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Abstract. In this work, we describe a method to construct central
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1. Introduction

Let F be a field of characteristic zero. The set of polynomial identities
satisfied by a F-algebra A, denoted by Id(A), is a T-ideal of the free algebra
F (X) of polinomials over F, i.e., Id(A) is invariant over all endomorphisms
of F/(X). One of the main goals of the theory of Pl-algebras, which are
algebras satisfying non-trivial polynomial identities, is to determine their
T-ideals. For each one of the T-prime algebras, classified by Kemer in [7],
the T-ideal has been insistently studied and there are few known results.
For example, we have the complete description just for Id(E), Id(Ms(F))
and Id(M; 1(E)) (see [9], [2] and [11], respectively). Remember that Kemer
showed that the only non-trivial T-prime algebras in characteristic zero are
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the full matrix algebra My (F'), the algebra M (E) of matrices over the the
Grassmann algebra £ and M, s(E), a particular subalgebra of M, s(E).

Trying to get new identities for an algebra A we can consider the set
C(A) of central polynomials of A which consists of f(x1,---,z,) € F(X)
such that f(ai,---,a,) belongs to the center of A, Vay,--- ,a, € A. The
existence of central polynomails is of great interest not only for the develop-
ment of the structure theory of Pl-algebras, but also for the combinatorial
Pl-theory (as a reference, see[4]). Since Id(A) C C(A) it is interesting to
construct central polynomials which are non identities of A, called non-
trivial central polynomials. Once we have a non-trivial central polynomial
f = f(x1, -+ ,xp) of degree k of A we get a new polynomial from the
commutator [f,x] of degree k + 1 which belongs to Id(A).

For the T-prime algebras, the existence of non-trivial central polynomials
was proved by Kemer in [8] but in spite of the importance of the these
algebras, the concrete form of the set of their central polynomials is far from
being known, the only case which is completely settled is that of My (F)
(see [10]). Several attempts of getting new results have been considered.
For example, in [1], Bondari developed a computational method to find all
central polynomials of degree less than 9 for M3(F'). In [3], V. Drensky
constructed an element in C(My(F)) \ Id(My(F)) of degree (k — 1)* + 4
for any k£ > 3 and it is the minimal degree known for a non-trivial central
polynomial of My (F) until this moment. Non-trivial central polynomials
for the algebras My, ;(E) were constructed by Razmyslov in [12].

In this work we present a method to construct elements in C(My(E)) \
Id(My(F)) based on the explicited decomposition of the group algebra
F'Sy. The technics developed here were described from an algorithmic
process which was implemented by using the free software GAP [5] for the
case k = 2. We were able to show that the minimal degree of a non-trivial
central polynomial in Ms(E) is > 9.

2. The algebra F'S,, PI-algebras and central polynomials

The representation theory of the symmetric group 5, over a field of
characteristic zero is a very useful tool in the developing of the theory of
Pl-algebras. We start this section with some basic facts on this topic.

By fixing a partition A = (A1, ..., ) of n, we associate to it the Young
diagram D) which consists of n boxes [ in the following way

We observe that the lengths of the columns form a new partition of n,
Noi=(M,..., L), where X, = Z 1, called conjugate partition of \.

v
Av >t
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)\h boxes

A Young tableau T of a diagram D) is a filling of boxes of Dy with the
integers 1,2, ...,n. We say that T) is a standard Young tableau of shape A if
the integers in each row and in each column increase from left to right and
from top to bottom, respectively. For example, for the partition A = (2,1)
of n = 3 we have 6 Young tableaux of shape A and only two of them are
standard:

1]2] 1]3]
3 and 5

In general, the number of standard Young tableaux of shape A is given by
the hook formula (see [6]). During this text we consider dy the number of
Young standard tableau of shape A and the set {T,7T%,--- ,Ty, } of such
tableaux in lexicographic order, that is, 71 <71y < --- < Tg, .

