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Claudio Rodŕıguez Beltrán

Universidad Nacional de Colombia, Sede Bogotá
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Abstract. Corepresentations of some one parametric equipped
posets over an arbitrary quadratic field extension F ⊂ G are
studied and classified. Complete matrix canonical forms of inde-
composable corepresentations of several sincere one parametric
equipped posets are presented, including those for two critical
equipped posets. Some important properties of corepresenta-
tions of equipped posets are established.

1. Introduction

Soon after the time when the interest for studying representations of
algebras by using quiver methods arose, it came the idea to investigate
representations of quivers with additional structures. For instance,
Dlab and Ringel considered representations of valued graphs [6]-[8],
Nazarova and Roiter introduced representations of polyquivers [15]
the theory of which was then developed in [16], [17].

Later, during the 90’s, an analogous interest for investigating repre-
sentations of posets with additional structures was realized in several
directions. On the one hand, Klemp and Simson studied representa-
tions of Schurian vector space categories and considered closely related
with them representations of valued posets [12]. On the other hand,
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Zabarilo and Zavadskij [22] introduced and started to investigate re-
presentations of equipped posets over the classical pair of fields (R,C),
with further developing of this theory in [23],[24].

Recently, in [20], there were introduced corepresentations of equi-
pped posets over an arbitrary quadratic field extension F ⊂ G. They
led to some matrix problems of mixed type (over a pair of fields) which
are similar to the problems of the representation case. Moreover, in
some intuitive sense, the appeared problems are dual to the prob-
lems of the representation case. Nevertheless it is not known a formal
construction reducing one kind of the problems to another one.

The aim of this paper is to investigate and classify corepresenta-
tions of some equipped posets of infinite type, mainly one parametric.
Notice that the finite type case was solved in fact in [12], both for
representations and corepresentations.

We consider several sincere one parametric equipped posets includ-
ing two critical (K6,K8, A25, A28, A38, A41 and their duals, in the no-
tation of [24]) and obtain for them an evident and complete matrix
classification of indecomposable corepresentations over the pair (F,G).
Also, we establish some properties of equipped posets of infinite type
(not necessarily of one parameter type) containing a well inserted crit-
ical subposet K6 or K8 (see the definitions of Sections 3.1 and 3.2).

It should be mentioned that analogous properties, which involve
some well inserted critical subposets, have played an important role
in the classical representation theory of ordinary posets [2], [28], as
well as in the study of representations of equipped posets [22]. The
properties obtained in the present paper are supposed to be used
subsequently to get a complete classification of corepresentations of
all one parametric equipped posets.

Our investigation may be considered as a natural continuation and
extension of the previous developments in the one parametric repre-
sentation case realized in [19], [3], [22].

The structure of this paper is the following. Section 2 contains ba-
sics definitions and notations on corepresentations of equipped posets.

The main results, describing the properties of well inserted sub-
posets and the classification of corepresentations of some critical equi-
pped posets, are formulated in Section 3 (see Theorems 3.1, 3.3, 3.5,
3.6 and Corollaries 3.2, 3.4).
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Section 4 provides the proofs of the Theorems 3.5 and 3.6 con-
cerning the classification of corepresentations of the critical sets K6,
K8, as well as several classification results on corepresentations of the
equipped posets A25, A28, A38, A41.

In Section 5, Theorems 3.1 and 3.3 (describing the mentioned prop-
erties of critical well inserted posets) are proved.

In Section 6, we present the notations for the appendixes.

The obtained canonical matrix forms of the classified corepresen-
tations are shown in Appendixes A-D. Appendix E contains a table
with the roots of some equipped posets along with the reflections of
which they came from, see Section 3.3.

2. Main Definitions and Notations

We briefly recall here the main definitions and notations on corep-
resentations of equipped posets, both introduced in [20] and some
new ones. As for representations of equipped posets, the reader may
consult [22]-[24] and especially [20] (the last presentation is the most
close to the exposition here).

2.1. Equipped posets. An equipped poset is a triple (P, ≤, ⊳)
where (P, ≤) is a poset and ⊳ is an additional binary relation on
P, called strong such that the following condition holds

x ≤ y ⊳ z or x⊳ y ≤ z implies x⊳ z, (2.1)

i.e. a composition of a strong relation ⊳ with any other relation is
strong (our notation ⊳ corresponds to E in [20]).

We write x ≺ y if x ≤ y and x ⋪ y and call the relation ≺ weak.
Notice that in general neither ≺, nor ⊳ is partially order relation on
P (they could be not reflexive).

For the brevity, we will write simply P instead of (P, ≤, ⊳). All
the considered posets are finite.

A point x ∈ P is called strong (weak) if x ⊳ x (x ≺ x), with the
notation in diagrams ◦ (⊗). By P◦ (P⊗) we denote the subset of all
strong (weak) points of P. If P = P◦, the equipment is trivial and the
poset P is ordinary. Each subset X ⊂ P consisting of strong points
only is said to be ordinary.
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We write x<>y if the points are incomparable. For any subsetX ⊂ P

denote
N(X) = {a ∈ P : a<>x for all x ∈ X}. (2.2)

Remark 1. From (2.1) it follows that, for any weak relation x ≺ y,
both points x and y are weak, moreover, for any point x ≤ t ≤ y it
holds x ≺ t ≺ y.

Given some subsets X1, . . . , Xn ⊂ P (which may have comparable
elements in different subsets), we denote by X1+· · ·+Xn their disjoint
union and we call it the sum of X1, . . . , Xn. Let |X| be the cardinality
of a set X. Sometimes we identify a one-point subset {x} ⊂ P with
the point x itself.

For a point x ∈ P, denote x∨ = {y : x ≤ y}, x▽ = {y : x⊳ y} and
xg = {y : x ≺ y}. Notice that x∨ and x▽ are upper cones meanwhile
xg is not in general. The subsets x∧, x△, xf are dually defined.

For a subset X ⊂ P, set Xℜ =
⋃

x∈X xℜ where ℜ is any of the
symbols ∨,∧,▽,△,g,f. We say that some relation xRy between two
points is strict if x 6= y. For subsets X, Y ⊂ P, X ≤ Y means x ≤ y
for all x ∈ X and y ∈ Y , X ≺ Y and X ⊳ Y are analogously defined.

A subset of P is a chain (anti-chain) if all its points are pairwise
comparable (incomparable), in particular, a dyad (triad) is an anti-
chain of two (three) points. The length of a chain is the number of
its points. A chain of the form a1 ≺ a2 ≺ · · · ≺ an is called weak, if
additionally a1 ≺ an then it is completely weak. An arbitrary subset
X ⊂ P is said to be completely weak if all its points and possible
relations between them are weak.

By a subposet of an equipped poset P we understand any of its full
equipped subset Q ⊂ P, which means that for any two points x, y ∈ Q

it holds x ≺ y (x⊳ y) in Q if and only if x ≺ y (x⊳ y) in P.

Graphically each equipped poset is presented by its diagram, which
is obtained from the ordinary Hasse diagram of the poset P by dis-
tinguishing its strong and weak points (◦ and ⊗) and by joining ad-
ditional lines symbolizing those strong strict relations between weak
points which are not consequences of other relations.

Example 2.1. Let P be an equipped poset given by the diagram of
Figure 1. Then, among strict relations, the only weak ones are 1 ≺
{2, 5}, {2, 5} ≺ 3, hence all those in the rest are strong, namely,
1⊳ 3, {1, 2, 3, 5, b}⊳ 4, {1, 2}⊳ a, {1, 5, b}⊳ c, b⊳ {3, 4, 5, c}.
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Figure 1. Equipped poset.

Remark 2. Notice that, in the analogous Example 2.2 in [20], the
additional arc joining the points 1 and 3 is superfluous and must be
omitted (in that example 1⊳ 3 is a consequence of 1⊳ 5 ≺ 3).

