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Abstract. In this paper we consider the stationary solutions of the
Schrédinger-Poisson equation:

i+ Ay — (2] 7« [ + [P e =0 in R®.

We are interested in the existence of standing waves, that is solutions
of type ¥(z,t) = u(x)e™ ™" where w € R, with fixed L?> — norm.
Then we are reduced to a constrained minimization problem. The
main difficulty is the compactness of the minimizing sequences since the
related functional is invariant by translations. By using some abstract
results, we give a positive answer, showing that the minimum of the
functional is achieved on small L? — spheres in the case 2 < p < 3 and
large L? — spheres in the case 3 < p < 10/3. The results exposed here
can be found with more details in [6] and [7].

1. Introduction
We consider the following Schrodinger-Poisson type equation

ihy+ A — (Jo| 7t [P + PPy =0 in R?, (1.1)

where 9(z,t) : R3 x [0,T) — C is the wave function, * denotes the convo-
lution and 2 < p < 10/3. Equation (|1.1)), known in the case p = 8/3 as
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Schrodinger-Poisson-Slater equation, has been used to analyze a wide vari-
ety of physical phenomena in Quantum-Chemistry and Solid State Physics.
We refer to [I1] and [I3] for a detailed study of equations which model phys-
ical phenomena with nonlocal terms.

We are interested to the existence of particular class of solutions of the
Schrodinger-Poisson equation: the solitary waves. By a solitary wave we
mean a solution of ([1.1)) whose energy travels as a localized packet; if a
solitary wave exhibits orbital stability it is called soliton. Actually we
restrict to the standing waves, that is solutions of type

Y(x,t) = e “u(z), weR, ulx)eC. (1.2)

So we are reduced to study the following semilinear elliptic equation with
a non local nonlinearity

— Au+ dyu — [ufP?u=wu in R3, (1.3)

U 2
o) = [ gy

sle—yl 7

where we have set

In the literature the Schrodinger-Poisson equation has been extensively
studied. However many authors consider the case in which the frequency
w is a parameter (that is, a priori given) and not an unknown; then the
energy functional they study is

1 w 1 1
F(u) = 3 /R3 \Vu|>dz — 5 /R3 |u|?dx + 1 /R3 buluPdz — » /RS |ulPdx

whose critical points are exactly the solutions of ([1.3)) with that given w.
See e.g. [1, 9] 10} 15 16, 17, 18] and the references therein.

We recall that the energy and the charge associated to the wave function
¥(x,t) evolving according to ((1.1)) are constants of motion and are given
by

1 1 1
B 0): = 5 [ [VoPdot g [ (el s uPlwPde > [ orda
= B(W(z,0)

and
Que.0) = 5 [ | 10Pde = Qu.0)

So it is physically relevant to study the critical points of E restricted on
the manifold @@ = constant. By using the ansatz ([1.2)), the natural way
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to attack this problem is to look for the constrained critical points of the

functional
1 9 1 9 1
I(u) == \Vul*de+ ~ | ¢yu|ul*de — - |ulPdx (1.4)
2 R3 4 R3 D JRr3

on the L2-spheres in H'(R3;C)
B, ={u€ H®%C) : |luls = p} p>0.

In this case w is not a priori given but it is an unknown of the problem:
so, now by a solution of we mean a couple (w,,u,) € R x H(R3;C),
where w), is the Lagrange multiplier associated to the critical point u, on
B,. Once u, is found, w, is given explicitly by

1
o= (190,13 + [ onlugfas— [ juras).
p R3 R3

Note that this approach is more natural since the wave function 1 is an
unknown, so u and w has to be considered both as unknowns of the problem.

However, due to stability properties, we are interested in finding the
critical points of I on B, which are minima for the energy I. Therefore we
study the minimization problem

Iy = igf I(u) (1.5)
P
which makes sense for 2 < p < 10/3 (see Proposition [2.1). Note that
problem ([1.5)) is invariant by the action of noncompact group of translations
in R3.
In a recent paper by Benci and Fortunato [4] the relevance of the en-

ergy/charge ratio for the existence of standing waves in field theories has
been discussed under a general framework. In our context, the analogous
I
There are only few papers concerning the minimization problem of the
Schrodinger-Poisson functional I on the constraint B,. There is just a result

by Sanchez and Soler [19] in the case p = 8/3 and by Catto and Lions in the

10/3 8/3
10§3 8§3, see [8]. For

p = 8/3, the so called Schrédinger-Poisson-Slater equation, the existence
of minimizers is proved in [19] only for p small, that is for small values of
the charge. The difficulty, in considering all p > 0, concerns the possibility
of dichotomy for an arbitrary minimizing sequence.

is the function s — that will appear in Section

case of nonhomogeneous nonlinearity of type |lul|;/= — |lu/|

We quote also [4] and [I4] where the analogous problem in a bounded
domain has been considered. In [4] the authors prove, by means of the
Ljusternik-Schnirelmann theory, the existence of infinitely many solutions
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with Dirichelet boundary conditions on v and ¢. In [14] a nonhomogeneous
Neumann boundary condition on ¢ is considered.

The results we are going to prove here are the following.

