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Abstract. In this paper we show that the standing waves of the form
(ePu(z), ePtu(z)), B > 0, u(z) real and positive, are stable for the

system
Ou _ _
iy T tea + (W77 4 Aol uf)u =0
.Ov _ _
igy T vaa + (Ylul"|ol” [P =0

provided 2 <p<3and 0 <~y #p—1.
The Morse index of such solution is one for v > p — 1 and two for
0 <~y < p—1 but it is stable in both cases.

I. Introduction and Statement of the Result

The existence and stability of standing waves of the form e?**u(z), 8 > 0,
u(x) real and positive, for the equation

du
ot

are very well understood. For instance, the positive standing waves are
stable provided 0 < ¢ < 4/N. Moreover, for ¢ > 4/N blow-up results
are available. More recently, systems of the following form have also been
considered

1

+ Au+ |ul/fu=0 (1.1)

0
%+ Aut (jul® + vl =0

v
ot

where v and v belong to @ and z belong to IRY. N will be 1,2 or 3. Due to
its application in Nonlinear Optics, system (1.2) has called the attention of

+ Av + (y|u? + [v[*)v =0, (1.2)
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many researchers in both pure and applied areas (see [8] for a partial list
of references).

Here in this paper we consider the following generalized version of (1.2)

ou _ _
g TAut (ul*=% + ol luf~*)u =0

v

ot

7

+ Av + (v|u|p\v|p_2 + |v|2p_2)v =0. (1.3)

At least formally, system (1.3) has the following three complex first in-
tegrals:

E(u,v) = ;/]RN(|gradu(x)|2+|gradv($)|2)

— iuaz% zuxpvxp ivxgp .
| Gpu@P + Lu@P o)l + o)) de (1.4)
Alw) = ;/IRN [u@)Pde Qa(v) = ;/IRN lo(x)Pde (1.5)

Standing waves are solutions of (1.3) of the form (eu(z), v (x))
where u(x) and v(zx) are real and [3; are real and positive. Then (u(z),v(z))
solves the elliptic system

—Au+ B — ([ul?72 4 Aol [P = 0
—Av+ B — (Yl 4 o720 = 0 (L6)

The solutions of (1.6) are critical points of the real energy

B(u,v) = ;/]RN(|gradu(:U)|2+|gradv(x)|2)dm

= [ (gl Lol + 5o poPy e (1.7)
under the constraints
/ u?(z)dz = ¢ / v (z) dz = co. (1.8)
RN RN
For 1 <p< N/(N—=2)if N>3and p>1for N = 1,2, the existence

of positive solutions of (1.6) has been proved in [6] generalizing results
obtained previously in [1], [2] and [4],[5] , among others, for the case p = 2.
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Since existence of standing waves is established, the next thing is to study
their stability. The three complex functionals (1.4-1.5) are invariant under
the gauge and the translation transformations

(u,v) — (e%(- +¢),e™v(-+¢)) 0,9 € R,cec R (1.9)

The Cauchy problem for (1.3) is well posed in the complex space

H'(RN) x H'(IRYN) and, as usual, the concept of stability is taken with
respect with the norm of that space.
Definition. The standing wave (e?%tu(x), e?%?*v(x)) is orbitally stable with
respect to system (1.3) if for any € > 0 there is a § > 0 such that if
(u(t,x),o(t, z)) is a solution of (1.3) satisfying
[ (@(0,-,)5(0.-)) — (u(-),v(:))|| < d then inf ||(e?a(t, - + c), e d(- + ¢)) —
(u(-),v(:))|| < e, for all ¢ € IR, where the infimum is taken over 0,1 €
R,c e RN,

System (1.3) has standing waves of the form (same frequency)
(ePtu(x), ePtu(x)), B > 0, provided u solves

—Au+ Bu— (y+ Du*"t =0. (1.10)
Our main result is the following:

Theorem I.1. For N =1,0 <y #p—1,8>0 and 2 < p < 3 the standing
wave (ePPtu(z), ePtu(z)), where u € HY(IR), is a real positive solution of
(1.10), is stable.

Remarks

1) In the case p = 2, theorem 1.1 has been proved in [7] but some arguments
do not to work for more general powers. Notice that the range of the power
p for which stability holds, is the same as for the single equation (1.1).
However, as we will explain later in this case, the proof of the stability for
the system is more difficult.