2.2. The category of corepresentations. We recall now the main
information on corepresentation category following [20]. Let F ⊂
F(ξ) = G be an arbitrary quadratic field extension, so, each x in
G is expressed in unique form x = a+ ξb (a, b ∈ F) where a = Re(x)
is said to be the real part of x and b = Im(x) the imaginary part of x.
Each equipped poset P naturally defines a matrix problem of mixed
type over the pair (F,G).

Consider a rectangular matrix M over G separated into vertical
stripes Mx, x ∈ P:

M =

x y

. . . Mx . . . My . . .

such partitioned matrices M are called matrix corepresentations of P
over (F,G). Their admissible transformations are the following:

(a) G-elementary row transformations of the whole matrix M ;

(b) G-elementary (F-elementary) column transformations of a stripe
Mx if the point x is strong (weak);

(c) In the case of a strong (weak) relation x⊳y (x ≺ y), additions
of columns of the stripe Mx to the columns of the stripe My

with coefficients in G (F).
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Two corepresentations are said to be equivalent or isomorphic if
they can be turned into each other with help of the admissible trans-
formations. The corresponding matrix problem of mixed type over the
pair (F,G) consists in classifying the indecomposable corepresentations
in the natural matrix sense, up to equivalence.

To every matrix corepresentation M is associated the vector dimen-
sion d = dim M = (d0, dx : x ∈ P) where d0 (dx) is the number of
rows in M (of columns in Mx). For a subset X ⊂ P and a matrix
corepresentation M , set MX =

⋃
x∈X Mx.

For any F-subspace U of some linear G-space V , we denote by U
∼

and U∼ respectively the G-hull and G-cohull of U defined as follows:

U
∼

=
⋂

U⊂W

W, U∼ =
∑

W⊂U

W,

where W are G-subspaces of V . It is clear that U
∼

(resp. U∼ ) is
the minimal (maximal) G-subspace of V containing U (contained in

U). Moreover, one can consider U
∼

as the ordinary G-span of U i.e.,

U
∼

= GU . When U itself is a G-subspace then U
∼

= U∼ = U and U is
said to be G-strong or strong.

A corepresentation of an equipped poset P over the pair (F,G) is
a collection of the form U = (U0, Ux : x ∈ P ) where U0 is a finite-
dimensional G-space containing F-subspaces Ux such that

x ≤ y =⇒ Ux ⊂ Uy ,

x⊳ y =⇒ U
∼

x ⊂ Uy .
(2.3)

Notice that if x ∈ P◦ then Ux is a strong subspace.

The dimension of U is a vector d = dim U = (d0, dx : x ∈ P) with
d0 = dimG U0 and dx = dimG Ux/Ux (resp. dx = dimF Ux/Ux) for a
strong (weak) point x, where

Ux =
∑

y≺x
y 6=x

Uy +
∑

y⊳x
y 6=x

U
∼

y

is the radical subspace of Ux.

Corepresentations are the objects of the category corep (F,G)(P,≤

,⊳), briefly corep P, with morphisms U
ϕ
−→ V being G-linear maps

ϕ : U0 → V0 such that ϕ(Ux) ⊂ Vx for each x ∈ P. It is clear that
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two corepresentations U, V are isomorphic if and only if for some G-
isomorphism ϕ : U0 → V0 it holds ϕ(Ux) = Vx for all x.

The classification of indecomposable objects of the category corep P,
up to isomorphism, corresponds precisely to the described above ma-
trix problem (a)-(c).

Namely, if M is a matrix corepresentation of P with dim M =
(d0, dx : x ∈ P), one may consider a base e1, . . . , ed0 of some d0-
dimensional G-space U0 and identify each column (λ1, . . . , λd0)

T of
M with the element u = λ1e1 + · · ·+ λd0ed0 ∈ U0. Given any column
set X ⊂ M , denote by F[X] and G[X] the F-span and G-span of
X in U0 respectively. Then, one can form a corepresentation UM =
(U0, Ux : x ∈ P) where Ux =

∑
y≺x F[My] +

∑
y⊳xG[My], which

satisfies the conditions (2.3).

From this point of view, the columns of each vertical stripe Mx

represent a system of generators of the space Ux modulo its radical
subspace

Ux =
∑

y≺x
y 6=x

F[My] +
∑

y⊳x
y 6=x

G[My].

Hence, the transformations (a)-(c) of M reflect both base changing
in U0 and generator changing in subspaces Ux. Conversely, starting
from U , one can associate with U a matrix corepresentation denoted
byMU . Notice that dim UM ≤ dim M and dim U ≤ dim MU , in both
cases the equality holds if and only if the columns of each stripe Mx

are linearly independent modulo the radical column. When dealing
with matrix corepresentations MU corresponding to corepresentations
U , we always will select such matricesM = MU that dim M = dim U .

Given any corepresentation U of P with dimension d = dim U , the
support of U is the subset Supp U = {x ∈ P : dx > 0}. U will be
called trivial if dimG U0 = 1.

A vector d is sincere if has no zero coordinates. We call a corep-
resentation sincere if its dimension vector is sincere. Every equipped
poset having at least one sincere indecomposable corepresentation is
called sincere (with respect to corepresentations).

There exists an analogous definition of a matrix corepresentation
and of a corepresentation of a poset P over the pair (F[t],G[t]) of
polinomial rings.
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An (F[t],G[t])-corepresentation of P is a collection U(t) = (U0, Ux :
x ∈ P) such that U0 is a finitely generated free G[t]-module and each
of Ux is a finitely generated F[t]-submodule of U0, in particular the
G[t]-hull of any finitely generated F-submodule V is the G[t]-span of
V .

An (F[t],G[t])-matrix corepresentation of P is a rectangular matrix
M [t] over G[t] separated into vertical stripes Mx[t] (x ∈ P), the ad-
missible transformations are analogously defined to (a)-(c), but over
the pair (F[t],G[t]).

A corepresentation series is obtained from a matrix M [t] of
(F[t],G[t])-corepresentation by substituting any square matrix A over
G for the variable t and scalar matrices λI of the same size for the
coefficients λ ∈ G. A corepresentation series of P is called sincere if
it induces at least a sincere indecomposable corepresentation of P.

A poset of infinite type is said to be one-parametric if it has a series
containing almost all indecomposable corepresentations of each given
dimension.

Denote by P op the antiisomorphic poset to a poset P. Given a
corepresentation U of P, we define the dual corepresentation U∗ of
P op by setting

U∗ = (U∗
0 , U

∗
x : x ∈ P

op),

where U∗
0 = HomG(U0,G) and

U∗
x =

{
(Ux)

⊥
G = {ϕ ∈ HomG(U0,G) : Ux ⊂ Kerϕ}, if x is strong;

(Ux)
⊥
F = {ϕ ∈ HomF(U0,F) : Ux ⊂ Kerϕ}, if x is weak.

It can be established easily that an equipped poset P is sincere if
and only if P op is.

3. Formulation of the Main Results

The main goal of the present investigation is to obtain a complete
classification of corepresentations of some one parametric equipped
posets (K6, K8, A25, A28, A38, A41 in the notation of [24]), as well as
to establish several properties of corepresentations of equipped posets
of infinite type (not necessarily of one parameter type) containing a
well inserted critical subset K6 or K8 of the form of Figure 2.
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Figure 2. Critical posets K6 and K8.

In order to do this, we use in particular, the algorithm of differ-

entiation V̂II developed in [20], as well as the classical algorithm of
differentiation of ordinary posets with respect to a maximal point [14]
and some special methods of reduction of matrix problems of mixed
type over the pair (F,G). Naturally, we develop also some combinato-
rial technique concerning equipped posets and their quadratic forms.
Now, we present the formulations of the main results of the paper
which will be proved in Sections 4 and 5.