The row-stabilizer of a Young tableau T} is defined as

Ry, = S (a11,- -+ ,a1x) X ... X Sy, (@n1, -+ apxy,)
where Sy, (ai1,- - ,a;y;) denotes the symmetric group on the integers
@i1,- - ,aiy,. Analogously, the column-stabilizer of T} is

CT)\ = S)\’l(allu o ,CL>\/11) X... X S)\/T(al)qa o 7(1)\4,)\1)

where X' = (\],---,Al) is the conjugate partition of .
Furthermore, we define the essential idempotent associated to T by

er, == Z Z (sgn o)po.

pGRT/\ O'ECT/\

We will use e; (or ef‘ if necessary) to denote the essential idempotent
er,. In general, the e;-s are not orthogonal but we have that e;e; = 0, when
T; < Tj.

We observe that ey, = ver,y~! for all ¥ € S,,. Moreover it is possible

to prove that there exists a non-zero integer ¢ such that 62TA = ger, for

all Young tableaux T); it follows that the element e = % er, € FS), is

idempotent. As an important property of the essential idempotents, we
have that the left F'S,-modules F'S,er, and F SnefA are isomorphic when

Ty and T \ are Young tableaux of same shape A. Whereas T and T}, are of
different shape, the modules F'Sper, and F'Syer, are not isomorphic. The
next theorem shows that the standard Young tableaux come into play if one
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wants to find, amoung the n! essential idempotents arising from tableaux
of shape A, some orthogonal ones (see [6]).

Theorem 2.1. We have

FSy=@IL., withly,= P FSper,
AFn T\ standard

where Iy is a two-sided ideal with dim I\ = di. Moreover, each left module
FSper, is minimal and dim F'Sper, = dj.

It follows from the theorem above that eryer, = 0, when A and p are
different partitions of n.

By considering A - n a fixed partition, we denote by S;; (or SZ’\J) the
permutation of S, which takes the tableau T} to the tableau Tj, that is,
S;jT; = T;. Obviously, Sigl = Sj;. And as we have observed above, it
follows that S;je; = €;5;; and the following is true.

Lemma 2.2. By a fized partition \ of n, we have

(1) For each k € {1,--- ,dy}, the set {eiSik}fil is a F-basis of FSpey.
(2) The set {eiSij}Z;zl is a F-basis of I.
Proof. Since e;S;; = Siey for a fixed k, we have J; =span{e;S;;} is a
unidimensional space of F'S,er for all i =1,---,dy. As we have observed,
eje; = 0 when T; < Tj in the set {T7,T5,---,Ty, } of standard Young
tableaux of shape \; thus the sum J; + --- + Jg, is direct. So, dim(J; &
-+ @ Jg,) =dy and then J; & --- @ Jy, = FSyey, from Theorem 2.1.

Now since

I)\ = @ FSneTA

T standard

we have the set {eiSij}?’;-zl generates I and using Theorem 2.1, we get

dim I, = di. Then {eiSij}Z}ZI forms a basis of 1. 0

Now, if a F-algebra A satisfies a non trivial polynomial identity
flay, - ,xy) € F(X), ie. f(a, - ,a,) =0, for all ay,--- ,a, € A then
denote it by f = 0 in A and say that A is a Pl-algebra. In characteristic
zero, it is well known that the ideal Id(A) of identities satisfied by A is
finitely generated by its multilinear ones (which are linear in each of its
variables) so we consider the F-space of multilinear polynomials in the first
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n variables x1,--- ,xy,, that is, P, = spanp{z,1)- - Tom)lc € Sp} and
define the following left action of S,, over P,
O'f(xly"’ axn) :f(xa(l)y"' 7$U(n))7 (1)

where o € S,,. We observe that F'S,, and P, are isomorphic (as F-vector
spaces) from the linear isomorphism ¢ : F'S,, — P, given by

Y(0) = To-1(1)To-1(2) ** To—1(n)-

Recording that f(z1,--- ,x,) is a central polynomial of A if f(ay,--- ,an)
belongs to the center of A for all ay, -+ ,a, € A, it is well known that the
set

ClA)={f e F(X) | [f,z] € Id(A)}
formed by all central polynomials of A is generated, as a T-space, by its
multilinear polynomials.

