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Abstract. In this work we analyze the asymptotic behavior of the
solutions of a reaction-diffusion problem with delay when the reac-
tion term is concentrated in a neighborhood of the boundary and this
neighborhood shrinks to boundary, as a parameter e goes to zero. This
analysis of the asymptotic behavior uses, as a main tool, the conver-
gence result found in [3]. Here, we prove the existence of a family of
global attractors and that this family is upper semicontinuous at € = 0.
We also prove the continuity of the set of equilibria at € = 0.

1. Introduction

Let 2 be an open bounded set in R with a smooth boundary 0f2.
We define the strip of width € and base 0f) as

we={zx—on(z): z€d and oel0e)},
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for sufficiently small €, say 0 < € < €y, where n (z) denotes the outward
normal vector at x € 0€). We note that the set w. has Lebesgue measure
|we| = O(€) with |we| < k09| €, for some k > 0 independent of €, and that
for small €, the set w, is a neighborhood of 92 in €2, that collapses to the
boundary when the parameter € goes to zero.

FIGURE 1. The set we.

We are interested in the behavior, for small €, of the solutions of the
reaction-diffusion problem with delay in the interior

O A — i+ 20, F (1), u(t— 7)), Q% (0,00)
€

t
Qe (L)
o = 0, 08 x (0, 00)

ut = ¢S, Q x [—7,0].

In [3] was proved that, under certain conditions, the limit problem of (1.1)
is the following parabolic problem with delay in the boundary

0
Ou_ = Au® — M0, Q2 x (0,00)
aato 1.2
O ), 00~ 7)), 99 x (0, 00) 2
ud = Y, Q x [—1,0]

where A > 0, 7 > 0 is the delay, f : R? — R is the nonlinearity,
e Qx [-7,00) — R, 0 < € < €, is the initial condition and A, is
the characteristic function of the set we, 0 < € < ¢y. Thus, the effective
reaction in (1.1) is concentrated in w,. Since A > 0 in (1.1) and (1.2), then
the elliptic problem with homogeneous Neumann boundary conditions, as-
sociated to problems (1.1) and (1.2), is positive. In fact, we are supposing
A > 0 for convenience, since we can consider the problems (1.1) and (1.2)
with A = 0, add and subtract in the equation the term fuc(z,t) with g > 0,
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for example 8 = 1, and also obtain that the elliptic problem associated is
positive.

Here, we will prove the existence of a family of global attractors of (1.1)
and (1.2) and that this family is upper semicontinuous at ¢ = 0. We will
study the simplest elements from the attractor, the equilibrium solutions.
We will show the continuity of the family of equilibria of (1.1) and (1.2) at
e=0.

This kind of problem was initially studied in [6], where linear elliptic
equations with terms concentrated were considered and convergence re-
sults of the solutions were proved. Later, the asymptotic behavior of the
attractors of a parabolic problem without delay was analyzed in [11], where
the upper semicontinuity of attractors at e = 0 was proved. The same tech-
nique of [6] has been used in [3], where some results of [6] were extended
to a reaction-diffusion problem with delay. Thus, our goal is to extend the
results of [11] to parabolic problems with delay.

In order to prove the results of this paper, besides of the hypotheses (H1)
and (H2) previously assumed in [3] and given by:

(H1) f:R? — R is locally Lipschitz.

(H2) f(0,v) >0, for all v € R, and there exist D € R and E > 0 such that
flu,v) < Du+E,  Vu,v=0.
We will need of the following additional hypotheses:

(H3) D € R is such that the first eigenvalue, A}, of the following problem
is positive
—AY) + M) = A, Q
0
%0 _ py?, o0
on
with ¢ =1,2,....

(H4) f:R? — R is a C?(R?)-function.

Interesting applications of the problems (1.1) and (1.2) with A > 0,
appear in logistic type equations, for example, when the nonlinearity is
flu,v) = u(l —wv) or f(u,v) = ula — bu — cv), with a, b, ¢ > 0 and u,
v € R. The function f(u,v) = u(a — bu — cv) satisfies the hypotheses (H1),
(H2), (H3) and (H4), thus the results about the upper semicontinuity of
attractor and continuity of equilibria at ¢ = 0 hold in this case. In the case
of the function f(u,v) = u(l — v), the hypotheses (H1), (H2) and (H4)
are satisfied, however (H3) is only satisfied for some values of A > 0. In
this case, we do not know if the results about the upper semicontinuity of
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attractors and the continuity of equilibria at ¢ = 0 hold for A = 0, since for
A=01in (1.1) and (1.2), the hypothesis (H3) is not satisfied.

The paper will proceed as follows: in Section 2, assuming the hypotheses
(H1) and (H2), we will give the notation that it will be used in this paper
and we will remember some results obtained in [3]. We will be interested
only in nonnegative solutions of (1.1) and (1.2), thus we will consider only
nonnegative initial conditions of (1.1) and (1.2), since this will implicate
the positiveness of the solutions, as we already saw in [3]. In Section 3,
besides of the hypotheses (H1) and (H2), we will need of the dissipative
condition (H3) to show that the nonlinear semigroup, associated to the so-
lutions of (1.1) and (1.2), is uniformly bounded for all time, asymptotically
smooth and dissipative. With this, we will show the existence of a family of
attractors of (1.1) and (1.2) and that this family is upper semicontinuous
at € = 0. In particular, we will get the upper semicontinuity of the set
of equilibria of (1.1) and (1.2) at e = 0. Afterwards, in Section 4, besides
of the hypotheses (H2) and (H3), we will also use the hypothesis (H4) to
obtain some technical lemmas. With this and with the results of Section 3,
we will prove the lower semicontinuity of the set of equilibria at € = 0
and so the continuity. For so much, we will also need to assume that the
equilibrium points of (1.2) are stable under perturbation. This stability
under perturbation can be given excluding the zero of spectrum or by the
hyperbolicity of equilibrium point.

2. Notation and previous results

Initially, let us denote by H,(2) the Bessel Potential spaces of order
s € R in an arbitrary domain © C R”, with 1 < p < co and H)(Q) = LP(Q2).

We consider the linear operator A : D(A) C LP(2) — LP(Q) given by
Auv. =  —Au + Mu, for all w € D(A), with domain
D(A) = {ue W*P(Q): % =0 on 00Q}. The operator A is closed
densely defined and sectorial in LP(Q)), with compact resolvent set p(A).
Since A > 0 then A is a positive operator.

Following [12], where the definition of fractional power was extended to
include negative powers and the operator A was extended, using the results
of [14] and the interpolation-extrapolation techniques of [1, 2], we know
that the operator A has an associated scale of Banach spaces X?, 5 € R.
Moreover, the operator A, or more properly speaking, the realization of the
operator A in X7, is a sectorial operator in X? with domain X 15,

Let us denote the realization of operator A in the extrapolated spaces
XP 0<p<1,by A_p. It follows from results of [10] that the oper-

ator —A_g generates an analytic semigroup {e‘A—ﬁt it > 0} in X4, for
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0 < B < 1, which satisfies, for -0 < a <1 — (3,
He‘A—ﬁthxa < Me™ 0 vl xa t>0

He‘A—ﬁthXQ < Me%t—(ath) vl x5, t >0,
for some § > 0 and M > 0.
We want to choose «, 3 and p in such a way that

(1) X* = C(Q);
(2) X1=F = Hg(l_ﬁ)(Q), in other words, X'~# does not incorporate the

boundary condition;
B)0<a+pg<1.