3.1. Properties of well inserted subposet of type K6. A sub-
poset K6 ⊂ P, as in Figure 2, is said to be well inserted in P if the
subsets

(ag b) = {x ∈ P : a � x, b � x}, (af b) = {x ∈ P : x � a, x � b}

are chains and each of the subsets N(a) and N(b) (of type (2.2)) is
a chain with a unique weak point, see Figure 3(a) below in which
c1, . . . , c4 are ordinary chains and X,Y are completely weak chains.
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Figure 3. (a) Example of a well inserted subposet of type

K6. (b) Example of a well inserted subposet of type K8.

Theorem 3.1. If an equipped poset P contains a well inserted sub-
poset K6, then each indecomposable (not necessarily sincere) corepre-
sentation U of P satisfies the following conditions:
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(1) Ua ∩ Ub = 0 or U
∼

a = U
∼

b = U0;
(2) Ua + Ub = U0 or U∼ a

= U∼ b
= 0.

Corollary 3.2. Assume that an equipped poset P contains a well in-
serted subposet K6 as above and two points p, q such that q ⊳ a and
{a, b} < p, or q < {a, b} and a ⊳ p. Then each indecomposable corep-
resentation of P is not sincere at one of the points p, q.

3.2. Properties of well inserted subposet of type K8. A poset
P has a well inserted subposet K8 as in Figure 2, if the following
conditions are satisfied (see an example in Figure 3(b)):

(1) N(a) = {Γ− < {r, s} < Γ+} where Γ−,Γ+ are ordinary
chains.

(2) N(r, s) = {∆− < a < ∆+} where ∆−,∆+ are ordinary chains.
(3) The sets

[r g a] = {x ∈ N(s) : r < x and a ≺ x},

[r f a] = {x ∈ N(s) : x < r and x ≺ a}

and the defined analogously sets [sg a] and [sf a] are chains,
such that |[r g a] + [sg a]| ≤ 2 and |[r f a] + [sf a]| ≤ 2.

We denote Ω+ = [r g a] + [s g a] and Ω− = [r f a] + [s f a]. So,
one can suppose that a poset P with a well inserted subposet K8 has
the form

P = Ω+ +Ω− + Γ+ + Γ− +∆+ +∆− +X, (3.1)

for certain subset X.

Theorem 3.3. If an equipped poset P contains a well inserted sub-
poset K8, then each indecomposable (not necessarily sincere) corepre-
sentation U of P satisfies the following conditions:

(1) Ua ∩ Ur = Ua ∩ Us = 0 or U
∼

a = Ur + Us = U0;
(2) Ua + Ur = Ua + Us = U0 or U∼ a

= Ur ∩ Us = 0.

Corollary 3.4. Let an equipped poset P contains a well inserted sub-
poset K8 as above and points p, q satisfying one of two conditions:

(1) q ⊳ a or q < {r, s}, and {a, r} < p or {a, s} < p;
(2) q < {a, r} or q < {a, s}, and a ⊳ p or {r, s} < p.

Then each indecomposable corepresentation of the poset P is not sin-
cere at one of the points p, q.
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3.3. Classification of indecomposable corepresentations of so-
me critical equipped posets. We present the complete matrix clas-
sification of indecomposable corepresentations of the critical posetsK6

and K8 for an arbitrary quadratic field extension F ⊂ G.

In particular, the calculation of the corepresentation series of K6 is
reduced to the classical matrix pencil problem, solved completely by
Kronecker [13] (see [9], [26] for recent short solutions).

On the other hand, the corepresentation series of K8 is reduced to
an homogeneous biquadratic matrix problem which is closely related
to the semilinear and pseudolinear matrix pencil problems, observed
for instance in [26], [27].

Also we establish a bijective correspondence between certain inde-
composable corepresentations and the positive roots of the Tits qua-
dratic form.

Theorem 3.5. The critical poset K6 possesses 6 types of indecom-
posable corepresentations over the pair (F, G) (up to duality and per-
mutation of points), listed together with their duals in the matrix form
in Appendix A.

Theorem 3.6. The critical poset K8 possesses 11 types of indecom-
posable corepresentations over an arbitrary quadratic field extension
F ⊂ G (up to duality and permutation of strong points r, s), listed
together with their duals in Appendix B.

Given an equipped poset P, we set P• = P ∪ {0} (0 is a formal
symbol incomparable with the points in P). A vector ex ∈ ZP•

(x ∈
P•) is said to be a simple root if (ex)x = 1 and (ex)y = 0 for x 6= y.
The Tits quadratic form fP = f associated to P is defined on a given
vector d = (d0, dx : x ∈ P) by the formula

f(d) =
∑

x,y∈P0

(lxydxdy)− 2d0
∑

x∈P

dx

where lxy = 0 if x<>y, lxy = 1 if x ≺ y, and lxy = 2 if x ⊳ y or
x = y = 0.

Let 〈x, y〉 = 1
4 [f(x+ y)− f(x− y)] be the corresponding symmetric

bilinear form . We recall that the reflection at the point x ∈ P• is a
mapping ρx : ZP•

7−→ ZP•

defined by

São Paulo J.Math.Sci. 4, 2 (2010), 141–175
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ρx(d) = d−
2

lxx
〈d, ex〉 · ex.

The roots of the Tits form fP (of the poset P) are the vectors
obtained by reflections from simple roots. Let d, d′ be roots of fP, we
write d ≤ d′ if dx ≤ d′x (x ∈ P•). We will deal mainly with admissible
roots which are positive roots with d0 > 0.

A vector µ ≥ 0 is said to be an imaginary root of fP or of P if
fP(µ) = 0. Two roots d, d′ of fP are said to be of the same type if
d = d′ + µ, where µ is an imaginary root. We refer to µ0 as The
minimal root in the set of roots of the same type.

We will consider now the following sincere equipped posets

⊗ ⊗

◦

A25

a b

η

⊗ ⊗

◦ ◦

A28

a b

ηµ

⊗ ⊗

⊗







J
JJ

A38

a b

p
⊗ ⊗

⊗

⊗







J
JJ

J
JJ







A41

a b

p

q

Figure 4. Some sincere one parametric equipped posets.

Theorem 3.7. Let P be one of the posets K6, K8, A25, A28, A38, A41

or their duals shown in Figure 2 and 4. Then there exists a bijection
between the admissible roots of fP and the isoclasses of indecomposable
corepresentations of P whose dimension is not an imaginary root.

Corollary 3.8. The value of the Tits form on the dimension of any
indecomposable corepresentation of any of the posets K6, K8, A25,
A28, A38, A41 or their duals is 0, 1 or 2.

the minimal admissible roots of the Tits form of the mentioned
posets in Theorem 3.7 are listed in Appendix E.
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4. Classification of Corepresentations of some One Para-
metric Equipped Posets

We present a complete classification (in matrix form) of the inde-
composable corepresentations of the sincere equipped posets K6, K8,
A25, A28, A38, A41 and their duals over an arbitrary quadratic field
extension F ⊂ F(ξ) = G. Doing this, we distinguish separable and
inseparable extensions, as well as take into account the characteristic
of the fields.

To obtain this classification, we use the known functors of differ-

entiation of ordinary posets, D-I, D-V̂II constructed in [25] and [20],
as well as some special reduction methods for mixed matrix problems
over the considered pair of fields (F, G).

Remark that the corepresentation series of K8 is expressed in terms
of the solution either of the semilinear in [5] or of the pseudolinear
(originally [21]) pencil problem. These problems were considered re-
cently with details in [26] and [27].

4.1. The case of posets K6, A25, A28, and of their duals. The
classification of indecomposable corepresentations of K6 is obtained
by considering three cases.