Theorem 1.1. Let p € (3,10/3). Then there exists p2 > 0 (depending
on p) such that all the minimizing sequences for (1.5)) are precompact in
H'(R3;C), up to translations, provided that

p2 < p < —+o0.

In particular, there exists a couple (w,,u,) € R x H'(R3;R) solution of

©3).

We note explicitly that the solution u, is real valued. The importance of
the existence of the minimum of the functional I is related to its stability
properties.

Theorem 1.2. Let p € (3,10/3). Then the set
Sy = {eu(x) : 0 € [0,27), [ulls = p, I(w) =Lz} for p> po
(with pa provided by Theorem 1s orbitally stable.

The definition of orbital stability will be recalled in Subsection [3.1

With a slightly different approach, we are able also to treat the case
2<p<3.

Theorem 1.3. Let p € (2,3). Then there exists py > 0 (depending
on p) such that all the minimizing sequences for (1.5) are precompact in
H(R3;C), up to translations, provided that

0<p<pr.

In particular, there exists a couple (wp,u,) € R x H'(R3;R) solution of

3.

Moreover we have

Theorem 1.4. Let p € (2,3). Then the set
Sp={e"u(z) : 0 € [0,27), |lull2 = p, I(u) =1} for p<p

(with pa provided by Theorem 1s orbitally stable.
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1.1. Notations. As a matter of notations, in the paper it is understood
that all the functions, unless otherwise stated, are complex-valued, but
for simplicity we will write L*(RY), H'(RV)...., where N > 3 and for any

1 < s < 400, L¥(RY) is the usual Lebesgue space endowed with the norm

Julls = / ul*da,
RN

and H'(R™) the usual Sobolev space endowed with the norm

ull3 = /RN \Vu|2dx+/RN lu|*da.

For our application, let us define the space D2 (]RN ). It is the completion
of C§°(RY) with respect to the norm

||u||§)1,2 = |Vu\2d:v.
RN

Moreover the letter ¢ will be used to denote a suitable positive constant,
whose value may change also in the same line, and the symbol o(1) to
denote a quantity which goes to zero. We also use O(1) to denote a bounded
sequence.

The paper is organized as follows. In the next section we give some
general remarks and comments about the problems we are going to study.
In Section 3 is considered the case p € (3,10/3). Section 4 is devoted to
the case p € (2,3) which is more involved.

2. Preliminaries

First of all, the study of the minimization problem (1.5) is justified by
the following

Proposition 2.1. For every p > 0 and p € (2,10/3) the functional I is
bounded from below and coercive on B,,.

Proof. We apply the following Sobolev inequality

NN NN
[ullg < bgllully = [[Vully

that holds for 2 < ¢ < 2* when N > 3. Therefore if ||ul|2 = p it follows

6-p 323
[ully < bpp 2" [[Vully?

and

1 1 1 6-p 3p_3
102 [ (51l =) do = S IVul} - b [ 9ullf 7 2)
R3 2 p 2
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Since p < 10/3, it results 327;) —3<2and
1
I(u) = S [[Vullz + O(|Vull3).
which concludes the proof. ([

As a consequence of this proposition, whenever p is fixed and {u,} is a
minimizing sequence for I ,2, we implicitly assume that {u,} is bounded in
H'(R3), so weakly convergent up to subsequences.

Note that, evidently, ¢, which appears in satisfies —A¢p, = 4r|u|?
and is usually interpreted as the scalar potential of the electrostatic field
generated by the charge density |u|?. Furthermore, it is useful to observe
that, if we set

up(-) = AXu(N() a,feR, N> 0,

X248y (\Oy) 2 ()
(z)= [ A A, :A2<“f’>/ Wy
Pus (@) /R Wz — APy Y oo Wz — g

= \H2=F g, (V).

then

To prove the theorems stated, we will make use of some abstract results.
They concern the compactness condition in order to conclude that the
minimizing sequences are (strongly) convergent. The main contribution
to constrained minimization problems has been given by the celebrated
concentration-compactness principle of Lions, see [12]. It is clear that the
relative compactness of the minimizing sequences would give the existence
of a minimizer for (1.5)). However, for translation invariant functionals the
minimizing sequence {uy} could run off to spatial infinity and/or spread
uniformly in space. So even up to translations two possible bad scenarios
are possible:

e (vanishing) u, — 0;
e (dichotomy) u, — @ # 0 and 0 < ||ulj2 < p.

The general strategy in the applications is to prove that any minimizing
sequence weakly converges, up to translation, to a function @ which is
different from zero, excluding the vanishing case. Then one has to show that
||@|l2 = p, which proves that dichotomy does not occur. As a consequence of
the Lions’ principle, the minimizing sequence converges, up to subsequence,
to a minimizer which gives a solution of the problem.

In [12], Lions proved that the invariance by translations of the problem
implies in many cases (as for our problem (|1.5)) an inequality that the
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infima 1 » have to satisfy and read as follows (weak subadditivity inequality)
Ipz SIM2+IP2*M2 for all 0<,u<p. (2.2)

However the necessary and sufficient condition in order that any minimizing
sequence on B, is relatively compact is a stronger version of ([2.2)), that is

Ipo<Ip+1p_,2 foral 0<p<p. (2.3)

In the literature it is referred as the strong subadditivity inequality. Our
main affort concerns with the verification of ({2.3).