So we take «, B and p satisfying

n 1 1 1

— 1-— l——=—-—+ —. 2.4

2p<0z< B < o 2+2p (2.4)
Proposition 2.1. If «, 8 and p satisfy (2.4), then

a _ 112a -6 _ 2p
XO=H2(Q)  and X7 = (HYP(Q)).

Since our equations have time delays, we also need of the following no-
tation:

Notation 2.2. For a given a € R, we denote by Co = C ([—7,0], X?) the

Banach space of all continuous functions u : [—7,0] — X< with the norm
lulle, = sup [u(0)| xa -
el—7,0

Since we plan to use the linear operator A with homogeneous boundary
conditions, to define the abstract problems associated to (1.1) and (1.2), we
need to include the nonlinear boundary conditions in the equation. This is
done as follows.

Notation 2.3. Denote by
Fy:C, — X5

W' Folu) = (fo), (u(0), u(—))

and
{ F.:Cyh— X7 0<e<e

ur— Fe(u) = (fo)o (w(0), u(=7))
where (fo),, (f)g @ X% x X% — X8, 0 < € < e, denote the maps
defined, respectively, by

((fo)y(u,v), ) r=/ v (f (u(z),v(2))) v (¢(x)) dz,

o
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vV (u,v) € X*x XY andV ¢ € Hi,ﬂ(Q), where vy denotes the trace operator,
and

(F)o (w0),6) ==+ [ f(u(z),v(x)) d(x)dz

€ Jow.

V (u,v) € X*x X* and V ¢ € Hz,ﬁ(Q)

Thus the problems (1.1) and (1.2) will take the abstract form

0w (t) + A_pu(t) = Fe (uf), t>0 and 0<e<eg (2.5)
ut(t) = (1), te[-7,0] '
where, for each 0 < € < €, uf : [-7,0] — X¢ denotes the function

u§(0) =u(t+0), 0 € [—7,0].

The hypothesis (H1) and the condition (2.4) imply that F, is locally
Lipschitz, uniformly in €. Hence, we have local existence and uniqueness
of the solutions of (2.5) or of (1.1) and (1.2) in the weak sense. In [3,
Theorem 12], using abstract results of comparison of [5], assuming also the
hypothesis (H2) and considering only nonnegative initial conditions of (1.1)
and (1.2), in the sense that ¢°(t) > 0, for all ¢t € [—7,0], where < is the
order relationship in LP(Q2), was proved that the solutions of our problems
with delay (1.1) and (1.2) are nonnegative, that is, for each 0 < e < e,
u(z,t) = 0, for all (z,t) € Q x [—7,00). Moreover, for each 0 < € < €,
u(z,t) < v(z,t), for all (z,t) € Q x [0,00), where v¢ is the weak solution
of the following linear parabolic problems without delay

dv = Av° — v + lee (Dv*+E), Qx(0,00)
ot €
ov¢ (2.6)
= Q
o 0, 00 x (0, 00)
L v°(0) = ¢°(0), Q
0
a(;t = A" — 20, Qx(0,00)
0
O DOy B 00 x (0,00 27)
on

The global existence, uniqueness and continuous dependence of the solu-
tions of (2.6) and (2.7) follow of [10] and, for each 0 < € < ¢y, we have well
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defined semigroups in X<,
Te(t) : X — X@
o — T(t)p = ve(t; ), t>0.

Using comparison, in [3] was showed that the solutions of (1.1) and (1.2)
are globally defined. Thus, for each 0 < € < €y, we have well defined
semigroups in Cy,

U(t) : Co — Cy
pr— Ut =ui(p), t=0.

We note that u¢ : [—7,00) — X© satisfies the variation of constants
formula
t
u(t) = e—Afﬁtgp(O) +/0 e—x‘l—ﬁ(t—S)ls‘6 (us) ds, t>0 (2.8)
(), —7<t<0.

Moreover, in [3] was proved that the solutions of (1.1) and (1.2), with
uniformly bounded initial conditions in C,, are also uniformly bounded in
C,, for t in finite and positive time intervals. This uniform boundedness
of the solutions was necessary to prove the main result of [3], namely,
convergence theorem of the solutions and given by:

Theorem 2.4. Suppose that (H1) and (H2) hold and that o, 5 and p satisfy
(2.4). Let 0 <T < 0o and B C Cy, be a bounded set. For each 0 < € < €,
let o¢ € C, such that ¢ — ¥ in Cy, as € — 0, with ©° € B. Then, there
exist M(T, B) > 0 and M(e) > 0, with M(e) — 0, as € — 0, such that

[U(t)¢" = U ()" ||, < M(T,B)M(e),  Vte(0,T].
So U¢(t)p¢ — U°(t)p" in Cy, as e — 0, uniformly for o° € B andt € [0,T).

3. Existence and upper semicontinuity of attractors

In this section we will prove the existence of a family of the global
attractors of (1.1) and (1.2) and that this family is upper semicontinuous at
e = 0. In particular, we will get that the set of equilibria of (1.1) and (1.2) is
upper semicontinuous at € = 0. As in [3], we compare the solutions of (1.1)
and (1.2) with the solutions of the linear parabolic problems without delay
(2.6) and (2.7). The advantage of this comparison is that the asymptotic
behavior of the attractors of (2.6) and (2.7) was already studied in [11],
using the results of [6], on concentrating integrals and elliptic problem
associated to parabolic problem, and some previous results of [5]. Some
results obtained in [11] and adapted to the case where the space is X,

with X% — C(Q), are given in the following theorem:
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Theorem 3.1. Suppose that D € R and E > 0 in (2.6) and (2.7), that
(H3) holds and that o, B and p satisfy (2.4). Then, there exists g > 0 such
that:

(1) If B is a bounded subset of X, then, for each 0 < € < ¢,
U0 T€(¢) B is a bounded subset of X<, uniformly in e.

(2) The problems (2.6) and (2.7) have a global attractor B, in X*, for
each 0 < e < €.

(3) There ezists K > 0 independent of € such that

sup sup [|v]| yo < K.
€€[0,e0] vEHe

As a consequence of Theorem 3.1, we obtain:

Corollary 3.2. Suppose that D € R and E > 0 in (2.6) and (2.7), that
(H3) holds and that o, B and p satisfy (2.4). Let ¢¢ > 0 be as in the
Theorem 3.1 and, for each 0 < € < €9 andn > 0, let V7 be a n-neighborhood
of B, that is,

Vi={veX*: dist(v, %) := inf [v—vellxa <n}. (3.9)
Ve ERBe
Then, V, is an absorbing set in X for T*(t).

So, by comparison, we will show that the solutions of (1.1) and (1.2), with
bounded initial conditions in C,, are uniformly bounded in C, for all time
and, consequently, the existence and upper semicontinuity of attractors.

3.1. Existence of global attractors. We will show that, for each 0 < € <
€0, the semigroup associated to the solutions of (1.1) and (1.2), {U*(¢) : t > 0},
has a global attractor. Using the results of [8], it is enough show that
{U(t) : t > 0} is asymptotically smooth, point dissipative and that orbits
of bounded set of C, are bounded in C\. Initially, we have the following
result:

Proposition 3.3. Suppose that (H1) holds and that o, [ and p satisfy
(2.4). Then, for each 0 < € < €, the semigroup US(t) is conditionally
completely continuous for each t > 7 fixred. Thus, U(t) is asymptotically
smooth.