Proof of Theorem 3.5. Let U be an indecomposable corepresentation
of K6.

First case: U
∼

b 6= U0. Let V be the indecomposable corepre-
sentation of A25 defined by V0 = U0, Vx = Ux (x ∈ {a, b}) and

Vη = U
∼

b. Since dimVη < dimV0, if we apply to the poset A25 the V̂II-
differentiation with respect to the pair (a, η) then dimG V ′

0 < dimG V0

(the dimension of the principal space of the derived corepresentation
of V ).

Additionally, Supp V ′ ⊂ {a− ⊳ a+, b} (see Figure 5), thus we can

manage with the induction step. Therefore, we must V̂II-integrate
the indecomposable corepresentations of A′

25 (not necessarily sincere)
exhaustively, obtaining a complete classification of indecomposable
corepresentations of A25 and the indecomposable corepresentations of
K6 satisfying the above condition.
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⊗ ⊗

◦

A25

a b

η

D-V̂II

-(a, η)

(Support)�
Integration

⊗ ⊗

◦ ◦

�
��

A′
25

a−

a+

b

η

Figure 5. Combinatorial V̂II-differentiation of the
poset A25.

The finite poset F14 = {◦,⊗} is a subposet of A′
25 (by consider-

ing the points a+ and b), then any corepresentation of F14 can be
expanded of natural form to some corepresentation of A′

25.

We number the types of indecomposable corepresentation and de-
note the i-th type by P-i.

We stated that the indecomposable corepresentations1 F14-1, F14-2
and F14-3 induce the indecomposable corepresentations K6-1

∗, K6-
2∗, K6-3, K6-4, and A25-1, . . ., A25-5. Moreover there do not exist
another with the same property.

The integration process is shown in Figure 6. For every arrow, we
integrate a corepresentation of A′

25 (the source), and obtain a corep-
resentation of A25 (the target), the support is over the arrow. Source
and target (denoted by capital letters) are extended corepresentations
from the corepresentations placed below. Also, we present their di-
mensions.

Second case: U
∼

b 6= U0. Then U is analogously extended to some
corepresentation of A∗

25 and by dual considerations we obtain the
classification of indecomposable corepresentations of A′

25 and some
indecomposable corepresentations types of K6 satisfying the above
condition.

Third case: U
∼

b = U0 and U∼ b
= 0. Therefore, the associated ma-

trix corepresentation of U has the form MU =

a b
∗ In . To preserve the

identity block it is allowed to apply F-elementary row transformations

1This is a finite poset having three sincere indecomposable corepresentations,

we recall them, F14-1 =
◦ ⊗

1 1 , F14-2 =
◦ ⊗

1 1 ξ , F14-3 ⋍

◦ ⊗

1 1 0
0 ξ 1

, see [20].

São Paulo J.Math.Sci. 4, 2 (2010), 141–175



On corepresentations of one parametric equipped posets 155

Int

corep

dim

A
F14-1

(1, 1, 1)

(a+, b)- A0

K6-1
∗

(2, 2, 1)

(a−, b)- A1

A25-1

(2, 2, 1, 1)

(b, a−, a+)- A2

K6-1
∗

(3, 3, 2)

(a−, b)- A3

A25-1

(3, 3, 2, 1)

(b, a−, a+)- . . .

Int

corep

dim

B
F14-2

(1, 1, 2)

(a+, b)- B0

K6-4 = 4∗

(2, 2, 2)

(a−, b)- B1

A25-5

(2, 2, 2, 1)

(b, a−, a+)- B2

K6-3 = 3̃∗

(3, 4, 2)

(a−, b)- B3

A25-4

(3, 4, 2, 1)

(b, a−, a+)- . . .

Int

corep

dim

C
F14-3

(2, 1, 2)

(a+, b)- C0

K6-2
∗

(3, 2, 2)

(a−, b)- C1

A25-3

(3, 2, 2, 1)

(b, a−, a+)- C2

A25-2

(4, 4, 2, 1)

(b, a−, a+)- C3

K6-2
∗

(5, 4, 4)

(a−, b)- . . .

Figure 6. V̂II-integration of A′
25.

over whole matrix and independent F-elementary column transforma-
tions over the blocks Ma and Mb.

This problem precisely corresponds to the classical pencil problem
of Kronecker over the field F, namely, since the square block Ma has
coefficients over G, we set A = Re(Ma) and B = Im(Ma), they are
matrices over F and the elementary transformations above correspond
to the following simultaneous similarity transformation

(A, B) 7−→ (X−1AY, X−1BY )

where X,Y are non singular square matrices over F.

The four types of solutions induce the indecomposable corepresen-
tations of K6 of types 1̃, 1̃∗, 5, and 6 (the series). �

The corepresentation K6− ĩ (resp. K8− j̃) is obtained from K6− i
(K8 − j) by switching the point a with b (r with s) and viceversa.

The classification of corepresentations of A25 follows from the above
considerations, the classification of corepresentations of A∗

25 is ob-
tained directly by applying duality, therefore it holds the following
result.

Proposition 4.1. Each of the posets A25 and A∗
25 has 5 types of inde-

composable corepresentations sincere at the point η listed in Appendix
C. �
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⊗ ⊗

◦ ◦

A28

a b

ηµ

D-V̂II

-(a, η)

(a−, µ, b)�
Integration

⊗ ⊗

◦

◦

◦

�
��

A′
28

a−

a+

b

η

µ

Figure 7. Combinatorial V̂II-differentiation of A28.

The classifications of indecomposable corepresentations of A28 and
A∗

28 are obtained analogously to the case of A25 and A∗
25 respectively.

The poset A28 has a V̂II-suitable pair (a, η), then we manage by in-
duction on dimension. In particular, its unique indecomposable corep-
resentation is obtained from A25-3, considered as a corepresentation
of A′

28 with support {a−, µ, b}, see Figure 7.

Proposition 4.2. Each of the posets A28 and A∗
28 has 1 type, up to

automorphism of equipped posets, of indecomposable corepresentations
sincere at the points µ, η having the following matrix forms in the
notations of Section 6.

a µ b η

Q+↓
n

0
...
0
1

+Q↑
n

1
0
...
0

µ a η b

1
0
...
0

+Q̃↑
n

0
...
0
1

+Q̃↓
n

A28 A∗
28

dim = (2n+ 1, 2n, 1, 2n, 1), n ≥ 0

step 2µ = (2, 2, 0, 2, 0)

f(d) = 2

dim = (2n+ 1, 1, 2n, 1, 2n), n ≥ 0

step 2µ = (2, 0, 2, 0, 2)

f(d) = 2

�

4.2. The case of posets A38, A
∗
38, and A41. We reduce the matrix

problem on classification of indecomposable corepresentations of A38,
A∗

38, and A41 to the problem on classification of indecomposable re-
presentations, in the sense of [22], of the poset K8. Additionally we
confirm the classification of corepresentations of K6.
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Let M be an indecomposable matrix representation2 of K8. Since
{r, s} ⊂ K8 is an ordinary subposet, the blocksMr, Ms can be reduced
as an ordinary dyad. Notice that Ma must be indecomposable and it
has coefficients over G.

We assign to every horizontal stripe of M one point of the poset
A41 as in Figure 8. To preserve the reduced blocks Mr and Ms we can
apply G-elementary column transformations to the block Ma, inde-
pendent F-elementary row transformations of each horizontal stripe
and row additions over F between the horizontal stripes which are
suggested by the poset A41.

Therefore, we establish a bijective correspondence between inde-
composable representations of K8 and indecomposable corepresenta-
tions of the subposets of A41.

Remark 3. If M is an indecomposable matrix corepresentation of K8,
we may reduce it as in the representation case. Then we establish an
analogous relationship between indecomposable corepresentations of
K8 and indecomposable representations of A38, A

∗
38, A41 and K6.