Actually, Theorem and Theorem are consequence of general re-
sults (Lemma and Theorem [4.1)) which are applicable also in other
situations. In contrast, Theorem and Theorem [1.4] are quite expected;
indeed their proofs are standard and based on two general facts

e the convergence of all the minimizing sequences,

e the conservation of energy and the L?—norm.

During the proof of Theorems [1.1{1.3| we will use general results concern-
ing the minimization of functionals of type

J(u) = ;/M |Vu|?dz + T (u)

on B, for some C! functional 7' on H'(R?). Clearly, our functional (1.4)
is in this form.

3. The case 3 <p < 10/3

To prove that the minimum in this case is achieved, we make use of some
results contained in [6]. Here is crucial the condition

Jpp < Jyp+Jp_2 forany 0<pu<p. (3.1)

The next two lemma (the first of which is quite general and the second

one is for our functional I) stated without proofs, will be used to prove
Theorem [L.1]

Lemma 3.1. Let T a C' functional defined on H'(RY) and
1
J(u) = / \Vul|?dz + T (u).
2 Jas

Let {u,} C B, be a minimizing sequence for J,» such that u, — 4 # 0 and
let us set p = ||ull2 € (0, p].

Assume (3.1) and also that
T(tn — 7) + T(8) = T(un) +o(1); (3.2)

Séo Paulo J.Math.Sci. 5, 2 (2011),
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T(cn(un, — @) — T(u, — u) = o(1), (3.3)
where o, = ﬁ. Then u € B,,.
Moreover if, as n,m — 400

(T (un) = T (um), un — U ) = o(1) (3.4)

(T (un), un) = O(1) (3.5)
then ||y, — | g1 gy — 0.

Proof. See [0]. O

By a straightforward computation, condition (3.1]) can be proved for our
functional I when 3 < p < 10/3, indeed we have
Lemma 3.2. If3 < p < 10/3, then there exists py > 0 such that I,,> defined
in (L.5]) satisfies:
a) 1,2 <0 for all p > po,
b) Ipo <Ip+1p_2 forallp>pyand0<p<np.

The verification of these two conditions is based on suitable rescaling
properties of the functional defined in ; it is technical and straightfor-
ward, hence omitted here; the interested reader is refereed to [6]. Let us
see the consequences of this last lemma.

The condition [,2 < 0 is important to show that the weak limit of the
minimizing sequences is not trivial (as required to apply the general Lemma
B.1). Indeed, fix € (p2,+00). Let {u,} be a minimizing sequence in B,,.
Notice that for any sequence {y,} C R3 we have that u,(. + y») is still a
minimizing sequence for I,2. Now, if

lim sup/ | |2dz | =0
"0 \weR? J B(y.1)

then, by the Lions’ Lemma (see [12]), u,, — 0 in LI(R3) for any q € (2,2*),
where B(a,r) = {z € R® : [z — a| < r}. Since I,,» < 0, this would address
to a contradiction. Then it has to be

sup / U |?dz > 6 >0
B(y,1)

yeR3

and we can choose {y,} C R3 such that

/ [t (. + yn)|Pdz > & > 0.
B(0,1)
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Consequently, due to the compactness of the embedding H'(B(0,1)) C
L?(B(0,1)), we deduce that the weak limit of the sequence u, (. 4y, ) is not
the trivial function, so u,, — @ # 0.

By setting now

T(u) == - B(u) + ;cw),
where
B(u) = / bululPde, Clu)=— [ |upds,
R3 R3

our Schrédinger-Poisson functional can be written as

1
I(u) = 2 | |Vu|?dz + T(u)

and satisfies the hypothesis of the abstract Lemmal3.1] Indeed, we have just
seen that the minimizing sequences have a non trivial weak limit. Moreover
condition is satisfied by B and C as shown in Lemma 2.2 of [20].
Furthermore by the convolution and Sobolev inequalities we get

B(un) = /RS u un*dz < cllunl|tys < cllunl3[Vunl2 (3.6)

and than the relation (3.3|) follows from the homogeneity of B and C:

B(ay(un — @) — B(u, — u) = (o — 1)B(u, — @) = o(1)
Clap(up —u)) — C(up —u) = (& — 1)C'(uy, — u) = o(1)
since o, — 1.

Notice that thanks to the classical interpolation inequality we have

_ o' l—«o 1
lun — umllp < lun — um|l5 |V, — VumH% ®  where 5 + ( o ) — )

and then on the minimizing sequence we get |[u, — upl|, = o(1).
We obtain, for ¢ =p/(p — 1)

1/q 1/p
U [Py — uldz < u,|? dz u, — ulP dz =o(1
R3 RR3 R3

and so

'/Rg(’un’p_l - |um|p_1)(un — Up) dz| < ¢ |lup — Um”p =o(1).
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This proves (3.4) for C'. The verification of (3.4)) for B follows from

/ O,y Un (U, — Upy ) dx
R3

VAN

| Pun ll6llwnll2lltn — wml|3

< cllunlZ Nunlaliun — wnlls = o(1).
Finally, condition (3.5)) is trivial since, if u,, — u, then

<T’(un),un>:/ ¢n|un|2d;1;—/ |un |[Pdx
R3 R3

is bounded by and the continuous inclusion of H(R3) in LP(R3).
Then, applying Lemma we deduce that the weak limit % of a minimizing
sequence {uy} is in B,. In accordance with the statement of Theorem 1.1
@ is renamed u,.