Proof. The proof follows of [13, Proposition 2.4] and [8, Corollary 3.2.2]. O

Now, we will see that orbits of bounded set of C, are bounded in C,,
uniformly in e. We will abuse of the notation and only write C,, instead
of Cf = C ([-7,0], H3*(Q)"), with H}*(Q)" = {f e H}*(Q): [ >0},
where < is the order relationship in LP(£2).
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Lemma 3.4. Supoose that (H1), (H2) and (H3) hold, that o, B and p
satisfy (2.4) and let g > 0 be as in the Theorem 3.1. If B is a bounded
set of Cq, then, for each 0 < € < €, Ut>0 U(t)B is a bounded set of Cy,

uniformly in e.

Proof. Taking any ¢ € B, we have that there exists R = R(B) > 0 such
that |||l < R. Thus, using the item 1 of Theorem 3.1 and X* — C(Q),
there exists K1 = K;(B) > 0 independent of € such that

I Ollo@ = IT OeO) @ < K1, V>0 and ¥Y0<e<e

Now, from [3, Theorem 12], for each 0 < € < €g, u(z,t) = 0, for all
(x,t) € Q x [-T,00), and

u(x,t) < v(x,t), V (x,t) € Q x [0,00).
Therefore, there exists K = K(B) > 0 independent of € such that
[+ 0) o) < K, Vt>0V0e[-7,00andV0<e<e. (3.10)

For t > 0 and 0 < € < €, using (2.8) and the estimatives in (2.3), we
have

1T )) )]l xa = [Ju ()| xa
¢
MR [ ) E () o d.
0
For 0 < e < ¢y and 0 < s < ¢, applying the Hélder’s Inequality, we have

(Fe) < (1 [ 1f oo = rpdx> (; [ 1r )’

Now, from [6, Lemma 2.1] we have that there exists a constant C' > 0
independent of € such that

=

1
1 / o’
([ 1@l ac)” <Clolypay  voeHP@. B
We P
Using (3.10) and (3.11), we get

I ) <€ (5 [ 0 actos = rpae)

|we| \ 7
<C(— sup |f (u,v)] < Ch,

€ Jul Jv] <K

where C; = C1(B) does not depend of €, we note that |we| < k[09Q]e, for
some k > 0 independent of e.
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For e = 0 and 0 < s < ¢, applying the Holder’s Inequality, we have
[(Fo(ug), ¢)] <

< ( |1 () o - ﬂ))\pdw); ( | dw)

< C </8Q ’7 (f (uo(ac,s),uo(a:,s - T)))lp d.%‘) Hgb”Hj;B(Q) , Vo€ H;’B(Q)7

where, in the last passage, we used the continuity of trace operator = :
H2P(Q) — LV (9%2). Using (3.10) we get

e

|Fo ()| s < T10Q07  sup |f (u,0)] < Co.
ful Jo] <K

Therefore, there exists M = M (B) > 0 independent of € such that
t
()| yo < MR+M/ e 00=3) (t—g) (@B, for t > 0 and 0 < € < €.
0

Given any 0 € [—7,0], if t + 6 > 0 then

t+0
[u(t+0)[lxa < MR +M/ 6—5(t+9—5)(t 40— S)—(a—i—ﬁ)ds
0

t
< MR+ M/ e 085 (@tB) g,
0
Taking the supreme in 6 € [—7, 0], we get
o0
lugllc, < MR+M/ e 080 g
0

= MR+ M&CHO7IT (1 — (a+B)) = Ko, VO0<e< e,

where

I'(z) = / ¥ e d, R(z) >0 (Gamma Function).
0

If —7<t+0<0andt >0, then
[u(t+0)[| xa = lot+ )] xa < [lollc, < R

Taking again the supreme in § € [-7,0], we get [lufllo, < R, for all
0<e<e.

Therefore, there exists Ko = Ko(B) > 0 such that
U ellc, = llui(@)lc, < Ko,  Vt=0 and VO<e<e.
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We note that the constant Ky depends of B, but does not depend of e. [

Before we show that {U€(t) : t > 0} is point dissipative and, consequently,
the existence of attractors, we will build an absorbing set in C, for U¢(t),
for all 0 < € < ¢p. The existence of this absorbing set will be important,
mainly, to we show uniform bounded of attractors, which is necessary to
prove the upper semicontinuity of attractors.

Remark 3.5. From item 3 of Theorem 3.1, there exists K > 0 independent
of € such that . C Bk (0), for all 0 < € < €, where Bg(0) is the closed
ball in X< with center in the origin and ray K.

Taking the closed ball By (0) C X, there exists n > 0 such that V¢ C
Bak (0), for all 0 < € < €o, where V5 is given by (3.9). Now, we define
Y={ueCy:0<uld)(z):=u(z,0) < 2cK,
Vée[-7,00 andV z € Q}, (3.12)

where ¢ > 0 is the constant of the continuous embedding X* — C(Q). We
will prove that X is an absorbing set in Cy, for US(t), for all 0 < € < €.

Lemma 3.6. Suppose that (H1), (H2) and (H3) hold, that o, $ and p
satisfy (2.4) and let g > 0 be as in the Theorem 3.1. Then, ¥ is an
absorbing set in Cy, for US(t), for all 0 < € < €y, where ¥ is given by
(3.12).

Proof. Let B C C, be a bounded set and ¢ € B. From Remark 3.5 there
exists 7 > 0 such that V7 C Bk (0), for all 0 < € < €, where Vi is given
by (3.9).

From Corollary 3.2 there exists tf, = t{(e, 7, B) > 0 such that T(¢)¢(0) €

Vi, for all t > t§. Since X — C((2) then
1T (0)lle@) < clT(e0)l[xa <2¢K, ViE=1; and V0 <e<e.

Using [3, Theorem 12], for t > t§ + 7 we get

0 < (U()ep) (0)(x) < (T(t+ 0)p(0)) (x) < 2K,
V6 e[-7,0] andV z € Q. Hence, U(t)p € %, for all t > t§ + 7 and for all
@ € B. Therefore,

U(t)B C %, Viztig+7 and V0 <e<e.

O

Lemma 3.7. Suppose that (H1), (H2) and (H3) hold, that o, B8 and p
satisfy (2.4) and let ¢ > 0 be as in the Theorem 3.1. Then, for each

0 < e < €y, Ut) is bounded dissipative in Cy. In particular, for each
0 < e < e, U(t) is point dissipative in Cy.
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Proof. Let B C Cy, be a bounded set. From Lemma 3.6 there exists t§ =
t5(e, B) > 0 such that U(t)B C X, for all t > t§. For any ¢ € B and t > 0,
similarly to Lemma 3.4, we have

|U<() (UF(t)2)) (O)]] e < M [US(15) ol +
M /0 59t — 5y~ || . (U¥(s) (US(#6))) s ds.

By Lemma 3.4 there exists Ko = Ko(B) > 0 independent of € such that
|U(t5)¢llc, < Ko. Applying again the Lemma 3.4, there exists Ko =
Ko(B) > 0 independent of € such that

1U<(s) (U(t5)9) |, < Ko, Vs>0 and VO0<e<e.

Now, using [3, Lemma 9] we have that there exists C = C(B) > 0
independent of € such that

| Fe (U(s) (U(t5) )|l x-s8 < C, VO<s<t and VO0<e<e.

