singular if and only if T is left
non-singular.

Putting together Propositions 4.11, 4.13 and 4.15 we have the following

4.16. Corollary Assume that R is a ring and « is a partial action of G
on R with enveloping action (T, 3). Then T is a semiprime left Goldie ring
if and only if R is semiprime left Goldie and « is of finite type.

Finally the following result is easy to show,

4.17. Proposition Let R be a ring, « a partial action of a group G on R
with enveloping action (T, 3) and m a positive integer. Then

(i) R do not have m-additive torsion if and only if T do not have m-
additive torsion.

(ii) If, in addition, T has an identity element, then m is invertible in R
if and only if m is invertible in T .

5. Partial actions on semiprime rings

As we said above there is another kind of enveloping action for which
Proposition 3.5 also holds. The following definition was given by the author
[10].

5.1. Definition An action 5 = {B, | g € G} of a group G on an algebra
T is said to be a weak enveloping action for the partial action o of G on R
if R is a subalgebra of T (not necessarily a unital subalgebra) and for any

g S G ﬂg|D971 - ag.

It is clear, as in Proposition 3.5, that if a partial action admits a weak
enveloping action (7', 3), then the partial skew group ring R*,G is a subring
of the skew group ring T'x3 G’ and then R, G is associative.

It remains as an open problem to determining conditions under which
a partial action admits a weak enveloping action. In [10] we proved the
following;:

5.2. Theorem Assume that R is a semiprime algebra and o« is a partial
action of a group G on R. Then « possesses a weak enveloping action.
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Note that in [10] we assumed that any of the ideals Dy, g € G, is nonzero.
However, this assumption is actually not necessary to prove the result.

From the above result it also follows that if R is semiprime, then R*, G
is associative. This gives another proof of a result which is already known.

The proof of the main result in [10] uses the Martindale ring of right
(left) quotients @ of the semiprime ring R. First it is proved that a partial
action a on R can be extended to a partial action a* of (). The ideals Dy
of the partial action o™ are closed ideals of ) and so they are generated by
central idempotents. Thus this extension of a to ) admits an enveloping
action and so the results of [4] can be applied. Hence the week enveloping
action of « is the enveloping action of (@, a*).

6. Properties of partial skew group rings

For the remainder of the paper we assume that the partial action « has
an enveloping action (77, 3). The results in the following are proved in [11].

We begin the section with two versions of Maschke’s Theorem.

First we recall some notions from [5]. For a partial action « of a group
G on R, the invariant subring R* has been defined as follows:

R* ={a € R|ayg(aly—1) = aly, forany g € G}.
When G is finite, also the trace map tr, : R — R® has been defined in [5]

by
tra(a) = Z O‘g(algfl)v
geG
for any a € R. It is proved that tr, : R — R is a (left and right) R*-linear
map.

The following is an easy consequence of the Morita equivalence between
Rxo G and T x5 G.

6.1. Theorem Let R be a ring and o a partial action of a finite group
G on R. If R is semisimple and |G| is invertible in R, then R x4 G is
semisimple.

The proof of the second version follows the lines of Theorem 0.1 of [15].

6.2. Theorem Let o be a partial action of a finite group G on R, V a left
R xo G-module and W a submodule of V. If tro(1r) is invertible in R and
W is a direct summand of V as an R-module, then W is a direct summand
of V' as an R %, G-module.

Theorem 6.2 immediately implies:

Sao Paulo J.Math.Sci. 3, 1 (2009), 95-107



Partial actions of groups on algebras, a survey 105

6.3. Corollary If R is semisimple, o is a partial action of a finite group
G on R and tro(1R) is invertible in R, then Rx, G is semisimple.

The example below shows that the assumptions of Theorems 6.1 and 6.2
are independent.

6.4. Example Take R = Ke; ® Keo® Keg, where K is aring and e, e, e3
are orthogonal central idempotents of R. Let G be the cyclic group of order
4 with generator g and define a partial action of G on R by: a; = idp,

ag: Key® Kez — Key @ Kea, og(ea) = e1 and agy(e3) = e;
ag: Key © Kez — Kep @ Kes, ag(e1) = ez and ag(e3) = eg;
ags: Kep ® Key — Key @ Kes, ags(e1) = ez and ags(e2) = es.

Take K equal to the ring of integers modulo 15. Then |G| = 41p is
invertible in R and t¢r,(1r) = 31y is not invertible.

Now take K equal to the ring of integers modulo 2. Then |G| is not

invertible in R and ¢r,(1g) is invertible. Note that in both cases R is a
semisimple ring. ]

Now we consider von Neumann regularity. In [11] we proved the following

6.5. Theorem Assume that R is a von Neumann regular ring, o is a
partial action of a finite group G on R and |G| is invertible in R. Then
R x4 G is von Neumann regular.

We have a similar result using the assumption that tr,(1g) is invertible
in R. The proof is inspired by the one in ([2], Theorem 1.3) for skew group
rings.

6.6. Lemma Let R be a von Neumann reqular ring and « a partial action
of a finite group G on R. If I is a left principal ideal of R *o G, then I is
an R-direct summand of R x, G.

Using the above lemma and Theorem 6.2 we obtain the following

6.7. Theorem Assume that R is a von Neumann reqular ring and o is a
partial action of a finite group G on R where trq(1g) is invertible in R.
Then R xo G is von Neumann regular.

7. Prime and primitive ideals, the prime radical and the Ja-
cobson radical.

The following was proved in [11] using the Morita context constructed
in [4], Section 5.
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7.1. Theorem There is a one-to-one correspondence, via contraction, be-
tween the set of all prime ideals of R %o G and the set of all prime ideals
Of T *3 G.

From the above theorem we immediately have
7.2. Corollary rad(R xo G) = rad(T xg G) N (R %o G).

Another consequence which follows directly from ([4], Theorem 5.4) is
the following
7.3. Proposition Assume that G is a finite group and R is semiprime
without |G|-torsion. Then R, G is semiprime.

Concerning primitive ideals we have the following. Assume that P <1 Rx,
G and P’ <T %3 G are corresponding prime ideals, i.e., P'N (R %, G) = P.
7.4. Lemma P is left (right) primitive if and only if P’ is left (right)
primitive.

Denote by J(A) the Jacobson radical of the ring A. The following easily
follows.
7.5. Corollary J(R+, G) = J(T' x3 G) N (R %o G).

Now we assume that G is finite. The following result extends to partial

skew group rings a result which is known for skew group rings (Theorem
4.2 of [17]):

7.6. Theorem Assume that « is a partial action of a finite group G on
the ring R. Then J(Rxq G)IC C J(R) x4 G C J(R %4 G).
In addition, if |G| is invertible in R, then J(R %o G) = J(R) xo G.

7.7. Corollary Assume that R is a ring and « is a partial action of a
finite group G on R. Then

(i) J(R%a G) N R = J(R).

(ii) J(R *o G) is nilpotent if and only if J(R) is nilpotent.

The equality J(R xo G) = J(R) %o G, proved in Theorem 7.6 when |G|
is invertible in R also holds under the assumption tr,(1g) € U(R) [11].
7.8. Proposition Assume that R is a ring and « is a partial action of a
finite group G on R with tro(1g) € U(R). Then J(R*q G) = J(R) %o G.

We finish the paper with the following

7.9. Corollary Assume that R is a ring and « is a partial action of a
finite group G on R. If R is Jacobson semisimple and at least one of the
elements tro(1r) or |G| is invertible in R, then R %o G is also Jacobson
semisimple.
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