Remark 3.1. We remark here explicitly that the verification of (3.2)-(3.5)
does not depend on the range in which p varies.

To conclude the proof of Theorem we need to show that u, is real
valued. Notice that, in general, if z is a complex function written as

2(z,t) = |2(z, 1)@ then

1a(,) = (w0 + [ |20 PI9S(.0)Pda,
R3
so we easily deduce that the minimizer u, has to be real valued.

3.1. The orbital stability. We first recall the definition of orbital stabil-
ity. Let us define

S, = {e"u(x): 0 €[0,27), |ulla = p, I(u) = Ip}.

We say that S, is orbitally stable if for every € > 0 there exists § > 0 such
that for any ¢y € H*(R?) with infyeg, [[v — Yol g1 (rsy < & we have

Vit>0 viélsfp ”1/1(1‘5, ) — UHHl(R:S) <eg,

where 1 (t,.) is the solution of with initial datum 9. We notice
explicitly that S, is invariant by translations, i.e. if v € S, then also
v(. —y) €S, for any y € R3.

Since the energy and the charge associated to 1 (z,t) evolving according to

[C1) are

1 1 1
B.t) = 3 [ VoPdo+ g [ (el s lwPloPde— [ ppiras
= B((x,0)
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and
Qo) = 5 [ | 16Pds = Qu(a.0))

our action functional I is exactly the energy and @ is the L?—mnorm.

In order to prove Theorem [1.2] we argue by contradiction assuming that
there exists a p such that S, is not orbitally stable. This means that
there exists ¢ > 0 and a sequence of initial data {0} C H'(R3) and
{tn} C R such that the maximal solution 1, which is global in time and

Yn(0,.) = 1 0, satisfies

nli)rfw viélsfp [0 = vllg1rsy =0  and viélsfp n(tn, ) — vl grrs) > €

Then there exists u, € H'(R?) minimizer of I, and § € R such that v =
e?u, and

[¥nollz = llvllz = p and  I(¢no) = I(v) = L

Actually we can assume that 1,0 € B, (there exist a,, = p/||tpnpll2 — 1
so that ant,o € B, and I(onino) — I, i.e. we can replace ¢ with
nn,0)- S0 {Pno} is a minimizing sequence for I,2, and since

I(¢n(, tn)) = I(djn,O)

also {¢n(.,tn)} is a minimizing sequence for . Since we have proved
that every minimizing sequence has a subsequence converging (up to trans-
lation) in H'-norm to a minimum on the sphere B,, we readily have a
contradiction, proving Theorem

4. The case 2 <p <3

The proof of the existence of a minimizer for I in this case is more
involved. Indeed the main problem here is the subadditivity condition
which is not easy to verify when 2 < p < 3 and indeed the possibility of
dichotomy for an arbitrary minimizing sequence cannot be excluded. In
this case the computations of the proof of Lemma to prove the strong
subadditivity inequality , fail due to the limitations on p. In fact we
will recover indirectly.

The results of this section are contained in [7] to which the reader is
referred for details and to deal with a more general case.

Turning back to ([2.3)), a classical approach to prove it, is to ensure that

(MD) the function s +— I;—; is monotone decreasing.
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Indeed, in case (MD) holds, for p € (0, p) we get

2 2 9
%IPQ <IH2 and %IPQ <IP2*H2

and hence

12 02— 12
[pz = ﬁIPQ + ?Ipz < I”Q —I-IPQ,HQ VAL S (0,,0),
ie. (2.3). Our aim, is then to give sufficient conditions that guarantee
(MD).

Let us start with the following abstract situation referred to the C*

functional
1

J(u) = 5 /RN \Vul?dz + T'(u).

Definition 4.1. Let u € H'(RY),u # 0. A continuous path g, : € RT —
gu(0) € H'(RN) such that g,(1) = u is said to be a scaling path of u if

Q. (0) := ||gu(0)||3||ul|5? is differentiable and H, (1) #0

where the prime denotes the derivative. We denote with G, the set of the
scaling paths of u.

The set G, is nonempty and indeed it contains a lot of elements: for
example, g, (0) = Ou(z) € Gy, since O, (0) = 0%. Also g,(0) = u(z/0) is
an element of G, since O, () = 6N, As we will see in our application, it
is relevant to consider the family of scaling paths of u parametrized with
B € R given by

N
G2 = {gu(0) = 0¥ Pu(w/0%)} C G (4.1)
Notice that all the paths of this family have as associated function ©(0) =
62.
Moreover, fixed u # 0, we define the following real valued function which
is crucial for our purpose:

iy, (6) = J(9,(6)) — ©,,(6)T(u), 8 > 0. (4.2)
Definition 4.2. Let u # 0 be fixed and g, € G,. We say that the scaling
path g, is admissible for the functional J if hg, is a differentiable function.