Thus, there exists M = M(B) > 0 independent of € such that

U (U(t5)9)) (0)]| xa < MKo + M/O e 0= (¢ — g)~(@thgs,

fort >0and 0 <e< ¢
Given any 0 € [—7,0], if t + 6 > 0 then

t40
U @) (U(to) ) ()l xo < MEo + M/ eIt 49— 5) " ds
0

t
<MKy + M/ e 055 (@B g,
0
Taking the supreme in 6 € [—7,0], we get
gt
U(t 4 t§ <MKy+M | e 9 (@), 3.13
0)¥llc, 0

We note that t§ and the right side of (3.13) do not depend on ¢ € B.
Then, doing ¢t — oo in (3.13), we have

limsup |[U(t + t5)¢ll ¢, < M Ko —l—M/ e 050, (3.14)
0

t—o0
V0<e<e.

Since the right side of (3.14) does not depend on ¢ € B, then the set in
Cq, which is bounded by right side of (3.14), attracts each bounded set of C,
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through U€(t). Therefore, for each 0 < € < €y, U(t) is bounded dissipative
in C,. In particular, for each 0 < e < ¢y, U(t) is point dissipative in
C,. O

Theorem 3.8. Suppose that (H1), (H2) and (H3) hold, that o, B and p
satisfy (2.4) and let €9 > 0 be as in the Theorem 3.1. Then, the problems
(1.1) and (1.2) have a global attractor </ in Cy, for each 0 < € < €.
Moreover, o7 C %, for all 0 < € < €y, where ¥ is given by (3.12).

Proof. Since, for each 0 < e < €y, U¢(t) is asymptotically smooth (Propo-
sition 3.3), point dissipative (Lemma 3.7) and orbits of bounded set of C,
are bounded in C, (Lemma 3.4), then by [8], U¢(¢) has a global attractor
.

From Lemma 3.6 there exists t§ = t{ (¢, «%) > 0 such that U(t)« C 3,
for all t > t§. For each 0 < € < €, & is invariant for U*(t), that is,
e = U (t) o, for all t > 0. Hence, o7 C X, for all 0 < € < €. O

3.2. Upper semicontinuity of attractors and of the set of equilib-
ria. We will show that the family of the global attractors {} [y, of
(1.1) and (1.2) is upper semicontinuous at € = 0. In particular, we will get
the upper semicontinuity of the set of equilibria of (1.1) and (1.2) at ¢ = 0.
For this, we need of the following lemmas:

Lemma 3.9. Suppose that (H1), (H2) and (H3) hold, that o, 3 and p
satisfy (2.4) and let g > 0 be as in the Theorem 3.1. Then, there exists
R > 0 independent of € such that

sup sup [lul|o < R. (3.15)
€€[0,e0] UELe “

In particular, <# attracts Uee(o o] 2 in C,.

Proof. From Theorem 3.8 we have that o7, C X, for all 0 < € < ¢g. We
note that this guarantees uniform bounded in €, of attractors in the norm
of C(Q2). Using this, the invariance of attractors, the variation of constants
formula (2.8) and the estimates in (2.3), we can get that there exists R > 0
independent of € such that (3.15) holds. Therefore, (J ¢ o ¢, # is a bounded
set in Cq, uniformly in €, with g ) @ C Bg(0), where Bg(0) is the

closed ball in C, with center in the origin and ray R. Now, 4 attracts
Br(0), that is,

distc, (U°(t)Br(0), %) — 0,  ast— oo,
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where
distc, (U°(t)Br(0), %) : = sup dist (U°(t)v, %)
UEBR(O)

— ; 0 _
- i, (0l )

Thus, given n > 0, there exists ¢y = to (Bgr(0),n7) > 0 independent of ¢
such that
dist (Uo(t)v ) <, Vt>ty and Vv e Bg(0).
In particular, for all v € (J ¢, @ C Bgr(0) we have
dist (U°(t)v, o) <, Yt > to.

Hence, ) attracts UEG(O, o] o, in C,. We observe that the attraction
time does not depend of e. O

Lemma 3.10. Suppose that (H1), (H2) and (H3) hold, that «, B and p
satisfy (2.4), let eg > 0 be as in the Theorem 3.1 and 0 < T < oo. Then,
there exist C(T) > 0 and C(e) = 0, with C(e) — 0, as € — 0, such that for
Ye € e, 0 < € < €,

HUE(t)cpe—UO(t)goeHC& < C(T)C(e), Vte (0,T).

Proof. The proof follows of the continuous dependence of solutions in re-
lation to the initial data and of the convergence theorem of the nonlinear
semigroup given by Theorem 2.4. O

Theorem 3.11. Suppose that (H1), (H2) and (H3) hold, that o, B and p
satisfy (2.4) and let ¢g > 0 be as in the Theorem 3.1. Then, the family of
global attractors of (1.1) and (1.2), { <.} is upper semicontinuous at

e =0 1in C,, that is,
diste,, (e, 1) — 0, as € — 0,

e€[0,e0]”

where
distc,, (e, o) = sup dist (ue, o) = sup mf {Hue — ol }-
UcE o, U €A WOEH “
Proof. From Lemma 3.9, o attracts Uee(o,eo} ., and we saw in the proof
of Lemma 3.9 that given 1 > 0, there exists 7' = T'(n) > 0 independent of
€ such that

. n
dist (UO(T)uE,,szfo) = uérelsf;/o HU0 u(]HCa < >

V u. € o with € € (0, €.
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Using that <7 is invariant, given v, € <, there exists ue € & such that
U¢(T)ue = ve. Thus,

dist (v, o) = 122 [ve — wollc, < va - UO(T)ueuc +dist (UY(T)ue, %) -
uo €EAp @
From Lemma 3.10, if € is small sufficiently, we get

lve = U@, = [US(T)ue = U (@), < 3.

Therefore, for € small sufficiently,
dist (ve, ) < 1, Y ve € .
O
In particular, we get the upper semicontinuity of the set of equilibria of
(1.1) and (1.2).

Corollary 3.12. Suppose that (H1), (H2) and (H3) hold and that o, [
and p satisfy (2.4). Then, for every sequence ¢ — 0 and for every sequence
of equilibria u’ € <. of (1.1) there exist a subsequence, that we still denote
by €, and an equilibrium point ufy € < of (1.2) such that

Hu:—uz‘)HCa — 0, as € — 0.
Proof. From the upper semicontinuity of the attractors given by Theo-
rem 3.11, we obtain the existence of a uj € % such that

|ug = ugllg, — 0, as € — 0.

To show that uf is an equilibrium point of (1.2), we observe that for any
t>0,

Juz = U@ |, < llud = wglle, + [Jug — U @],
— Hua — Uo(t)uéHca , ase—0.

Moreover, for a fixed T > 0 and for any ¢t € (0,7), using that u} is a
stationary state of (1.1) and the Theorem 2.4, we get

uf = U0y = U @yul — Uy, —0,  ase— 0.

In particular, we have that for each t > 0, uf = U°(t)u$, which implies
that u§ is an equilibrium of (1.2). O
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4. Continuity of the set of equilibria

In this section we will study the simplest elements from the attractor,
the equilibrium solutions. The equilibrium solutions of (1.1) and (1.2) are
those solutions which are independent of time, U¢(t)ue = ue, for all ¢ > 0
and 0 < € < €, that is, the solutions of the respective elliptic problems

1
—Aue + Aue = =, f (ue,ue),
€

S (4.16)
€ _ 0
n 0, 0
—Aug + Aug =0, Q
0 4.17
% = f ('LL(), UO) s 89 ( )

We will prove the continuity of the set of equilibria of the problems (1.1)
and (1.2) at e = 0, using some technique developed in [4, 7]. Since the
upper semicontinuity already was proved in the Corollary 3.12, then we
just have that to prove the lower semicontinuity.