In this work, we are interested in constructing polynomials in C(A)N P,
which are not identities of A for a particular algebra A. Then by using
the isomorphism v, we have to take elements o € F'S,, such that ¢(«) €
C(A\Id(A) N P,.

Definition 2.3. We say that a € F'S,, is an element (or multilinear ele-
ment) of degree n of A if and only if ¥(a) € C(A).

We observe the following fact.

Lemma 2.4. (1) If « € F'S,, is an element of degree n of A then «.f3
is also an element of degree n of A for any B € FS,.

(2) If X is a partition of n and gy € I is such that g\ = g5 + g5+ -+
gilA € I where gl)‘:‘ € FSpey, forall k=1,--- ,dy) and q is the non
zero integer such that ei = geg, then we have

(a) gl)g\(%ekskk) = g])f fOT‘ all k = 17 e ad)\'
(b) gf(%ersrr) =0ifk>r.
(¢) Recursively defining 92‘ by 07 = %61511 and
9,;\ =(1 —01\ —05\ - —9,;\_1)%%5%, forallk =2,--- ,d)
we have
(i) grbp = g%, for allk=1,--- ,dy.
(ii) guﬂi‘ =0, for all partition p of n different from \.

Proof. To show the first item, let &« = > a,0, B = > 3,7 be elements

of F'S,, and for each 7, consider the endomorphism ¢, of F'(X) such that
T T-1 forall i = 1,--+ ,n and fixes all the remaining variables. Thus
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for each 7 € S, we have

Y(a.T) V(X aso).1) =3 asy(oT)
Qolr—1(g=1(1))Tr=1(o=1(2)) " " Tr=1 (o~ (n))
= Y Pr(Te-1(1)Te-1(2) " To—1(n)

2. aopr(P(0)) = pr(Y(e))

and for a fixed variable x,

[¢p(e.5), 2]

It follows that if ¢ (a) € C(A), i.e., [{(),x] € Id(A) then ¥ (a.3) € C(A).
Now we fix a partition A and consider gy = g}\ + gf\ 4+ 4 gf* € I such
that glf\ € FSpeg, for all k =1,--- ,dy. For a fixed k € {1,--- ,dy}, since

{@‘Sik}?il is a basis for F'S,e; it follows that there exist a;’s in I such
dx

that g’/{ = Z a;e;Sik. On the other hand for all ¢ = 1,--- ,d) we have
i=1

1 1 1 1
€iSik <—€k5kk> = —e;e;Sik Sk = —€;Sik = —qeiSir = €;S;
q q q q
that implies g’)f(%ekskk) = g’)f. Moreover if k > r then

1 1
€iSik <_erSrr> = —Sikerer Sy = 0.
q q

In this way we have proved 2.(a) and 2.(b). To see item 2.(c).ii, it is enough
to note that g, € I, and 6) € I so that I,,I, = {0} if u and X are different
partitions of n. The item 2.(c).i. can be proved by induction on k and we
are done. 0

The Theorem 2.1 and last lemma show that we can write each element
g of degree n of A as a sum
9 =P (2)

AFn

where g, = g/l\ + g?\ +-+ gf* € I, and g’/{ € FSpey is also an element of
degree n of A, for each partition A of n. In fact, from item 1 of Lemma
2.4, we have that ¢.(63 + 63 +--- + OQ‘A) is an element of degree n of A. By

using item 2.(c), we have

d
9.2 +05+ 403 ) =gr(07 +03+-+0) ) =gr+ g+ +9V =g
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Furthermore, since gy = g5 + g3 + - + gf* where dy is the number of
standard Young tableaux of shape A and g]f\ € 'S¢y, it follows from items
1 and 2.(c) of the last lemma that g5 is also an element of degree n of A.

Thus

gx is an element of degree n of A <
P(gr) = ¥(g)) + P(g3) + -+ +¥(g) € $(I) N C(A) &
P(gY) € Y(FSper,) NC(A), forall k=1,--- ,d\ &
g]f\ is an element of degree n of A, for all k =1, --- ,d).