The Figure 8 shows the matrix M both for the representation and
for the corepresentation case. The fields within parentheses corre-
spond to representation case, the outside fields correspond to the
corepresentation case.

2The blocks Mr, Ms have coefficients over F, and Ma over G, additionally we
can apply F-elementary row transformations of whole matrix as well as independent
F-elementary (G-elementary) column transformations to the stripe corresponding
to the points r, s (resp. to the point a).
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r s a

I I ∗

I ∗

I ∗

∗
⊗

⊗

⊗

⊗

����

����

M = G(F)

G(F) G(F) F(G)

Figure 8. Indecomposable reduced matrix corepre-
sentation (representation) M of K8 (the empty blocks
denote zero blocks).

Remark 4. Notice that a sincere non trivial indecomposable represen-
tation of K8 just corresponds to some sincere indecomposable corep-
resentation of A38, A

∗
38, A41 or K6. Furthermore, the representation

series of K8 is related to the corepresentation series of K6, then they
are reduced to the classical pencil problem over F.

Condition U induces indecomposable representa-
tions (corepresentations) of

Ur ∩ Us = 0 and Ur + Us = U0 K6

Ur ∩ Us 6= 0 and Ur + Us = U0 A38

Ur ∩ Us = 0 and Ur + Us 6= U0 A∗
38

Ur ∩ Us 6= 0 and Ur + Us 6= U0 A41

Table 1. Relationship between posets K8 and A38,
A∗

38, A41, and K6.

We reformulate in Table 1 the described above relationship in the
invariant language. Where U is an indecomposable corepresentation
(resp. representation) of K8.

Our computations are based on the classification of representations
of K8 over the pair (R,C) given in [22]. This classification was ob-
tained by using some differentiation techniques valid in fact for any
quadratic field extension (F,G). So, the matrix forms of indecom-
posable representations described in [22] over the pair (R,C) coincide
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with those over the pair (F,G). Therefore, we state the following
results.

Proposition 4.3. Each of the posets A38 and A∗
38 has 4 types of inde-

composable corepresentations sincere at the points p and q respectively
(up to automorphisms of equipped posets). They are listed in appendix
D. �

Proposition 4.4. The poset A41 = {p ≺ {a, b} ≺ q} has only 1 type
of indecomposable corepresentation, with the following matrix form

q a b p

1
0
...
0

I↑n I↑n + ξI↓n

0
...
0
ξ

dim = (n+ 1, 1, n, n, 1), n ≥ 0

step µ = (1, 0, 1, 1, 0)

f(d) = 1

�

4.3. The case of K8. All indecomposable corepresentation types of
K8 are induced directly by indecomposable representations types of
A38, A

∗
38, A41, and K6.

Although the classification of representations of them was made
over the pair (R,C), see [22], many indecomposable matrix types co-
incide with the indecomposable ones over the pair (F,G) by setting
ξ = i. The classification of this representations were obtained by using
differentiation techniques which are valid for an arbitrary quadratic
field extension.

However, the representation series of K6 over the pair (F,G) is
reduced to some biquadratic matrix problem over F, in the sense of
[26], [27].

Proof of Theorem 3.6. Let F ⊂ F(ξ) = G be an arbitrary quadratic
field extension with generator ξ and minimal polynomial ℘(t) = t2 +
pt + q. The conjugate roots of ℘(t) are ξ and ξ = −ξ − p, in general

São Paulo J.Math.Sci. 4, 2 (2010), 141–175



160 Rodriguez

a+ ξb = a− pb− ξb (a, b ∈ F).

◦ ◦ ⊗

I ξI I

I AT BT

(a)

⊗ ⊗

ξI A

I B

(b)

A1 A2

B1 B2

(c)

(4.1)

Since the representation series of K6 is obtained in [22] by consid-
ering a matrix M of the form (4.1)(b), the corepresentation series of
K8 has the form (4.1)(a).

Notice that the blocks A and B have coefficients over G. So, the
problem consists in finding a canonical matrix form for the blocks A
and B by using admissible transformations that preserve the reduced

block

ξI
I .

The above problem is equivalent to the following matrix problem
over F. Consider a matrix of the form (4.1)(c) where Im(A) = A1,
Re(A) = A2, Im(B) = B1 and Re(B) = B2, then the admissible
transformations over a block of the form (4.1) (c) are given by the
solutions of the equations (4.2) and (4.3) for the blocks X1, . . . , X4

and Y1, . . . , Y4

X1 X2

X3 X4
·
ξI
I

=
ξI
I
· U + ξV , (4.2)

A1 A2

B1 B2
·
Y1 Y2
Y3 Y4

=
ξA1 +A2

ξB1 +B2
· Z + ξT , (4.3)

where U + ξV and Z + ξT are square G-matrices. The equivalent
problem consists in finding a canonical form for block matrices of
type (4.1)(c) with respect to the following transformation

A1 A2

B1 B2
7−→

U qV
−V U − pV

·
A1 A2

B1 B2
·
Z − pT −qT

T Z
. (4.4)
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To each n × n G-matrix U + ξV corresponds a formally complex

matrix

U − pV −qV
V U which is a 2n× 2n F-matrix. This correspon-

dence induces an isomorphism between the ring of n×n matrices over
G and the ring of 2n× 2n formally complex matrices.

Notice that formally complex matrix associated to U + ξV has the

form

U qV
−V U − pV then the transformation (4.4) can be rewrote as

follows

A1 A2

B1 B2
7−→

U − pV −qV
V U

·
A1 A2

B1 B2
·
Z − pT −qT

T Z
. (4.5)

4.3.1. The separable case. First case: char G 6= 2. Assume that
F ⊂ F(ξ) = G is a separable extension, then we can consider the
minimal polynomial ℘(t) = t2 + q, in this case the transformation
(4.5) is turned into

A1 A2

B1 B2
7−→

U −qV
V U

·
A1 A2

B1 B2
·
Z −qT
T Z

. (4.6)

Precisely, the transformation (4.6) corresponds to the homogeneous
biquadratic problem which is reduced to the semilinear Kronecker
problem, see [26].

Let G be a field with an automorphism σ, so, the semilinear Kro-
necker problem is to find matrix canonical forms for the pair (A,B)
of matrices over G of equal size, by the following transformation

(A,B) 7−→ (X−1AY,X−1BY σ)

Djoković solved this problem in [5] and the solution of the correspond-
ing homogeneous biquadratic problem ([26], Theorem 3) induces the
indecomposable matrix corepresentation K8-6i, see Section 6 for no-
tations.

Remark 5. If we consider the canonical matrix form given in ([26],
Theorem 4), the corepresentation type K8-6i coincides with the corep-
resentation series of K8 given in [20].

Second case: char G = 2. Then, for the minimal polynomial
℘(t) = t2 + pt + q, it holds p 6= 0 and the transformation (4.4) takes
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the form

A1 A2

B1 B2
7−→

U −qV
V U − pV

·
A1 A2

B1 B2
·
Z − pT −qT

T Z
, (4.7)

this problem corresponds to the homogeneous biquadratic problem
for a separable quadratic field extension F ⊂ G with char G = 2 (see
[27], Theorem 3). That induces the indecomposable matrix corepre-
sentation K8-6ii.