4.1. Abstract setting and technical results. Initially, we will write the
elliptic problems (4.16) and (4.17) in the abstract form.
Definition 4.1. Define

(Fo),, : X* — X0
ur— (Fo)., (u)

(P (.0) = [ 37 (@) u@)y (@) de. Vo e HF@),
where v denotes the trace operator. For each 0 < € < €, define
(F)g: X% — X8
ur— (Fo)q (u)
1 28
(Fo)q (u),¢) == / f(u(z),u(x)) ¢(z)dx, V$eH, Q).

€

Using the hypothesis (H4) we can show that (Fp), and (Fe)q, 0 < € < €,

are well defined. So, the problems (4.16) and (4.17) can be written in the
abstract form, respectively, as

A_gue = (Fo)q (ue), 0<e<e (4.18)

A,ﬁuo = (FO)'y (U[)) . (4.19)
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We denote by &, € € [0, €], the set of solutions of (4.18) and (4.19), that
is, the set of equilibrium points of (1.1) and (1.2),
e ={uc e X*: A_guc— (Fo)q (uc) =0},

A,QUO — (F’())7 (UO) = O}

0<e<e

&y = {UO e X
The following lemmas will be important to prove the continuity of the
family of equilibria {&;}ccjo,¢,] at € = 0.
Lemma 4.2. Suppose that (Hj) holds and that o, 8 and p satisfy (2.4).
(1) If u € X* satisfies ||ul|o(q) < R, then there exists K > 0 indepen-
dent of € > 0 such that
sup {[|(Fo)y ()] x5« [[(F)a(w)| x-s } < K.

2) The maps (Fy)., (F.)o : X® — X 8,0 < € < ¢, are locally
o' Q
Lipschitz, uniformly in e.
(3) For each u € X,
I(F)a(u) = (Fo)y(u)l x-s — 0,

Furthermore, this limit is uniform for u € X such that ||ul| yo < R,

as € — 0.

for some R > 0.
(4) If ue = u in X%, as € — 0, then

[(Fe)a(ue) — (Fo)y(u)lly-s — 0,  ase—0.

Proof. 1. Let u € X such that [lul/¢q) < R. For each ¢ € HE,B(Q) and

0 < € < €, from (3.11) we have
1 7
(a0 <€ (1 [ 1@ u@)Pde) " 16l 0

Using that f is continuous, we have that there exists K = K(R) > 0

such that
1

J— P
(Faatls <ok (M) <k, vo<esa

where K = K(R) > 0 does not depend of €, we note that |we| < k|09]|€,
for some k > 0 independent of e. Similarly, there exists K = K(R) > 0

such that || (Fo)s(u)]lx_s < K.
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2. Let u, v € X® such that ||ul| ya, [|v]|ya < p, for some p > 0. For each
0<e<e¢ and ¢ € Hi,ﬁ(ﬂ), from (3.11) we have

((F)a(u) = (F)a(v), d)]
1 >
<C <6 |f(u(z), u(x)) — f(v(x), v(x))P dl‘) 111725

Using (H4) and X — C(Q), we have that there exists K = K(p) > 0
such that

I(Fe)al Foa(v )Hx 5
20 / |df (6 yu()) + (1= 0(x))(v(z), v(x)))[”

=

() — v(@)? d:c)
<20k (20 - vl

for some 0 < (x) < 1, z € Q. Hence, there exists L = L(p) > 0
independent of € such that

I(Fa(u) — (Fa(v)lx-s < Lllu— vl xa

Therefore, for each 0 < € < €, (F¢)q is locally Lipschitz, uniformly in e.
Similarly, (Fp) is locally Lipschitz.

3. Initially, we take a and [y satisfying (2.4). For each ¢ € Hi,ﬁo (©) and
u € X we have

((F)a(), &) — (Fo)y(w), 6)] =
F(ua), u(z))d(z)dz — / Y (flu(), u(@)) 7 ($(z)) dz|

o0

€ Jwe

From [6, Lemma 2.1] we get

lim * / fu )b (z)dz = /8 7 (o). u@) 7 (6()) do
Thus, for each ¢ € HE?O(Q) and u € X0,

(Fa(u), ¢) = ((Fo)y(u), ¢),  ase—0. (4.20)

Moreover, fixed u € X, the set {(F.)q(u) € X% : € € (0,¢]} is
equicontinuous. Thus, the limit (4.20) is uniform for ¢ in compact sets of
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H;,BO(Q) Hence, choosing 3y such that 5 > Gy, with 26 > ]%, we have that
the embedding H;,’g(Q) — H;,ﬁo (Q) is compact, and then, in particular,

I(F)a(u) = (Fo)y(uw)ll x-s =

sup  [(Foa(u) = (Fo)y(u),¢)| — 0, (4.21)
14020, =1

as € — 0.

Now, the set {(F.)q : X® — X% : ¢ € (0,¢)} is equicontinuous.
Thus, the limit (4.21) is uniform for u in compact sets of X*°. Hence,
choosing aq such that o > «q, with 2a > %, we have that the embedding

X% — X% is compact, and then, in particular, the limit (4.21) is uniform
for u € X such that |jul| yo < R.

4. This item follows from 2. and 3. adding and subtracting (F¢)q(u). O

Using the hypothesis (H4) we can show that (Fp)., (Fe)g : X¢ — X5,
0 < € < €, are Fréchet differentiable, uniformly in €, and your Fréchet
differential are given, respectively, by
(Fo), : X* — £ (X%, X )
u — (FO)’7 (u*) : X — X8
wi— (B, (u )

((Fo)y(u)w, ¢) == /397(df (u*(2), u*(2)) (w(z), w(x)))y (¢(z)) dz,
Ve Hi,ﬁ(Q), where 7 denotes the trace operator and . (XO‘,X_ﬁ) de-
notes the space of the continuous linear operators from X® in X #, and
(F)g: X — £ (X, X7F)
ut — (Fo)g (u*) : X — X8
w — (F)q (u*)w

"€

(Fog (w)w, ) 1/ df (u*(z), u*(2)) (w(z), w(z))(x)dz,

Vo e HY(Q).
Similarly to Lemma 4.2, we can prove the following lemma:

Lemma 4.3. Suppose that (Hj) holds and that o, B and p satisfy (2.4).
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(1) If u* € X satisfies |[u”||cqy < R, then there exists K > 0 inde-
pendent of € > 0 such that

Sup {||(F0),w(“*)“$(xa,x—6) ' H(FE),Q(“*)H,S,”(X(X,X%)} < K.

(2) The maps (Fo)., (Fo)g : X* — L(X*XF), 0 < e < e, are
locally Lipschitz, uniformly in e.
(3) For each u* € X,

H FO) *)Hg(xa7x—ﬁ) _)07 as € — 0.

(4) If uf — u* mX"‘, as € — 0, then

[(Fe = (F0)y ()| ya oy = 0 ase—0.

(5) If uf — u* in X%, as € — 0, and we — w in X%, as € — 0, then
H(Fe)b(ui)we - (FO);(U*)U)HX,[, — 0, as € — 0.

4.2. Lower semicontinuity of the set of equilibria. In order to obtain
continuity of the family of equilibria {&:} [ o, of (1.1) and (1.2) at e =0,
we need to prove the lower semicontinuity of this family at e = 0. For this,
we will use the fact that & C o, for all € € [0, o], and that the attractor
7, is bounded in C,, uniformly in ¢ (Lemma 3.9), consequently, the set of
equilibria & is bounded in X%, uniformly in €, since the elements of &, are
the solutions of (1.1) and (1.2) constants in the time.