In this way, by fixing a partition A of n and taking d = dy; for each

k=1,---,d, we will use that {e;S;x}%, is abasis of F'Sy,ey, and construct

just the elements of degree n of A. In particular, we are interested in
elements of type

a1e181k + aseaSok + - - + ageqSak, o; € F.
Note that for each partition A F n, we can consider 7T} the standard
Young tableau which the columns, from the first to the last one, were

filling from the top to the bottom in increasing order with 1,--- ,n and we
call it canonical tableau.

Now the isomorphism between F'S,e; and F'S,ex can be given by v —
~vS1x and so for an element of degree n of A

[ =a1e1511 + ageaSar + -+ + @geqaSa
in F'S,e1 we have, from item 1 of Lemma 2.4, an element of degree n of A
Sk = are1S1y + azeaSay + - + ageqSak
in F'S, e, and vice-versa.
Definition 2.5. The elements of degree n which are linear combinations

of €;Si1, with i =1,--- dy are called elements of type T of A.

We conclude that in order to determine the multilinear elements of degree
n of A it is enough to consider, for each partition A of n, elements of type
T of A and so we have proved the next result.

Theorem 2.6. The elements of degree n of A for a fixed partition X\ F n
are linear combinations over F' of elements of type T

d
E a;e;Si,
=1

where a; € F, for alli =1,--- ,d and d is the number of standard Young
tableaux of shape X.

Sao Paulo J.Math.Sci. 3, 2 (2009), 179-191



186 S. M. Alves Jorge and A. C. Vieira

3. Elements of type 7 in M,(F) and central polynomials of
Ms(E)

We consider the T-prime algebra My (F), where E is the Grassmann alge-
bra of infinite dimension over the field F' generated by {1, v1,va,- - |v;v; =
—v;v;} and want to apply the method developed in the last section to de-
termine elements of type 7 of a specifical degree n which are non-trivial
central polynomials of Ms(E). In order to do it, for each partition A of
n, we inicially construct the elements of type 7 in C'(M>(F)). Since the
minimal degree of an identity of M>(E) is 8 (see [13]), it is natural to start
the calculations with n = 7.

The arguments used in this work produce a systematic process and now
we describe how we constructed computational routines (CR) which were
implemented in the software GAP [5] in order to determine central poly-
nomials of My (F).

CR “CentralCoeffTest(n)” : We know that if f = f(z1,---,x,) is an
element of degree n of A of type 7 then there exist aq,...,aq € F such
that

d d
F=> aSper =Y opFi(ar, - an).
k=1 k=1

On the other hand, for each k =1,...,d,
Fp=Fyp(x1,-xn) = Y Y (sgn q)Supg
pERT q€Cr,
and from the isomorphism 1 we have
b, = Z Z (S81 Q)2(S11pg) 1 (1) Z(Sk1pa) 1 (2) " L(Skapa)= (n)
pERTl qECTl

where 77 is the canonical Young tableau of shape A. We observe that to
determine Fj, it is enough to construct Rr,,Cp, and Ski. Since we work
with multilinear polynomials, in the substitutions it is enough to consider
the elementary matrices F;;, that is, whose entries are equal to 0 except
the (i,7) entry which is 1.

Now we have to find o/ s such that [f,z,41] =0 in My(F), that is

d
Zak[Fk(azl, C X)), Tpt1] = 0 in Mo (F).
k=1
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In this way, for any set {A;, -+, A,y1} of elementary matrices of My(F)
we have

d
Zak[Fk(Ah e 7An)7 An+1] =0.
k=1
By considering for each k

[Fi(Ar, -+, Ap), Any] = ( Tk Yk > € My(Q) C My(F)

Rl Wk

and replacing it in the equality above, we get

. Ty o ay gl 8
ZO‘ e Ye \ o o Yyi o Yd 2 _
P k Zr Wk 21 24
- wl PEEEY wd a 0
d
———
¢ X

e We have 4"t possibilities to choose the elementary matrices F11, F12,
FEs1, E99 to form a colection of n + 1 matrices.