2) If N =2and 1 < p < 2, parts of the proof of the stability also works.
But in that case, some terms appearing for instance in (2.12) below, are
not differentiable. A similar problem arises for N = 3.

Section two is devoted to the proof of theorem 1.1. A careful qualitative
spectral analysis is required to show that all conditions to use the method
presented in [3] are satisfied.

II. Proof of the main result
We consider a positive solution (ug, g,(),vg, g,(x)) of (1.6) depending

smoothly on the parameters 1, 8. As we will see later, such family exists
for (1, 2) close to the diagonal. From now on, to simplify the notation,
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we drop the subscript (01, 52) and that solution will be denoted simply by
(u(x),v(x)). We define the quantities:

1 1
Q1(51,52) = 2/ wz)de QB fa) = 2/ v(z)de (211
RN RN

and the self adjoint operators

Llh — _hzz + ﬁlh - (u2p—2 + ’vaup_Q)h (212)
Lok = —kys + B2k — (yuPvP > + 0™ 2k (2.13)

L(h, k) = (=haz + frh — ((2p — DU > +7(p— V)P *0P )b —ypo? P~ ',
(2.14)
—ke + Bok — ypuP P h — ((2p — D)o 4y (p — DuPP )k

A standing wave is stable if it is a local minimizer of the complex energy
E(u,v) defined by (1.4) subject to the two constraints Q1 = c¢1,Q2 = c,
where @1 and @2 are given by (1.5). A very general method for stability is
presented in [3] and, according to it, for a given (51, 52), the standing wave
(u,v) is orbitally stable if the three following conditions are satisfied:

C1: zero is a simple eigenvalue of L and of Ls with eigenfunctions u and
v respectively, and all the other eigenvalues are positive;

ou 0
C2: the kernel of L is spanned by —u, @ ;
Ox’ Ox
C3. the number of positive eigenvalues of the symmetric 2 X 2 symmetric
matrix 5
R(B1, f2) = <Qif,fl’52)> ij=12 (215)
Bj

is equal to the number of negative eigenvalues of L defined by (2.14).

The fact that v and v are eigenfunctions of Li and Lo, respectively,
associated to the zero eigenvalue follows from 1.6) (gauge invariance). Sim-

ou 0
ilarly, the fact that a—u, 80) are eigenfunctions of L associated to the zero
x’ Ox

eigenvalue follows from differentiation of (1.6) with respect to x (translation
invariance.) Therefore, conditions C1 and C2 say that standing wave (u,v)
is non degenerate in the sense that the multiplicity of zero as an eigenvalue
of the full (complex) linearized operator is equal to the dimension of the
invariance group.

Moreover, the fact that zero is a simple eigenvalue of the operators L;
and Lo follows easily because u and v are eigenfunctions of L1 and Lo asso-
ciated to the zero eigenvalue. Since they are positive (we are assuming that
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since the beginning), they are the principal eigenfunctions and, hence, zero
is a simple eigenvalue of them and all the other eigenvalues are positive.
This means that condition C1 is verified for all values of #; and (5. The
verification of C2 and C3 is much more difficult and, as stated in theo-
rem 1.1, we will do it in a particular case By = (2 only. If the quantities
Qi(01,B2),i = 1,2 were known explicitly in terms of f1and (2, the verifica-
tion of condition C2 would be easy. For instance, in the case of the single
Schrodinger equation (1.1) (and a single frequency f3), using a scaling ar-
gument we can calculate Q(3) for all values of 3. In the case treated here,

Q1(01, B2) and Q2(B1, F2) can be calculated at the diagonal f; = (2 = 8
only. However, even in the case #; = (2 = (3, in (2.15) 1 and [, are
independent variables and this brings some difficulty because there is no
explicit formula for Q;(51, f2) in a full neighborhood of the diagonal (3, 3).

As we have pointed out earlier in this paper, for 6 = 3 = fand N =1,
system (1.6) has a solution (u,v) with u = v provided u solves the single
equation

—Ugy + Bu— (v + Du*PL = 0. (2.16)

We start with the following very well known result.

Lemma II.1. For p > 1, there is a unique symmetric positive function
bo(x) belonging to H'(IRN) satisfying

—(258 + ¢ — 319—1 =0. (2.17)
Moreover, ¢y is smooth and tends to zero exponentially at infinity together
with their derivatives. Furthermore, the linearized operator

Loh = —h" + h — (2p — 1)¢3"*h (2.18)

has ezactly one negative eigenvalue and the kernel of Ly is spanned by ¢j,.