Initially, we will show that each set of equilibria is not empty and it is
compact for eg > 0 sufficiently small. First, we note the following:

Remark 4.4. The linear operator A_g : X1=Pc X B — X5 is closed,
densely defined, sectorial and positive, with compact resolvent set p(A_g)
in X P, in particular, A:/lg : X B — X1P s continuous. Since o, f and
p satisfy (2.4), then the embedding of X168 in X is compact, hence we
get that A:é : XP — X is compact.

Lemma 4.5. Suppose that (H2), (H3) and (H4) hold and that o, 5 and p
satisfy (2.4). Then, for each € € [0, €], the set & of the solutions of (4.18)
and (4.19) is not empty. Moreover, & is compact in X<, for e € [0, €],
with €g > 0 sufficiently small.

Proof. As we have proved in the Section 3, for each € € [0, €], the semigroup
{U“(t) : t > 0}, associated to solutions of the problems (1.1) and (1.2), is
asymptotically smooth, point dissipative and orbits of bounded set of C,
are bounded in C,. Hence, from [9, Theorem 5.1] we have that there exists
an equilibrium point of U¢(t).
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Now, let {u,}nen be a sequence in &, then w, = A:}}(Fo)y(un), for
all n € N. Since &y C <% and, by Lemma 3.9, there exists R > 0 such
that o C Bgr(0), where Bg(0) is the closed ball in C, with center in the
origin and ray R, then ||up||yo < R, for all n € N. Thus, {u,}nen is a

bounded sequence in X% and X — C(Q). From item 1 of Lemma 4.2,
{(Fb)~(tun)}nen is a bounded family in X . From Remark 4.4, A:}j :

X% — X is compact, hence we have that {A:},(Fo)v(un)}nEN has a

convergent subsequence, that we will denote by {A:é(FO)y(Unk)}keNa with
limit v € X<, that is,

A:}a(FO)fy(Unk) —u in X%, as k — oo.

Hence, u,, — u in X, as k — oo. By the continuity of the operator
A:};(Fo)V : XY — X, we get

A:é(Fo)W(unk) — A:é(FO),Y(u) in X<, as k — oo.

By the uniqueness of the limit, u = A:E(Fo)»y(u). Thus,
A_gu — (Fp)y(u) = 0 and u € &. Therefore, & is a compact set in X*.
Similarly, since &; C o, € € (0, o] and, by Lemma 3.9, there exists R > 0
independent of € such that 27 C Bgr(0), for all € € (0,€g], with ¢g > 0
sufficiently small, then & is a compact set in X, O

The proof of lower semicontinuity of the family of equilibria {‘Oﬁe}ee[o,eo]

at € = 0, requeres additional assumptions. We need to assume that the
equilibrium points of (1.2) are stable under perturbation. This stability
under perturbation can be given excluding the zero of spectrum or by the
hyperbolicity.

Definition 4.6. We say that the solutions u§ of (4.19) and uf, 0 <
€ < €, of (4.18) are hyperbolic if the spectrums o(A_g — (Fo),(up)) and
o(A_g— (Fo)g (u})) are disjoint from the imaginary azis, that is, o(A_p —

€

(Fo) (ug)) NiR =0 and o(A_g — (Fo)g (uf)) NiR =0, 0 < € < .

Theorem 4.7. Suppose that (Hj) holds and that o, 3 and p satisfy (2.4).
If ufy is a solution of (4.19), that is, an equilibrium point of (1.2), which
satisfies 0 ¢ o(A_g — (Fo),(ug)), then ug is isolated.

Proof. Since 0 ¢ o(A_g — (Fo),(u)) then 0 € p(A_g — (Fp)’,(ug)). Thus,
there exists C' > 0 such that

1A = (Y, ()™ sy < C-

S&o Paulo J.Math.Sci. 5, 2 (2011), 347-376



368 Gleiciane da Silva Aragao and Sergio Muniz Oliva

Now, we note that u is a solution of (4.19) if and only if
0= A_gu — (Fo),(up)u + (Fo), (up)u — (Fo)y(u)
k -1 *
o= (Ag— (o) ()~ ((Fo) () — (Fo) (i )u)

So, u is a solution of (4.19) if and only if u is a fixed point of the map
P X — X
w— ®(u) = (A — (Fo)) (15) ™ (Fo)o(w) = (R (ug)u).
We will show that there exists r > 0 such that ® : B, (uj) — B, (uf)

is a contraction, where B,(u}) is a closed ball in X¢ with center in u} and
ray 7.

In fact, since (Fp), is Fréchet differentiable, then there exists ¢ > 0 such
that

C [|(Fo)y (w) = (Fo)(v) — (Fo)y (ug) (u = v)|| s < % [u = vl xa

for |Ju — v|| yo < 0.

Taking r = g and u, v € B, (u), we have

1@ (u) = ()] xa
= |[(A—s = (F0) (u5) ™" [(Fo)y (1) — (Fo)5(v) — (Fo)y (ug) (u = v)] || ya

< C | (Fo)y (w) = (Fo)y(v) — (Fo)y (ug) (u = v)|| x5 < % [ = vl xa -

Thus, ® is a contraction on the B, (uj). Moreover, if u € B, (uf) then

1
12(w) = ugllxa = [12() = 2(up)lxa < 5

N 1
[l = ugll xo < DA
Hence, @ (B, (u})) C Br(ug).
_ Therefore, from Contraction Theorem, ® has an unique fixed point in
By.(ug). Since uf is a fixed point of ®, then uf is the unique fixed point of

® in B, (u}). Thus, uj is isolated. O

Corollary 4.8. Suppose that (Hj) holds and that «, 3 and p satisfy (2.4).
If ufy is a hyperbolic solution of (4.19), then uj is an isolated equilibrium
point.

Proposition 4.9. Suppose that (H2), (H3) and (H4) hold and that o, 3
and p satisfy (2.4). If all points in & are isolated, then there is only a finite
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number of them. Moreover, if 0 ¢ o(A_g — (Fo),(up)) for each uj € &,
then &y is a finite set.

Proof. We suppose that the number of elements in & is infinite, hence
there exists a sequence {uy}nen in &. From Lemma 4.5, &, is compact,
thus there exist a subsequence {uy, }ren of {un fnen and u* € & such that
Up, — w* in X% as k — oo. Thus, for all § > 0, there exists ky € N such
that u,, € Bs(u*), for all k& > ko, which is a contradiction with the fact
that each fixed point in &p is isolated and u* € &p.

If0 ¢ o(A_p — (Fo),(up)) for each uf € &y, then, by Theorem 4.7, ug is
isolated. Thus, & is a finite set. O

To prove the lower semicontinuity of the family of equilibria {&;}
we will need of the following lemmas:

Lemma 4.10. Suppose that (Hj) holds, that o, B and p satisfy (2.4) and
let w* € X* such that [[u*||oqy < R. Then, the operators A:/lg (FO); (u*),
A:b (F)g (u*) + X — X, € € (0,¢)], are compact. For any bounded
family {we}ec(o,e0) 1 X<, the family {A:é(FE)’Q(u*)wE}Ee(O’EO} is relatively

compact in X“. Moreover, if we — w in X, as € — 0, then

A—l

e€[0,e0]?