o After testing all of the possibilities we can form a system BX = 0 where
B is the reduced echelon form of the matrix formed by the aglutination of
matrices C' in each possibility, having 4”2 rows and d columns.

e The next step is solving the system.

e A new routine “ProbablePolynomials (B, n)” describes the possible
polynomials to be f. This routine uses other routine, called “Monomi-
alTest (Partition)”, to determine the polynomials Fy, Fy,--- , Fy which
works in the following way:

* If the rank of B is less than d we have nonzero values for «y’s which
will form a list of candidates different from zero.

* If the rank of B is d we have a1 =as =---=ag=0andso f =0. It
means that is there is no element different from zero of degree n of My (F)
for the partition .

* Finally, if B = 0 then for each one of 4”1 possibilities, the matrix

R Wk

[Fr(A1, Az, -+ Ap), Apga] = < Tk Yk )

Sao Paulo J.Math.Sci. 3, 2 (2009), 179-191



188 S. M. Alves Jorge and A. C. Vieira

is null, for all k =1,2,--- ,d. Thus for all kK =1,2,--- ,d, we have that
[Fk(AhAQa' o 7An)7An+1] =0in MQ(F)

and so the polynomials Fy,--- , F; are elements of degree n of type 7 of
Ms(F).

The next result guarantees that the elements of type 7 of My(FE) comes
from the elements of type 7 of Ma(F).

Proposition 3.1. Let A and B be F-algebras such that B C A and consider
A noa fized partition. If Y(Ix) N C(B) = spanp {¢(f1), - ¥(fr)} where
d

fJ’-s are of form Zaieisik]- € FSpex; with kj € {1,...,d} and j € {1,...,r}
then (1)) N C(;lz)lz spang {Y(fiy), .., 0(fi,)} where iy, ...,is € {1,...,7}.
Proof. If (g) € (1) N C(A) then for all k = 1,...d there exist ¥(g§) €
W(FSper)NC(A) C (FSper)NC(B) such that 1(gx) = ¥(g3)+..+(g5)-

On the other hand, since ¥ (g) € ¥(Iy) N C(A) C ¥(I)) N C(B) there
exist ;s € F such that ¥ (gx) = B19(f1) + ... + Br(fr). It implies

W(gr) = $(BL1) + o+ (B fr) = U(g3) + o+ U (g)-
Using that (8, f;) € Y(FSpex;) N C(B) by the uniqueness of the decom-
position it follows that

(gy) = (B; f) for all j € {1,2,...,7}

V(gh) = 0if k ¢ {k, ...k, } .
So (f;) € C(A), Vj € {1,...,r} such that 8; # 0 and the result follows.

Now we will see the results which are important to decide whether an
element of degree n of type 7 of My(F') is an element of degree n of type
7T of Ms(E) or not.

We have the following remark from Vishne [13].

Remark 3.2. Let f € P,. Then for all k > 2:

f =0 in Mi(E) if and only if for any choice of elementary matrices
A; = Eqp, and either v7 = v; or v} = 1, the substitution x; — A;v] in f
gives zero.

Next we have an important result to finish our algorithms.

Proposition 3.3. Let {ji,---,js} C {1,---,n} with j; < --- < j, and
M = M(z1, ;%) = QeTg(1) - - - T(n) @ monomial in P, Ifry < - <1y
such that o(r;) = j;, where l; € {1,--- ,q} for all i € {1,--- ,q} then the

Sao Paulo J.Math.Sci. 3, 2 (2009), 179-191



Central polynomials for matrix algebras over the Grassmann algebra 189

substitution x; — A;v} in the monomial M where A; is an unitary matrix
and vf =v; if i € {j1,-- ,Jor and v} =1 ifi e {1,--- ,n}\{j1, - ,d¢}
we have

M(Ajvy, -+ Apvy) = (890 7o) A1y - - - Ag(n) (Vjy -+ - Vj,)
where T, € Sq with 7,(1) =11, ,75(q) =14