4.3.2. The inseparable case. Now, consider an inseparable extension
F ⊂ F(ξ) = G, then char G = 2 and p = 0, i.e., the minimal polyno-
mial has the form ℘(t) = t2 + q, so (4.4) takes the form (4.6) which
also corresponds to the homogeneous biquadratic problem considered
in [27], it can be reduced to a (σ, δ)-pseudolinear Kronecker problem
solved in [21] by Sergeichuk, it deals with finding some matrix canon-
ical forms for the pair of matrices (A,B) over a field G of equal size
by the following transformation

(A,B) 7−→ (X−1AY,X−1(BY σ +AY δ))

where σ is an automorphism of G an δ is a right σ-derivation on
G such that (ab)δ = abδ + aδbσ. The solution of the homogeneous
biquadratic problem associated is given in [27], Theorem 5, and these
canonical form induces the corepresentation series K8-6iii. �

Now, we may check the described bijection in Theorem 3.7 and the
values of the Tits form of the considered posets, Corollary 3.8. �

5. Proof of the Main Theorems

5.1. Theorem 3.1.

Proof. Since both statements of the Theorem are self-dual, we proof
only one of them, for instance (1). We breaking up the proof into four
cases.

First case: P = K6 + (ag b). Let U ∈ Ind P be, we use induction
on the number dimU0, when dimU0 = 1 the condition is satisfied
trivially, one may inspect all indecomposables. Assume that dimU0 >
1, and reasoning by contradiction, we suppose that U

∼
a 6= U0 and

Ua ∩ Ub 6= 0.
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We consider V = (V0, Vx : x ∈ P) such that V0 = U
∼

a and Vx =

U
∼

a∩Ux and decompose it into a direct sum V =
⊕

i V
i, also consider

W = (W0, Wx : x ∈ P) where V0⊕W0 = U0 and Wx = π(V ′
x), where

V ′
x is some complement of Vx in Ux and π is the natural projection.

Since dimV0 < dimU0, every summand of V satisfies the condition,

then for some i, it holds V i
a ∩ V i

b 6= 0 and V
∼ i

a = V
∼ i

b = V i
0 (otherwise

Ua ∩ Ub = 0). We claim that V i is a direct summand of U . A simple
form to notice this is using matrix language. MV i

b

= 1
η1 ⊕ 1 ξ

η2 ,

however the second summand is trivially direct, then we may consider
the following matrix, corresponding to the spaces V i

b and Wx (x ∈
P \ a):

b c1 cn

V i

0

{
I ∗ ∗ ∗

W0

{
0 ∗ ∗ ∗

(5.1)

this matrix corepresentation is decomposed as a weak chain, see [20],
Lemma 3.1, but additionally every space Wx is not null, then the I

block, in (5.1), is a direct summand.

Second case: P = K6 + A− + B− where A− = N(b) \ a∨ and
B− = N(a) \ b∨. For this, we reason analogously to above case, but
by considering the strong chain B ⊳ b instead of the weak one.

Third case: P = K6 + (a g b) + A− + B−, by using the above
notations. We decompose the restriction U |K6

= V =
⊕

i V
i into a

direct sum of indecomposables, each of them satisfies first condition
for (a g b) = ∅, and thus second condition too, therefore we can
decompose V in a direct sum X ⊕ Y , where Xa + Xb = X0 and
Y∼ a

= Y∼ b
= 0, since U is indecomposable then it is sincere either on

some subset of K6 + (ag b) or on some subset of K6 +A− +B−.

Fourth case: P is any poset with a well inserted set K6. We use
induction on the number |P \ Q| where Q = K6 + (ag b) +A− +B−.
We consider an indecomposable corepresentation U at all points of
the subset P \ Q. First step, consider P = Q, this has been proved in
the third case.

Now suppose x ∈ P\Q, it may happen three cases: (a) a⊳x or (b)
b⊳x or (c) x < {a, b}. The first two cases are analogous, for instance
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a ⊳ x, we consider the restriction V = U |P\x and decompose it in a

direct sum
⊕

i V
i, each V i satisfies the condition (1) but V

∼ i

a 6= V i
0

for all i, otherwise V i would be indecomposable, then V i
a ∩V

i
b = 0 for

every i, therefore it holds Va ∩ Vb = 0 and Ua ∩ Ub = 0. For the case
(c) we follow the same way, U |P\x = V =

⊕
i V

i, but V i
a ∩ V

i
b 6= 0 for

all i, so that U appears to be indecomposable, then Va ∩ Vb 6= 0 and
therefore it holds V

∼
a = V

∼
b = V0 and U

∼
a = U

∼
b = U0.

We have proved the inductive step and that completes the proof of
theorem 3.1. �

Corollary 3.2 follows directly from Theorem 3.1. �

5.2. Theorem 3.3.

Proof. The conditions (1) and (2) of this Theorem are mutually dual,
we prove the first one by taking induction on the number dimU0. Let
P be a poset with a well inserted subposet K8 of the form (3.1).

First case: P = K8 + Ω+. Let U be an indecomposable corepre-
sentation of P, when dimU0 = 1, P satisfies the condition trivially.
For an upper dimension dimU0 = n, by reasoning for contradiction,
we assume (a) Ur + Us 6= U0 and denote V0 = Ur + Us. Consider
the corepresentation V = (V0, Vx : x ∈ P) by setting Vx = Ux ∩ V0

for x ∈ P and decompose it into a direct sum of indecomposables
V =

⊕
i V

i.

Let W0, V ′
x be some complements for V0 and Vx in U0 and Ux

respectively, so we obtain the corepresentation W = (W0, Wx : x ∈
P) with Wx = π(V ′

x) where π : U0 →W0 is the natural projection.

For first part of the condition (1), we admit for example that Ua ∩
Ur 6= 0 and we choose a fixed index i such that V i

a ∩ V i
r 6= 0, then

by induction hypothesis it follows V
∼ i

a = V i
r + V i

s = V i
0 and we can

conclude that corepresentation V i is a direct summand of U . A form
to notice this decomposition is via matrix considerations, for this, we
reduce the matrix block associated to points in Supp W ⊂ a+Ω+, i.e.,
we reduce a matrix block associated either to the subposet A∗

38 ⊂ P or
to a weak chain with maximum length 3. By applying right column
additions from the blocksMV i and right row additions from the blocks
MW , we annul the blocks in the intersection.
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Also, we can assume (b) U
∼

a 6= U0, this time we set V0 = U
∼

a, and
construct the corepresentation V =

⊕
i V

i, and W analogously. By
reasoning in similar way we find a direct summand V i of V which is a
direct summand of U , however, in this case the matrix consideration
leads to support of W be either the set A∗

28 or a subset of finite type
of the set {r ⊳ p⊳ q, s} where p and q are weak points.

Second case: P = K8 + ∆− + Γ−. By reasoning as above, we
may assume (a) Ur + Us 6= U0 (or (b) U

∼
a 6= U0), so, we set V0 =

Ur + Us (or resp. V0 = U
∼

a and considering the same construction
for V and W , we obtain a direct summand of U , however, the matrix
calculations are more simply because Supp W ⊂ {∆− ⊳ a} is a chain
(or Supp W ⊂ Γ− ⊳ {r, s} respectively).

Third case: P = K8 + Ω+ +∆− + Γ−. The support of any inde-
composable corepresentation U of P is K8 + Ω+ or K8 + ∆− + Γ−,
and it returns us to the first or second case respectively. For this,
decompose the restriction V = U |K8

into a direct sum of indecompos-
ables V =

⊕
i V

i, since each of them satisfies the condition (2), we
get V = X⊕Y where Xa+Xr = Xa+Xs = X0 and Y∼ a

= Yr∩Ys = 0

therefore U is sincere either on some subset of K8 + Ω+ or on some
subset of K8 +∆− + Γ−.

Fourth case: P is an arbitrary poset. Let U ∈ Ind P be a sincere
on the subposet P \ Q where Q = K8 + Ω+ +∆− + Γ−, we proof the
statement by induction on the number |P \ Q|, the base statement
holds for P = Q, it was proved in the previous cases.