(F)q(u)we — AZ (0)( Nw in X, as € — 0.

B
Proof. The compactness of the linear operators
A:}; (Fo)fy (u*), A:}a (Fo)g (u*) : X* — X% € € (0, ], follows from item 1

of Lemma 4.3 and of compactness of the linear operator A:b X B X

Let {we}ee(o,eo) Pe a bounded family in X. Since

1(Fe)q (wwe]| x5 < [|(Fe

and from item 1 of Lemma 4.3, {(Fu)q(u*)}ec(0,e) 18 @ bounded family
in Z(X* X~7), uniformly in €, then {(F.)q(u*)wetee(o,q) i a bounded
family in X~%. By compactness of A:é : X% — X we have that

FL(Xo,X—P) [|well xa Ve € (0, €],

{A:/lg(Fe)/Q(u*)wg}Ge(om] has a convergent subsequence in X®. Therefore,
the family {A:}} (Fo)g (U )We }ee(0,e0) 1 Telatively compact in X .

Now, let us take we — w in X%, as ¢ — 0. Thus, from item 5 of
Lemma 4.3,

(Fo)qu*)we — (Fo)i,(u*)w in X7 as € — 0.
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By the continuity of the operator A:é X P — X, we get

A:/lg(l*—’g)/ﬂ(1[")106 — A:é(Fo);(u*)w in X<, as € — 0.

O

Lemma 4.11. Suppose that (H4) holds, that o, 5 and p satisfy (2.4) and let
u* € X such that ||u| gy S R and 0 ¢ o(A_p — (Fo),(u*)). Then, there
ezist g > 0 and C' > 0 independent of € such that 0 ¢ o(A_z — (Fc)g(u*))
and

[(A—p — (Fo)q(u™)” <C,  Vee(0e)  (4.22)

Furthermore, the operators (A_g— (Fo);(u*))_l, (A_g — (F)p(u*)™" -
X B — X €€ (0,¢)], are compact. For any bounded family {We}ee(0,e0]

Z(X~F,X)

in X~ P, the family {(A_g — (}*je)’Q(u*))_1 We fee(0,e0] 5 Telatively compact
in X. Moreover, if we — w in X P, as e — 0, then

(A — (Fo)p(u") " we — (Ag — (F),(u*)) 'w in X®,  ase—0.
Proof. Initially, we note that

(Aog = (Fa(u) ™ = [Aa(l — AZh(Fa(w))]
= (- ATY(FYp(w) ' ATh, e (0]

Then, prove that 0 ¢ o(A_g — (Fo)(u*)) it is equivalent to prove that
1 e p(A:é(Fg)’Q(u*)) Moreover, to prove that there exist ¢¢ > 0 and
C > 0 independent of € such that (4.22) holds, it is enough to prove that
there exist ¢g > 0 and M > 0 independent of € such that

I = AZS(F)a() Mgy <M, Vee (el (423)

Then, we will show (4.23). Initially, from hypothesis 0 ¢ o(A_5 —
(Fo), ( )) thus 1 € p(A” }3( 0)4(u*)). Hence, there exists the inverse

(I — (Fo) (u ))_1 : X* — X% in particular, the kernel N (I —
A ( ) ( ")) = {0}.

Now, let By = A:}J,(Fo)fy(u*) and B, = A:;(Fe)b(u*), € € (0,€0). From
Lemma 4.10 we have that, for each € € [0,¢y] fixed, the operator B

X* — X is compact. Using the compactness of B¢, we can show that

estimate (4.23) is equivalent to say
1
I — Bue| ve > —, 4.24
I~ Bl > 7 (1.21)
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Vee (0,6 and V ue € X* with |lue|| yo = 1.
In fact, suppose that (4.23) holds, then there exists the inverse
(I - B)™': X% — X%and it is continuous. Moreover,

(I = B)  ve||yo S MJvellya,  Vec€(0,6] and Vov.e€ X
Let ue € X such that ||ue|| yo = 1 and taking ve = (I — B¢)u,, we have
_ 1
H(I_ Be) l(I_ B€)“6Hxa < MH(I_ BE)UEHXa = ”(I_ BE)UEHXa Z M

Therefore, (4.24) holds. Reversely, suppose that (4.24) holds. We want to
prove that there exists the inverse (I — B.)~!: X* — X, it is continuous
and satisfies (4.23). First, we will prove the following estimative

1
|(I — Be)ue|| xo = i l|we] o s Vee (0, and Vu.e X (4.25)
We note that (4.25) is immediate for ue = 0. Now, let u. € X such
that ue # 0, then (4.25) also holds. In fact, taking ve = || qu we have
U€ X
Vel xo = 1 and using (4.24), we get
1 Ue 1
I —B)ve||xa =2 — = ||[(I - B >
1= Budxe > 37 = [0 - Bop | >4
1

= I = Be)uell xa = 37 luellxa -

Now, let ue € X such that (I — Be¢)u, = 0. From (4.25) follows u, = 0.
Thus, for each € € (0,¢], N(I — Be) = {0} and the operator I — B, is
injective. So, there exists the inverse (I — B.)~! : R(I — B.) — X©, where
R(I — B¢) denotes the image of the operator I — B,.

Since for each € € (0, €], B, is compact and N (I — B.) = {0}, using the
Fredholm Alternative Theorem, we have R(I — B¢) = X® and I — B, is
bijective. Thus, there exists the inverse (I — B.)~!: X® — X,

Taking ve € X* we have that there exists ue € X such that (I — B )ue =
ve and ue = (I — B.) " 'v.. From (4.25) we have
H(I - Be)_IUEHXa = HUGHXa
S M||(I = Bo)ue|xo = M ||ve|| o, ¥V e€(0,€e] and V v € X
= | = B) ™ gxay S M, Ve (0,e0].

Therefore, (4.23) holds.
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Since (4.23) and (4.24) are equivalents, then it is enough to show (4.24).
Suppose that (4.24) is not true, that is, there exist a sequence {uy}, oy in
X, with |lup|| yo =1 and €, — 0, as n — o0, such that

|(I — Be,)unl| xa — 0, as n — 0o.
From Lemma 4.10 we get that { B, un },,cy is relatively compact. Thus,

{Be,un},cy has a convergent subsequence, which we again denote by
{Be, Un}peny» With limit u € X, that is,

Be up —u in X9, as n — oo.
Since u, — B¢, up, — 0 in X% as n — oo, then u, — u in X%, as

n — oo. Hence, ||u| yo = 1. Moreover, using the Lemma 4.10 we have that
B, un, — Bou in X, as n — oo. Thus,

Up — Be,un — u— Bou in X%, as n — o0.
By the uniqueness of the limit, u—Byu = 0. This implies that (I—By)u =
0, with u # 0, contradicting our hypothesis. Therefore, (4.24) holds.

With this, we conclude that there exist g > 0 and C' > 0 independent
of € such that (4.22) holds.

Now, the operators (A_g — (Fo)ﬁf(u*))_l, (A_g — (FE)’Q(u*))_l, € € (0, €],
are compact and the prove of this compactness follows similarly to account
below.

Let {we}ee(0,¢o) Pe a bounded family in X 7. For each € € (0, €], let
o —1
= (A—,B — (Fo)g(u )) We-

‘Aﬂ* Ja(w)) ™ we| ya

From (4.22) we have
|
H (A-p — (Fo)q(u")) 1HgX B Xa) [well x5 < C|lwell x5 -

[vell xa <
<

Hence, {ve}ec(0,¢o) 18 @ bounded family in X. Moreover,
Ve = xéljﬁlg(Fg)’Q(u"‘)v6 + A:Ewe.