In our application the function hg, will be obviously differentiable; this
is due to the special form of the scaling path we choose; indeed we will

work with the subfamily Go.
Our main abstract theorem is now the following.

Séo Paulo J.Math.Sci. 5, 2 (2011), 173
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Theorem 4.1 (Avoiding Dichotomy). Assume that for every p > 0, all the
minimizing sequences {un} for J,» have a weak limit, up to translations,

different from zero. Assume that T satisfies assumptions (3.2), (3.3)), (3.4)
and (3.5) of Lemma[3.1]

Assume finally (2.2)) and the following conditions

—00 < Je2 <0 foralls>0, (4.3)
s +— Jg2 15 continuous, 4.4
. Jg2

Then for every p > 0 the set

M(p) = U {u€ By :J(u)=J,2}
we(0,p]
18 mon empty.
If in addition

d
Yu € M(p) Fgu € Gu admissible, such that @hgu(é?)b:l #0, (4.6)

then (MD) holds. Moreover, if {u,} is a minimizing sequence weakly
convergent to a certain u (necessarily # 0) then ||u, — @||gn — 0 and

J(ﬂ) = JPQ.

Remark 4.1. We have seen in the previous section that ensures that
the weak limit of the minimizing sequences is not zero (this is independent
of the range in which p varies). Notice that to recover , it is sufficient
the weak subadditivity condition in [0, +00) and the fact that Je <0
only for s in a certain interval (0, p]. Indeed, let p € (p, v/2p]: then for every
s € (p, p] we get
Jo2 < Jp+ Je_p2 <0

since s2 — p? < p?. This shows that Jy» < 0 for s in the larger interval (0, p].
Iterating this procedure it follows that Je2 < 0 for every s > 0.

Before to prove this theorem, we think it is interesting to address the
dichotomy case, i.e. when the minimizing sequences for /2> weakly converge
to a non zero function % which is not on the right constraint but satisfies
|la|l2 = po < p. The result is not surprising in view of the Lions’ principle.

Proposition 4.1 (Dichotomy). Let T € C'(H'(RN),R) satisfying (3.2)
and (3.3). Let p > 0 and {u,} C B, be a minimizing sequence for Jy2 such
that up, — u # 0 and assume that po = ||all2 € (0,p). Assume also that

(2.2) holds. Then
Jpz = Jug + ‘],02*!% (4.7)

Séo Paulo J.Math.Sci. 5, 2 (2011),
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and J(u) = J,;2.

This proposition shows that in the dichotomy case, in the equality
holds and the weak limit % is a minimizer on the manifold given by the
constraint |[ul|2 = po. Although B, is not the original constraint, we can
take advantage of the fact that @ is a minimizer on ||ul|2 = po.

Proof of Proposition[{.1l Since u, —u — 0, we get
lun — a3 + (@3 = llual3 + o(1)
therefore
p* — M

— = 1. 4.8
T = all (4.8)

Qp =
On the other hand, {u,} is a minimizing sequence for I 25 SO

1
Sl + T(un) = Lo +o(1)

and by (3.2)), we deduce also

1 _ 1 _ _
Sllin = alidua + S lalbue + T(un - @) + T(@) = Jj2 +o(1).

Hence using (4.8)) and (3.3 we infer

1
gllom(un = @)Dz + SllalDre + T(an(un — 0) + T(@) = Jp2 + o(1)

J(an(up — ) + J(u) = Jp2 + o(1). (4.9)
Then, since ||a,(u, — @)|]2 = p? — pd and ([2.2)) we get
S22+ J (1) < J(om(un — 1) 4+ J (1) = Jp2 +0(1) < Jp2_ 2+ J2 +0(1)
which implies J() = J,;2 and consequently (4.7). O

A crucial remark now for our purpose is in order. The strong subaddi-
tivity inequality (2.3]) holds if the following condition is satisfied

(I) the function s +— J;f in the interval [0, p] achieves its unique mini-
mum in § = p.

Indeed for p € (0, p) we get ’;—ijz < J,2 and pgp_;ﬂ Jp < Jyp_ 2. Therefore

p* —
2

2
n

2= —J 2+
p2°P

J

0 Jp2 < JM2 + Jp2_“2 Ve (0,p).
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We now show a lemma that asserts that the behavior of the function s —
Jg2 near zero is sufficient to deduce “almost” (2.3)), the strong subadditivity
inequality. Moreover this Lemma will be useful also to show Theorem

Lemma 4.1. Let us assume that condition (4.3)) is satisfied in a certain
interval [0, p] and that (4.4) and (4.5) hold. Then for every p > 0 there
exists po € (0, p| such that for every u € (0, po)

Jpg < Jp2+ Jpg,

MQ'

Proof. Let us fix p > 0 and define

J 2 1
= mi € |0, b=
00 min {s [0,p] s 2 2 }

which is strictly positive in virtue of (4.4]) and (4.5).