In terms of ¢ given by lemma II.1, the solution u of (2.16) is given by
g \ V@2

=—— . 2.19

wi) = () el (2.19)

To prove theorem 1.1 we will verify conditions C2 and C3 above because
we have already proved that condition C1 is satisfied for all values of ;
and (. We start with the verification of condition C2.

For 5y = B2 = 8 and u = v, the operator L defined by (2.14) becomes
L(h,k) = (= hgz + Bh — (20 — 1+ v(p — 1))u*"2h — ypu®’ 2k, (2.20)
— kgz + Bk — ypu?P72h — (2p — 1+ y(p — Du?P72k).  (2.21)
Assuming
—~hae 4+ Bh— 20 — 1 +~v(p — 1))u?P2h — ypu®’ "2k = \h (2.22)
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~kaw + Bk — ypuPh — (2p — 1+ y(p — D)u*P k) = Ak (2.23)
and defining r = h 4+ k and ¢ = h — k we see that (2.22-2.23) decouples into

M= = rpg + fr — (2p — 1) (y + Du®?%r = Ar (2.24)

and

Mag= = gur + B + (v + 1 = 20)u™"2g = Aq. (2.25)

Lemma I1.2. The kernel of My is spanned by gu and My has ezxactly one
x

negative eigenvalue.

Proof. Since M is the linearization of (2.16), the lemma follows easily.

Lemma II1.3. Define
Mes = =830 + 5 — 6@5(2)1)72(1')5. (2.26)
Then

i) for e < 1 the operator M. is positive definite.

i) for 1 < € < 2p — 1 the operator M, is invertible and it has exactly one
negative eigenvalue;

Proof. As a consequence of the variational caracterization of the point spec-
trum of a self adjoint operator, we see that the point spectrum of M, moves
strictly to the left as € increases. Moreover, due to (2.17), for e = 1 the op-
erator M, has ¢g as the principal eigenfunction corresponding to the zero
eigenvalue. Furthermore, as a consequence of lemma II.1 concerning the
operator Ly defined by (2.18), for ¢ = 2p — 1 the operator M, has exactly
one negative eigenvalue and zero is the second eigenvalue. All this together
proves lemma II.3.

2p—1—7~
v+1
e<2p—1lforO<y<p—lande<1fory>p-—1.

Lemma II.4. For 0 < v < p — 1 the operator My defined by (2.25) is
positive definite. For v > p — 1 the operator My is invertible and it has
exactly one negative eigenvalue.

For the next lemma we define ¢ = and we notice that 1 <

Proof. If we define s(x) = q(%) then, in terms of M. defined by (2.26),

(2.25) can be written as M.s = As/( and the proof follows from lemma
II.3.
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Lemmata II.2 and I1.4 count the number of negative eigenvalues of L
and the next step is to count the number of positive eigenvalues of the
symmetric matrix R(01, 32) defined by (2.15).

If Q1(B1,P2) is as in (2.11), we see, for instance, that
0Q1(B1,B2) ou

b R uaiﬂl

To prove condition C.3 for the matrix defined in (2.15) we need information

88;1 88;1 ) ggz and 6851; Diﬂ"erentiataing (186) implicitly
u v > — (k)

with respect to 1 at (,) and u = v and denoting <8ﬁ’ a5
1 1

dx.
about the derivatives

we have
~hay + Bh = ((2p — 1) + )u*"?h — ypuP %k = —u
~kgo + Bk —apuPh— ((2p — 1) +y(p - NP Pk =0 (2.27)
For < Ou O > a similar system can be obtained. As before, in terms of

982" B2
r=h+k and ¢ = h — k we see that (2.27) decouples into

Mir = —r4p + Br — (2p — 1)(y + Du**"%r = —u (2.28)
and
Msq = —que + Bg — (2p — 1 = Y)u?q = —u (2.29)
In terms of r and ¢ the matrix R defined by (2.15) becomes
po i (wr+tq (ur-q
2\ (u,r—q) (u,r+q)
and then
det(R) = (r,u)(q,u) tr(R) = (u,r + q) (2.30)
Lemma I1.5. The quantities appearing in det(R) in (2.30) satisfy:
i) for v > 0 we have (r,u) > 0;
ii) for v > p — 1 we have {q,u) > 0; for v < p—1 we have {q,u) < 0.