By compactness of A:é : X B — X we get that {A:Ewe}ee(o,m]
has a convergent subsequence in X®. Moreover, using the Lemma 4.10,
{A:%(FE)b(U*)UE}eE(O,eo] has a convergent subsequence in X¢. Therefore,
{06}66(0760] has a convergent subsequence in X¢, that is, the family
{(A_5 — (F)p(u) ™ We }ee(0,¢o) Nas a convergent subsequence in X, thus
it is relatively compact in X“.
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Now, we take we — w in X ?, as e — 0. By continuity of the operator
A:é : X P — X we have

A:éw6 — A:éw in X%, as € — 0.

Moreover, {we}ce(0,¢) is bounded in X ~P for some ¢y > 0 sufficiently small,
and we have that from the above that {vc}ce(0,¢], With €o > 0 sufficiently
small, has a convergent subsequence, which we again denote by {ve}ee(om],
with limit v € X, that is, ve — v in X“, as ¢ — 0. From Lemma 4.10 we
get

A:é(Fg)’Q(u*)ve—>A:/13(F0)fy(u*)v in X<, as € — 0.
Thus, v satisfies v = A:}J,(Fo)’v(u*)v + A:éw, and  so

v=(A_g — (Fo),(u*))"'w. Therefore,
(A—ﬁ - (Fe)h(u*))_lwe — (A—ﬁ - (Fo);(u*))_lw in X¢, as € — 0.

The limit above is independent of the subsequence, thus whole family
[(A g — (Fp(u%)) "t }ee(oeg) converges to (A — (Fp)!(u”))~Lw in X,
as € — 0. [l
Theorem 4.12. Suppose that (H2), (H3) and (H4) hold, that o, B and
p satisfy (2.4) and that ufy is a solution of (4.19) which satisfies 0 ¢
o(A_p — (Fo),(up)). Then, there exist g > 0 and § > 0 such that, for
each 0 < e < €, the equation (4.18) has exactly one solution, ul, in
{v6 € X |ve—uf|l xo < 5}. Furthermore,

u;, —uy  in X, as € — 0.
In particular, the family of equilibria {‘9@6}56[0,50] s lower semicontinuous at
e=0.

Proof. Since uj € & C % then by Lemma 3.9, there exists R > 0 such
that [|uf| o« < R.

Initially, using the Lemma 4.11, we have that there exist ¢g > 0 and
C > 0 independent of € such that 0 ¢ o(A_g — (Fe)q(ug)) and

(A5 = (F)as) |l yx-s.xe) SC Ve€(0e)  (4.26)

Since (Fe)q is Fréchet diferentiable, uniformly in e, then there exists
6 > 0 independent of € such that

C|(Falue) — (Fo)a(ve) — (Fo)q(ug) (e — ve)|| y—s

1
< B | ue — UeHXa , (4.27)
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Ve € (0, €], for ||ue — vl

We note that ue, 0 < €
fixed point of the map

<6
< €, is a solution of (4.18) if and only if u. is a

P, X — X©
ue — Pe(ue) = (A — (FE)/Q(“(’S))_I (Fo)alue) — (Fe)g(ug)ue) -

Initially, we affirm that
D (uy) — up in X% as € — 0. (4.28)

In fact, using (4.26), for 0 < € < €p, we have

@) = 5 o
< [[(Ams = (Fa@a) ™ [(Falus) — (Foa(u)us)
— ((Fo)s () — (o), (1)) [ o +
(1[4 = (Fo(us) ™ = (Ap — (Fo), (up)) ]
((Fo)r () = (Fo)y (up)up) | o
< C (I(F)au) = (Fo)s () s + | (Fola(ug)us — (Fo)) (ub)us| s )

+ | [(As = (Fa(y) ™ — (A — (Fo), (uf)) ]
((Fo)y(ug) — (Fo)y(ug)ug) | yo — 0, ase—0.

This follows from item 3 of Lemma 4.2, item 5 of Lemma 4.3 and Lemma 4.11.
Next, we show that, for each 0 < € < ¢y, for some ¢y > 0 suffi-

ciently small, ®, is a contraction map from the closed ball Bs(uj) =

{ve€e X |lve — uf|lyo <&} into itself, where § = g. First, we show

that ®, is a contraction on the Bs(uf) (uniformly in €). Let u, v € Bs(ug)
and using (4.26) and (4.27), for 0 < € < €y, we have

[Pe(ue) — @ (UE)”Xa =
[(A_p — (Fa(ug) ™ [(Foa(ud) — (Foalve) — (FE)’Q(U(’;)(UE — 0]l

<C H(Fe)ﬂ(us) — (Fo)a(ve) — (FE)IQ(US)(UG - HX B X ”Ue ve”Xa .
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To show that ®, maps Bs(ug) into itself, we observe that if u. € Bs(up),
then

[Pe(ue) = upllxa < [[Pe(ue) = Pe(up)| xa + [[Pe(up) — upllxa

)
S g T lI®e(ug) = uglixa,  for €€ (0, e).
By convergence in (4.28), we have that there exists ¢y > 0 such that
6 0
| Pe(te) — ugl ya < 5t5= J, for € € (0, €).

Hence, ®. : Bs(ui) — Bs(u) is a contraction for all 0 < ¢ < ¢. By
Contraction Theorem follows that, for each 0 < € < ¢y, ®¢ has an unique
fixed point, u?, in Bj(ug).

To show that uf — ug in X%, as € — 0, we proceed in the following
manner: since @, is a contraction map from Bs(ug) into itself, then

lug = ugllxa = [[Pe(ue) — upl xa
< 1Pe(ue) = Pe(ug) | xa + [[Pe(ug) — gl xo
< % lug = ugll xo + [[Pe(ug) — ugllxa -
Thus, using (4.28),
g = ugll xo < 2[Pe(up) —ugllxa — 0,  ase—0.
Hence and by compactness of &y (Lemma 4.5), we have that the family of

equilibria {&} ¢ ] is lower semicontinuity at € = 0. O

Remark 4.13. The Theorem 4.12 shows more than continuity of the set
equilibria, since it shows that if uf is a solution of the equation (4.19), which
satisfies 0 ¢ o(A_g — (Fo),(ug)), then, for each 0 < € < €, with €y sufi-
ciently small, there exists an unique solution u} of (4.18) in a neighborhood
of ug.

Corollary 4.14. Suppose that (H2), (H3) and (H/) hold, that «, 3 and
p satisfy (2.4) and that u is a hyperbolic solution of (4.19). Then, there
exist g > 0 and 0 > 0 such that, for each 0 < € < €, the equation (4.18)
has ezactly one solution, uf, in {ve € X*: |jve — uf| yo« <3}. Moreover,

uy =y in X9 as € — 0.

Theorem 4.15. Suppose that (H2), (H3) and (H4) hold and that o, 5 and
p satisfy (2.4). If all solutions ug of (4.19) satisfy 0 & o(A_g— (Fo)-,(uf)),

then (4.19) has a finite number m of solutions, UG 15 ey UQ s @R There
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exists €y > 0 such that, for each 0 < € < €, the equation (4.18) has exactly

m solutions, ug y, ..., u¢ ,,. Moreover, for alli=1,...,m,
ug; —up,; in X9, as € — 0.
Proof. The proof follows of Proposition 4.9 and Theorem 4.12. O
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