For x ∈ P\Q, we decompose the restriction V = U |P\x into a direct

sum V =
⊕

i V
i, we have four cases: (a) a ⊳ x, (b) {r, s} ⊳ x, (c)

x < {r, a} and (d) x < {s, a}. Since U is sincere, for (a) it holds

V
∼ i

a 6= V i
0 and for (b) it holds V i

r +V i
s 6= V i

0 for all i, so, in any case we
have V i

a ∩V
i
r = V i

a ∩V
i
s = 0 for all i, therefore Ua ∩Ur = Ua ∩Us = 0.

For (c) and (d) it holds V i
a ∩ V i

r 6= 0 and V i
a ∩ V i

s 6= 0 for all i

respectively, therefore U
∼

a = Ur + Us = U0.

The proof follows from the four previous cases. �

Corollary 3.4 follows directly from Theorem 3.3. �
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6. Notations for Appendixes

We consider an arbitrary quadratic field extension F ⊂ F(ξ) = G
and minimal polynomial ℘(t) = t2 + pt+ q for the generator ξ, unless
we say other wise.

In the whole appendixes we use the following notation for matrix
corepresentation types. In represents the identity matrix of n×n size.
←−
A (resp. A↑) is came from A adding a zero column (row) on the left

side (on the top), analogously are defined
−→
A, A↓, even if A has several

arrows we add several zero columns or rows. Jn(λ) is a Jordan block of
order n with eigenvalues λ, the identities can be written both under
or above the diagonal, and J+

n (λ) (resp. J−
n (λ)) means the Jordan

block with the identities written only above (under) the diagonal.

For P2 =
(
1 ξ
0 1

)
and P−

2 =
(
1 0
ξ 1

)
set

P̃2k = P2k =
k⊕

i=1

P2 P−
2k =

k⊕

i=1

P−
2

in particular, P−
0 , P0 and P̃0 are formal matrices of one column and

zero rows, also we define its odd parts

P2k+1 =

0

P
↓

2k

...

0
1

= P2k ⊕ I1, P̃2k+1 =

1
0
...

P
↑

2k

0

= I1 ⊕ P2k,

where P1 = P̃1 = I1.

Set R2k+2 = P2k⊕ 1 ξ , R2k+3 = I1 ⊕ P2k⊕ 1 ξ and Cn =
0

ξIn

...

0
1

,

in particular, R2 = 1 ξ and R3 = I1⊕ 1 ξ . Other notations are the

following
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+Q2k = Q+
2k = P2k ⊕ P−

2k
−Q2k = P−

2k ⊕ P2k−2 ⊕R2

Q−
2k = R2 ⊕ P−

2k−2 ⊕ P2k

Q+
2k+1 = P2k+2 ⊕ P−

2k
+Q2k+1 = P2k ⊕ P−

2k+2
−Q2k+1 = P−

2k ⊕ P2k ⊕R2

Q−
2k+1 = R2 ⊕ P−

2k ⊕ P2k,

the matrices +Q0, Q+
0 ,

+Q̃0 and Q̃+
0 represent a matrix with one

column and zero rows. By permuting the summands we obtain

+Q̃2k = Q̃+
2k = P−

2k ⊕ P2k

−Q̃2k = R2 ⊕ P2k−2 ⊕ P−
2k

Q̃−
2k = P2k ⊕ P−

2k−2 ⊕R2

Q̃+
2k+1 = P−

2k ⊕ P2k+2

+Q̃2k+1 = P−
2k+2 ⊕ P2k

−Q̃2k+1 = R2 ⊕ P2k ⊕ P−
2k

Q̃−
2k+1 = P2k ⊕ P−

2k ⊕R2,

Each poset P has associated an imaginary root µ. A dimension
vector d with d0 = 0 corresponds to matrix corepresentations with
zero columns, so, we only have considered admissible roots with d0 >
0. The minimal dimension vector is denoted by dmin. Dimensions
of each indecomposable corepresentation type form a sequence that
starts at dmin and increase in a multiple of µ, this increase is called
step. The indecomposableK6− ĩ (resp. K8−j̃) is obtained fromK6−i
(K8 − j) by switching the point a with b (r with s) and viceversa.

In Appendix A, for the type K6-6 the matrix block X is an inde-
composable Frobenius block over F.

In Appendix B we divide the classification of indecomposable corep-
resentations ofK8 in four parts, the first three follow the matrix model
presented at the beginning of this appendix, the fourth part consists
of one corepresentation type. Also, we consider the following notation
for the corepresentation series. If f(t) = a0+a1t+ · · ·+an−1t

n−1+ tn

is a monic non-constant polynomial over G, denote by C(f) its stan-
dard companion matrix of order n having the form (the numbers 1
occupy the diagonal next to the main one)
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C(f) =

1

. . .

1

−a0 −a1 · · · −an−1

Let G[t, σ, δ] be the skew polynomial ring consisting of right poly-
nomials in the variable t over G satisfying at = taσ + aδ for any
a ∈ G, where σ is an automorphism of G and δ is a σ-derivation on
G, see Section 4.3.2, and denote by I a maximal subset of pairwise
non-similar indecomposable polynomials in G[t, σ, δ].

The corepresentation series of K8 for a separable quadratic field
extension F = F(ξ) ⊂ G with char G 6= 2 is given by K8-6i, so,
we consider the minimal polynomial ℘(t) = t2 − q and the natural
conjugation a+ ξb = a − ξb (a, b ∈ F). For K8-6i, the polynomial
f ∈ I in G[t, σ, δ] by setting the automorphism σ(a+ξb) = a−ξb and
δ = 0.

The corepresentation series of K8 for a separable quadratic field
extension with char G = 2 is given by K8-6ii, then the minimal poly-
nomial of ξ is ℘(t) = t2 + pt+ q with p 6= 0. In this case the natural
conjugation is given by a+ ξb = a−pb+ ξb and the polynomial f ∈ I
in G[t, σ, 0] with σ the natural conjugation.

The corepresentation series of K8 for an inseparable extension has
the form K8-6iii, then char G = 2 and the minimal polynomial of ξ
is ℘(t) = t2 + q. For the series of this type, we take f ∈ I in G[t, σ, δ]
where σ is the identity automorphism 1 and δ is the 1-derivation on
G such that δ(a) = 0 (a ∈ F) and δ(ξ) = ξ.

In Appendix E are presented the minimal roots ofK6, K8, A25, A28,
A38, A41 and their duals accompanied by the respective reflections
of which they came from. Each of roots can be obtained through
many reflections, in different forms. The number of compositions
of reflections presented is minimal. Denote by ex the simple root
associated to the point x ∈ P• and we name the above posets as in
Figure 2 and Figure 4. The reflection in the point x ∈ P• is denoted
by ρx. The notation for the composition of reflection is the following

ρz(ρy(ex)) = ρzρyex.
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Appendix A. Classification of indecomposable corepre-
sentations of the critical poset K6

MU ↔
a b

A B µ :
1

1 1 (up to permutation of the points a ↔ b)

type dmin step f(d) A B

1
1

1 2 µ 1 P̃n Rn+1

1∗
1

1 0 µ 1 Pn P ↑
n−1

2
1

2 2 2µ 2 −Qn Q−
n

2∗
1

0 0 2µ 2 Q+↓
n

+Q↑
n

3 = 3̃∗
1

2 0 2µ 2 R2n+2 P ↑
2n

4 = 4∗
2

2 2 2µ 0 P2n R↑
2n

5 = 5∗
1

1 1 µ 0 In In + ξJ+
n (0)

6 = 6∗
1

1 1 µ 0 In ξIn +X

Appendix B. Classification of indecomposable corepre-
sentations of the critical poset K8

(i) MU ↔
r s a

R A1 A2

S A′
1 A′

2

(up to permutation of the points r ↔ s)