We claim that the function s — J;f in the interval [0, pg] achieves the
minimum only in s = pg. By the claim follows, as noticed before, that
Jpg < Jpe + Jp(z]_uz for every p € (0,pp). In order to prove the claim we

J 2 J2 )
- < — it will exists by

notice that if there exists p. < pg such that e ;
* 0

- T T . -
continuity a p < pg such that p%Z = % which contradicts the definition of
0

Po- u
With this result in hands we can give now the

Proof of Theorem[{.1]. To prove that M (p) # () let us fix p > 0. By Lemma
there exists pg € (0, p] such that for every p € (0, pg)

Jpg < Jpg_“g + JM(Q).
Then by Lemmawe get {u € By, : J(u) = J2} # 0.

To get (MD) it is sufficient to prove condition (I) on every interval [0, p].
So let us fix p > 0 and call o := minyg I;—; < 0, by (4.3). Let

J.
po 1= min{s € [0, p] s.t 3—822 :a}.

We have to prove that pg = p.
Thanks to (4.4) and (4.5), po > 0 and

J 2 J.
Vsel[0,p): 2 < (4.10)
Po s
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namely, the function [0, po] 5 s — ‘2*22 € R_ achieves the minimum only in

s = pp, by definition of py. Since condition (I) is satisfied in [0, po] we have
the strong subadditivity inequality

Jpg < JH2 + JP%—MQ Yue (0,,00).

Therefore we can apply Lemma [3.1] to the minimization problem

Jpp = ]igriﬁ J(u)

and we deduce the existence of @ € By, such that J(u) = J,2. In particular

u € M(p). Now we argue by contradiction by assuming that py < p. Then
fixed gz € Gy with its associated O, by (4.10) and the definition of pg:

Ta Jow,e
T "0 ol g (1—e,1+e).
P~ ©(0)p} ’

Therefore we have

(6 J, 2 J 2 T

T{ga ;) > 6(9)p(2’ > % = @ for every 0 € (1 —¢g,1+¢).
©(0)p5 ©0)5 — o Po

This means that the map hy, (6) = J(g9a(6)) —©(0)J (@), defined in a neigh-
borhood of § = 1, is non negative and has a global minimum in § = 1 with
hg, (1) = 0. Then we get

hy, (1) = 0.

Since gz is arbitrary this relation has to be true for every map gz, so we
have found a @ € M(p) such that for every gz € Gy it results hy, (1) = 0;
this clearly contradicts (4.6) and so pg = p. This implies condition (I) on
every interval of type [0, p] and so (MD), that is, s — J,2/s? is monotone
decreasing in [0, +00).

To prove the final part, let {u,} be a minimizing sequence for J 2 weakly
convergent to a certain . We already know that @ # 0. Since we have just

shown that in (0, p) the strong subadditivity condition is satisfied we can
apply Lemma [3.1] and conclude the proof. O

To prove Theorem [1.3] we show that all the hypothesis of Theorem 4.1
are satisfied.

As before, for simplicity we define

A(u) := /RS \Vul?dz, B(u):= /]R3 bululPdz, C(u):= _/]R3 |u|Pdz.

so that . ) )
I(u) = §A(u) + EB(U) + EC(u)
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We divide the proof in various steps.

Step 1 Condition ([2.2) holds and the functional T' = %B + %C satisfies
B2), G3), B-A) and B3).

These facts are proved in [19] (Proposition 2.3) and Section [3| (see Remark
3.1]) respectively.

Step 2 If 2 < p < 3, then condition (4.3)) is satisfied.

We already know that I, > —oo for all s > 0 so we just have to prove that
I2 < 0 for every s > 0. Let u € H'(R?) and choose the family of scaling

paths given in (4.1))

gu(8) = '~ u(z/6")
such that ©(0) = 62 and ||g,(0)||2 = 6. We easily find the following scaling
laws:

Agu(8)) = 0> P A(u),
B(gu(0)) = 0" B(u),
Clgu(9)) = 90730430 ().
For B = —2 we get
6 6 4p—6
1gu(0)) = % Aw) + & B +

since 4p — 6 < 6 and C(u) < 0. This proves that there exists a small
such that

C(u) — 0~ for § — 0,

Io <0 Vs e (0,6
Then by Step 1 and Remark [£.1] we conclude that I,» < 0 for every s > 0.

Step 3 For every p > 0, all the minimizing sequences {v,} for I,> have a
weak limit, up to translations, different from zero. Furthermore the
weak limit is in M (p).

The proof of this step is the same as in the case 3 < p < 10/3 but we give it
for completeness. Let {vy,} be a minimizing sequence in B, for I ». For any
sequence {y,} C R? we have that v, (. + y,) is still a minimizing sequence
for I,2. Again we will show that there exist a sequence {y,} C R? such
that the weak limit of v, (. + yy,) is different from zero.

By the well-known Lions’ lemma it follows that if

lim sup/ lvp|?dz | =0,
o0 \weR? J B(y.1)
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then v, — 0 in LY(R3) for any ¢ € (2,2*) and so C(v,,) — 0. On the other

hand, by Step 2, 1,2 < 0 so we have necessarily that

sup / v |2d2 > 6 > 0.
yeR? JB(y,1)

In this case we can choose {y,} C R? such that

/ on(. + ) 2dz > 6 > 0
B(0,1)

and hence, due to the compact embedding H'(B(0,1)) — L?(B(0,1)), we
deduce that the sequence v, (. + y,,) weakly converges to a nonzero v.