Proof. In fact the substitution z; — A;v] in the monomial M where
*

vf = v if i € {j1,...,Jq} and v = 1if i € {1,....,n} \ {j1,....Jq} is the

szlnne as To(y) — Ag@)V (t for all t € {1,...,n}, where v;(t) = Vg if

t € {ry,..,rq} and v;(t) :U 1) if t e {1,...,n} \ {r1,...,r}. Thus
M(Av}, ..., Ayul) = aaAa(l)U;(l) e Ao(n)vi(n)
= Asa) - Aon) (Vo) - - va(Tq))
= A5y Agn) (an,u) x -”jfa(q))

= (sen 75)asAsq) - Aon) (Vjy -+ - Vj,)-

Now let us explain how to construct elements in C(Ma(E)).

CR “CentralPolynomialTest (h)”: verifies if a polynomial h(z1,- - ,z,)
belongs to C'(Ms(E)) and it works from some steps.

(1) Let
f = f(:cl, s ,:L‘n) = Z QAoTy(1) - - - Lo(n) e P,.
UESn
We have:
e According to Remark 3.2, f € Id(M>(E)) if and only if for any
choice {Ajv], -+, Apv}} where A;’s are elementary matrices and

vy =v; or 1, we have
f(Arof, - Apuy) = 0.

e There exist 4.2 ways to make that choice: 4" possibilities

to the sequence {Ay,---,A,} and 2" possibilities to the sequence
*

’L)T’-..”L)n.
o We identify
{UT,"'yv;;} = {j17"'7jq}g{17"'7n}7 Wlth]1<<jq
where v} =v; if i € {j1,---,j,} and

’U;‘:lifiE{l,"' ’n}\{jla"' 7jq}‘
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e For all 4".2" choices {Ajv], -+, A,v}} we have

f(Al’UT, e 7An/U;:) =0

<~
Z (sen To)ag Agr) - - - Agn) (Vg - - v5,) =0
UESn
<~
Z (sgn Ta)aaAa(l) cee Acr(n) = 0.
UGSn
(2) For
h=h(zy, - zn) = Z AeTo(1) -+ Lo(n) € Pn
O'ESn
and each sequence {Aj1,--- , Ap4+1} of elementary matrices and each
subset {j1,---,jq} € {1,--- ,n+ 1}, the routine constructs a new
polynomial
f=f(x1, o) = h xn—f—l Z QyTry(1) - - - Ly(n1) € Prya.
YESn+1

(3) For each monomial of f the routine constructs the permutation 7,
as in the Proposition 3.3 and computes the product
A'y(l) e A’y(n)Afy(n+1) to form the matrix

A = Z (sgn TW)QVAV(l) N A,Y(n)A,Y(nJrl).
YESh+1

(4) If A =0 for all sequences {Ay,---,Ap+1} and all subsets
{j1,---,dq} € {1,---,n+1} then f € Id(M2(E)). As a conse-
quence, h € C(My(FE)).

To finish, we use a new routine “PolynomialldentitiesTest(h)” to
determine if a polynomial h € C(My(F)) is or not an identity, since our
interest is to find non-trivial central polynomials. The idea used in this
routine is analogous to that one used in the previous, where the difference
consists in considering h instead of f.

The implementation of the routines above guaranteed the following.

Theorem 3.4. If f is a non-trivial central polynomial of My(FE) then degree
of f=9.
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4. Final remarks

The procedure was designed to find central polynomials of arbitrary de-
gree of the matrix algebra My (E), for any k > 2. The tests done using
the software GAP showed that the algebra M>(E) doesn’t contain central
polynomials of degree 7. Since Vishne informed the only elements of degree
8 of C(M3(FE)) are the identities, to construct central polynomials of bigger
degree, we have to consider n = 9. The work in this case requires a large
number of computations and our next goal is improving the algorithms to
finally determine the minimal degree of a non-trivial element in C(My(E)).
The sources of the computional routines and procedures, together with
some examples, are available upon request by e-mail.
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