(ii) MU ↔

r s a

1 0 . . . 0 1 0 . . . 0 T1 T2

R A1 A2

S A′
1 A′

2

µ :
2

1 1 2

(iii) MU ↔

r s a

R A1 A2

S A′
1 A′

2

0 0 . . . 0 0 0 . . . 0 L1 L2
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Part (i)

type dmin step f(d) R A1 A2 S A′
1 A′

2

1
2

1 1 3 µ 1 In
−→
In ξIn In

←−
In ξIn

1∗
2

1 1 1 µ 1 In+1 I↓n ξIn+1 In+1 I↑n ξIn+1

2 = 2̃∗
1

1 0 1 µ 1 In+1 In+1 ξI↑n In
−→
In ξIn

3
1

1 0 2 µ 2 In+1 In+1 ξIn+1 In
−→
In ξ

←−
In

3∗
1

0 1 0 µ 2 In In ξIn In+1 I↑n ξI↓n

4 = 4∗
2

1 1 2 µ 0 In In ξJn(0) In In ξIn

5 = 5∗
2

1 1 2 µ 0 In In ξJn(1) In In ξIn

6i
2

1 1 2 µ 0 In In ξIn In [In − C(f)] ξ[In + C(f)]

6ii
2

1 1 2 µ 0 In In ξIn In [In + C(f)] [ξIn + ξC(f)]

6iii
2

1 1 2 µ 0 In In ξIn In [C(f)] ξ[In + C(f)]

Part (ii)

type dmin step f(d) R A1 A2 S A′
1 A′

2 T1 T2

7
1

1 1 1 µ 1
←−
In

−→
In ξIn

←−
In

←−
In ξIn 0 0 . . . 0 1 0 . . . 0

8
1

1 1 2 µ 2
←−
In

−→
In ξ

←−
In

←−
In

←−
In ξ

−→
In 0 . . . 0 1 0 . . . 0 ξ

9
2

1 2 2 µ 2
←−
In

−→
In ξ

←−
In

←−−
In+1 In+1 ξIn+1 0 0 . . . 0 1 0 . . . 0

10
1

1 1 0 µ 2
←−
In In ξJn(1)

←−
In In ξIn 0 0 . . . 0 1 0 . . . 0

Part (iii)

type dmin step f(d) R A1 A2 S A′
1 A′

2 L1 L2

7∗
1

0 0 1 µ 1 In In ξ
←−
In In In ξ

−→
In 1 . . . 1 1 ξ . . . ξ ξ

8∗
1

0 0 0 µ 2 In Jn(0) ξIn In In ξJn(0) 1 . . . 1 1 ξ . . . ξ ξ

9∗
2

1 0 2 µ 2 In+1 In+1 ξJn+1(0) In
←−
In ξ

←−
In 1 . . . 1 1 ξ . . . ξ ξ

10∗
1

0 0 2 µ 2 In
−→
In ξ

−→
In + ξ

←−
In In

−→
In ξ

−→
In 0 . . . 0 1 0 . . . 0 ξ
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Part (iv)

type
K8 − 11 = 11∗ MU ↔

r s a

In In ξIn

J+
n (0) In ξIn

dmin :
2

1 1 2
step µ

f(d) = 0

Appendix C. Classification of indecomposable corepre-
sentations of the posets A25 and A

∗
25

MU ↔

a b η

A B

1
0
...
0

µ :
1

1 1
0

MU ↔

a η b

A

0...
0
1

B
µ :

1 1 1
0

type dmin step f(d) A B

1
1

1 0
1

µ 1 Pn P ↑
n−1

2
2

2 0
1

2µ 2 +Qn
+Q↑↓

n−1

3
1

0 0
1

2µ 2 Q+↓
n

+Q↑
n

4
1

2 0
1

2µ 2 R2n+2 P ↑
2n

5
2

2 2
1

2µ 2 P2n R↑
2n

type dmin step f(d) A B

1
1 1 0

1 µ 1 P̃n P̃ ↓
n−1

2
2 2 2

1 2µ 2 Q̃+
n Q−↓

n

3
1 2 0

1 2µ 2 Q−
n

+Q̃↓
n−1

4
1 0 0

1 2µ 2 P ↑
2n P ↓

2n

5
2 2 0

1 2µ 2 P2n P ↑↓
2n−2

Appendix D. Classification of indecomposable corepre-
sentations of the posets A38 and A

∗
38

µ :
1

1 1
0

(up to permutation of the points a ↔ b) µ :
1 1 1

0
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type dmin step f(d) A B P

1
1

0 0
1

µ 1 I↓n I↓n + C⇈
n−1

0
ξ
...
0

2
1

0 1
1

µ 1 I↓n In+1 + ξJ−
n+1(0)

ξ
0
...
0

3
1

1 1
1

µ 1 In In + ξJ−
n (0)

ξ
0
...
0

4
1

0 0
2

2µ 2 I↓2n I↓2n + C⇈
2n−1

ξ
0
...
0

0
ξ
...
0

type dmin step f(d) A B Q

1
1 1 1

1 µ 1 C↑
n C↑

n + J+
n+1(0)

ξ
0
...
0

2
1 1 0

1 µ 1 C↑
n I↓n + ξI↑n

ξ
0
...
0

3
1 0 0

1 µ 1 ξI↑n ξI↑n + I↓n

ξ
0
...
0

4
1 0 0

2 2µ 2 C⇈
2n−1 C⇈

2n−1 + I↓2n

ξ
0
...
0

0
ξ
...
0

Appendix E. Roots and Reflections

A25

Type (d0; da db dη) f reflections
1 1 1 0 1 1 ρηρ0ea
2 2 2 0 1 2 ρ0ρηρae0
3 1 0 0 1 2 ρηe0
4 1 2 0 1 2 ρηρae0
5 2 2 2 1 2 ρbρ0ρηρae0

A∗
25

Type (d0; da dη db) f reflections
1 1 1 1 0 1 ρηρ0ea
2 2 2 1 2 2 ρbρ0ρηρae0
3 1 2 1 0 2 ρηρae0
4 1 0 1 0 2 ρηe0
5 2 2 1 0 2 ρ0ρηρae0
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A38

Type (d0; da db dp) f reflections
1 1 0 0 1 1 ρ0ep
2 1 0 1 1 1 ρpρ0eb
3 1 1 1 1 1 ρbρpρ0ea
4 1 0 0 2 2 ρpe0

A∗
38

Type (d0; dq da db) f reflections
1 1 1 1 1 1 ρbρaρ0eq
2 1 1 1 0 1 ρaρ0eq
3 1 1 0 0 1 ρ0eq
4 1 2 0 0 2 ρqe0

K6

Type (d0; da db) f reflections
1 1 1 2 1 ρbρ0ea
1̃∗ 1 0 1 1 ρ0eb
2 1 2 2 2 ρbρae0
2∗ 1 0 0 2 e0
3 1 2 0 2 ρae0

A28

Type (d0; da dµ db dη) f reflections
1 1 0 1 0 1 2 ρηρµe0

A∗
28

Type (d0; dµ da dη db) f reflections
1 1 1 0 1 0 2 ρηρµe0

K8

Type (d0; dr ds da) f reflections
1 2 1 1 3 1 ρar0ρsρrr0ea
1̃∗ 2 1 1 1 1 r0ρsρrr0ea
2 1 1 0 1 1 ρrr0ea
3 1 1 0 2 2 ρaρre0
3∗ 1 0 1 0 2 ρse0
7 1 1 1 1 1 ρsρrr0ea
7∗ 1 0 0 1 1 r0ea
8 1 1 1 2 2 ρar2ρre0
8∗ 1 0 0 0 2 e0
9 2 1 2 2 2 ρsr0ρaρre0
9∗ 2 1 0 2 2 r0ρaρre0
10 1 1 1 0 2 ρsρre0
10∗ 1 0 0 2 2 ρae0

A41

Type (d0; dq da db dp) f reflections
1 1 0 1 0 1 1 ρpρ0eq
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