From the previous step it follows that v € M(p) # 0: if |[v|2 = p it is

obvious, otherwise use Proposition

Before going to Step 4, we prove a lemma about the behavior of the
levels of minima of the functional associated to the nonlinear Schrodinger

equation without the nonlocal term. Let us define

1 1
Glu) = 5 IVulls — > | upds

where 2 < p < 10/3 and let

Gp= igpf G(u).

It is known that, for every p > 0
Ju, € B, suchthat G2 =G(u,) <0

p
(see [2]); moreover by (4.9)

p—2)

1 9 6—p 3<T
Vue By: Gu) 2 S |[Vullz = bpp = [Vl

As a consequence we get

3p—10
2

1 e sp-10 )
0> G(up) > (5 —bpp 7 [[Vuplly * )Vl

which implies, since p < 10/3, that
{IIVu,|l2}p>0 is bounded for p — 0.

G
Lemma 4.2. We have lim, g p—p; =0.

Séo Paulo J.Math.Sci. 5, 2 (2011), 173

(4.11)

(4.12)

(4.13)



Minimization for the NSP Equation 167

Proof. Since the minimizer u, for G2 satisfies
— Ay — |up [P, = wpuy, (4.14)
we get, taking into account (4.12)),
wp _ ||vup||% - fRS ”U,p‘pdﬁﬂ %HVUPH% - % f]RB |up|pd$ G(Up)

Zr < = <0
2 2 [gs |up|?dx - Jrs |up|?dx p?

(4.15)
where w), is the Lagrange multiplier associated to the minimizer. Actually
we prove that lim,_.ow, = 0, so by comparison in (4.15]) we get the Lemma.

To show that lim, .o w, = 0 we argue by contradiction by assuming that
there exists a sequence p, — 0 such that w,, < —c for some ¢ € (0,1).
Since the minimizers w,, := u,, satisfy the equation (4.14)), we get

c||un||§,1§/ |Vun|2da:+c/ |2z
R3 R3

g/ \Vun\zdx—wpn/ \un\2dm:/ funlPdz < clfun|Pyr,
R3 R3 R3

which implies that there exists ¢ > 0 such that [|[Vu,ll2 > ¢ > 0. But

then, by using (L.12) and (.13
1
0> G(uy) > §C, —o(1)

with o(1) — 0 for n — oo and this yields to a contradiction, finishing the
proof. O

Now we can proceed.
Step 4 The function s — I satisfies (4.4) and (4.5).

We first prove that if p, — p then lim; .o I2 = I 2. For every n € N,

let w, € B,, such that I(w,) < I,z + % < % Therefore, by using the

interpolation and the Sobolev inequality, we get

3(p—2)
2

1 ) o-p sz ] N T 1
SIVwnllz = Cpn® [Vwnlly * < Sl Vllz ~ Bllwnllp < I{wn) <

Since @ < 2 and {p,} is bounded, we deduce that

{wyp} is bounded in H'(R?).
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In particular {A(w,)} and {C(w,)} are bounded sequences, and also
{B(wy)} since in general,

Vue H (R?) : B(u) = /}R3 Pulul’dr < CHU”ZIL{l(R?’)’

see e.g. [16]. So we easily find

a2 s 1) o 2

n n n » \pn
= I(wn) +o(1) < 1,2 +o(1).

On the other hand, given a minimizing sequence {v,} C B, for I 02, we have

Iz

< I(%’Un) = I(vn) +0(1) = 12 +o(1)

which, joint to the previous computation, gives limy, .o I,z = I,2.
In order to show that lim, g Ip’% = 0, we notice that (see ([{.11))

G L2 < 0.

p

2 =3
p
Since G2/ p? — 0 (see Lemma we easily conclude the proof of (4.5]).

Step 5 For small p the functional I satisfies (/4.6

First recall by Step 3 that M (p) # (); moreover since 0 ¢ M (p), A(u), B(u)
and C'(u) are all different from zero whenever u € M (p).
We claim now that
Wue M(p): —A() — SB(u) + 2=
4 2p
Indeed, for u € M(p) (i.e ||ull2 = p € (0,p] and I(u) = I,2) we define
v(0,u) = 07%u(%) so that ||v(f,u)||2 = ||ull2. It follows that

Cu) =0 (4.16)

A(v(0,u)) =0 2A(u), B(v(0,u)) =0"1Bu), C(b,u))= 93*%7"0(11).

Since the map 6 +— I(v(0,u)) is differentiable and u achieves the mini-
mum on B, we get

100, u))lo1 = 0

which is exactly our claim (4.16)).

Séo Paulo J.Math.Sci. 5, 2 (2011), 173



Minimization for the NSP Equation 169

Now, for u # 0 we compute explicitly hg,(#) by choosing the family of
scaling paths of u parametrized with 5 € R given by

G = {ou(8) = 6" u(e/0")} C Gu.
All the paths of this family have as associated function ©(#) = 2. We get

(see ([1.2))

1 1 1 :
o (0) = 5(0%°% %) A(u) + £ (01 — ) Blu) + - (0073049 — ) w),
p
which shows that the paths in gﬁ are admissible, i.e. hg, is differentiable
for every g, € 95 . We have also, for g, € gff :

hg, (1) = —BA(u) + Q;B(u) 4 (1-38)p+33-2

1 ’ C(u).