Proof. Differentiating (2.16) with respect to 3 we see that the solution of
Jug

(2.28) is given by r = B Therefore,

0 1d
(ryu) = (5 us) = 5 35w, ua)

S&o Paulo J.Math.Sci. 5, 2 (2011), 175-184



182 Orlando Lopes

Moreover, in view of (2.19) we have

) g \ Ve )
/]RN ug(z) dr = (’Y‘i‘1> /]RN G2(\/Bx) dx

ﬁ(?ﬁp)/@pf?) )
T DD Jp O
and then
d (3—1p) /3(5731))/(217*2)
——(ug,ug) = o — T
dp (2p = 2) (v + DY @D Jpw

because 2 < p < 3 and this proves i.

G2 (z) dz > 0

To prove ii, using (2.19) we first write (2.29) in terms of ¢o:

~ 1/(2-2)
—qm+5q+w o' (VBr)g = _< . ) ¢o(+/Br)

v+1 v+1
(2.31)
x
Next, defining s(x) = g(—=) we see that s(x) satisfies
(z) (\/B) (z)
(Y+1-2p) 9p-2 B B33-2p)/(2p-2)
_S$$(x) + 3(1') + ? 0 (33)3(1') = —W¢O<$)
(2.32)

and
1 T
/R o(e)o0(/Br) do = — /R o 5 )on(e) de = /R s(x)dolz) de.

Therefore (g, u) and (s, ¢g) have the same sign. Moreover, if we drop the
positive factor in front of ¢y in the right hand side of (2.32), the sign of
(s, ¢o) does not change. In other words, we can assume that s satisfies

—saa(o) +0) + O a)s(a) = (o) (239)

and we have to analyze the sign of (s, ¢o).

We first consider v > p — 1. According to lemma I1.4, for v > p — 1
the operator defined by the left hand side of (2.33) is positive definite.
Therefore, multiplying (2.33) by s and integrating we get (s, ¢g) < 0 and
this proves the first part of ii.

2p—1—
To prove the second part, we define as before € = % and then
Y
(2.33) can be written as
Mes = —Sgz +5— Ed)gpiQ(x)S = _qu(J:) (234)
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with 1 < € < 2p — 1 because 0 < v < p — 1. Since M, is invertible in

that range, the solution s(e) of (2.34) is well defined and it is smooth in e.

Next we show that (s(€), ¢o) is a decreasing function of e. In fact, defining
0s

2= 50 and differentiating (2.34) with respect to € we get
€
Mz = s¢aP 2. (2.35)
Multiplying this last equation by s and integrating we get
_ d
0< / 82(£)¢§p 2(1‘) dr = <M€Z, 5> = <Z7Mes> = <Z7 _¢0> = _%<8(6)7¢0>
R

and then (s(€), ¢p) is a decreasing function of e. For ¢ = 2p — 1, according
to lemma II.1, zero belongs to the spectrum of M. In despite of that,
¢o belongs to the range of M, because, in view of the same lemma, ¢q is
orthogonal to the kernel of M,. In fact, defining

v(w) = v(B)(x) = B2 o(v/ )
we see that
— gy + fv — 2P = 0.
Therefore, a solution of

—Spz + 5 — (20 — 1)@ s = —g
18
d

S:@U

(ﬁ)‘

B=1
and then

(.60 = (o090 = 5 G5 (00) B

1d
— — = 3B=-p)/(2r-2) 20e) d
2dﬂﬂ /Rqﬁo(m)x>0
because p < 3.
Since (s(€), ¢p) is decreasing for 1 < € < 2p — 1 and (s(2p — 1), ¢po) > 0,
the lemma is proved.
Proof of theorem 1.1 We have to verify conditions C2 and C3. We start
with C2. Since, according to lemma I1.4, M> is invertible for 0 < v # p—1,

we conclude that the the kernel of L is given by the kernel of My and then
C2 is a consequence of lemma I1.2.

Next we deal with condition C3. According to lemmata I1.2 and I1.4, for
0 < v < p—1 the operator L has one negative eigenvalue and for v > p—1
the operator L has two negative eigenvalues. Moreover, according to lemma
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I1.5 and (2.30) in, R has one positive eigenvalue for 0 < v < p — 1 and two
positive eigenvalues for v > p — 1. Therefore condition C3 is verified and
the theorem is proved.
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