We will show that the admissible scaling path satisfying d%hgu (0))jp=1 # 0
can be chosen in g5 .

For future reference we compute

H90)  he(®) | I(u)
— u 4.1
Pl ~ @l Tl (#.17)
= L (Lg2ma0) 4 Lo2 s B(u) + 2e0-30miss20 )
iz 2 y , '

To prove (4.6) we argue now by contradiction. Assume that there exists a
sequence {u,} C M(p) with p > |lun|l2 = pn — 0 such that for all € R

(that is: for all g, € an)

2 — 1-32B)p+33—2
hy,, (1) = =BA(un) + —— 6B(un) i Qﬁ)l; 5 C(un) =0
then, by using we get
1 p—2 _
iB(un) + TC(un) =0
and hence (again by (4.16]))
Bun) = 2A(un), Clun) = 52— Alun),
2-p (4.18)
A(un) | Blup)  C(un) _3—p '
1 = = A(up).

Séo Paulo J.Math.Sci. 5, 2 (2011),



170 Gaetano Siciliano

The contradiction is achieved by showing that relations (4.18) are impos-
sible for p € (2, 3) for small p. We know that

I(uyp) =12 —0 (by continuity)
Alun), B(un), C(un) — 0 (by (4.18))
Because of the following Hardy-Littlewood-Sobolev inequality

o ()2t (1)
Bu) = [ PO dady < el

(4.19)

(that we will frequently use), it is convenient to consider some cases.
e Casea) 2 <p<12/5.

Then

4 4 4(1-a) — 3p
B(un) < cllunlliys < cllunll, [unllg ™, a= 26—p)

We get, thanks to (4.18)) and the Sobolev inequality |u,||2 < SA(uy) (here
S is the best Sobolev constant),

4(1—a)

4o
B(uyn) < cB(uyp) ?» B(up)™ 2
This is in contradiction with (4.19) since % + @ > 1, being p < 3.
e Caseb) p=12/5.

This case is simpler: thanks to (4.18|) we get

12/5 4
lunll13)s = eB(un) < cllunllss

which contradicts (4.19).
e Casec) 12/5 < p < 8/3.

Interpolating L'2/% between L? and LP we get

_ 5p — 12
lunlf = eB(un) < cllunlltys < cllunlls lually ™, a = 6 =2

ie. Jlunlh < pfﬂ”unH(l_a). Since p < 4(1 — ), i.e. p < 8/3, we get a
contradiction with (4.19))

e Cased) p=28/3
Again by interpolation we get

8/3
B(un) < clunlltyys < cp*llunlly/a,

and again, using that B(u,) = Hunﬂgg we get a contradiction.
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e Casee) 8/3 <p<3.

In this case for ug satisfying (4.18)), with |Jug|l2 = po we get (see (4.17)))
Ieng < I(guo(g))
02p3 — 023

1 /1 _ 1.5 A(ug) 13 _
— (2072 A(ug) + =62 P A(ug) + 20 p1-30p+35-2) |
pg <2 (uo) 2 (o) 2—p ’

Now let us choose § = 21(02__;2 so that

0<—2ﬁ:(1—gﬂ)p+3ﬁ—2<2—ﬁ.

Hence we obtain

Iy _1gu(0) _ Alw) [ 4=p yton 1 s
0208 — 0293 P L22-p)
_ 2-pI(w) [ A=p pie2 + 19%431);3]
3—p p5 [2(2-p) 2
and so renaming 92p% = 52 we get
4(p—2) 4(p—2)
Iy < —cs 103 +o(s 10-3 ) (4.20)

52
for sufficiently small s.
On the other hand for w,, satisfying (4.18) we have

_ 5p — 12
lunlly = eB(un) < cllunlltys < cllunlls®luall, ) o= 6p—2)

that is
[unl? < cpp|lun |50 (4.21)

Since now 8/3 < p (that is 4(1 — a) < p) we cannot argue as in Case c) to
2(5p—12)

get the contradiction. But we deduce from (4.21) that |ju,|h < cpn *7°
and hence using (4.18)),

I 4(p—2)
L > _ep (4.22)
Pn
Combining (4.22]) with (4.20]) we find
4(p=2) I 4(p=2) 4(p=2)
—cpnt ™t < % < —cpn” " +o(pa”")
n
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This drives to a contradiction for p, — 0 since

p-2) _ 4p-2)
3p—38 10-3p°

Summing up, we have verified all the hypothesis of Theorem so the
minimizing sequence {u,} is strongly convergent in H!(R?). Moreover the
minimizer is real-valued and this finishes the proof of Theorem

4.1. The orbital stability. The proof of the orbital stability is exactly
as in the case 3 < p < 10/3, since we have never used this restriction. The
unique fact used in the proof of the orbital stability is just the convergence
of every minimizing sequence and the conservation of energy and charge.
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