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1. Introduction

The Hall algebra, or algebra of partitions, was originally construc-
ted in the context of abelian p-groups, and has a history going back
to a talk by Steinitz [65]. This work was largely forgotten, leaving
Hall to rediscover the algebra fifty years later [19]. (See also the ar-
ticles [24, 38].) The Hall algebra is naturally isomorphic to the ring
of symmetric functions, and in fact this is an isomorphism of self-dual
graded Hopf algebras.

The basic idea is to count short exact sequences with fixed iso-
morphism classes of p-groups and then to use these numbers as the
structure constants for an algebra. This idea was picked up again by
Ringel [19] for more general module categories, and in particular the
category of finite dimensional representations of a quiver (over a finite
field).

Ringel’s work built on some remarkable results relating quiver re-
presentations to symmetrisable Kac-Moody Lie algebras, beginning
with [15, 2, 13, 41, 12] and culminating in Kac’s Theorem [26], which
states that over an algebraically closed field, the dimension vector (or
image in the Grothendieck group) gives a surjection from the set of
isomorphism classes of indecomposable representations to the set of
positive roots of the associated root system. This root system can
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also be realised as that coming from a symmetrisable Kac-Moody Lie
algebra [27].

This connection was extended by Ringel in a series of papers [19,

, 01, 52, 55, 56] where he constructed the Ringel-Hall algebra and
studied its properties, in particular proving the existence of Hall poly-
nomials for representation-directed algebras. Moreover, if one specia-
lises these polynomials at 1, then the indecomposable modules yield
a Lie subalgebra with universal enveloping algebra the whole Ringel-
Hall algebra.

This work was later generalised in two different ways. In [53, 48, (3]
the Lie algebra/universal enveloping algebra approach was taken fur-
ther, with Riedtmann and Schofield replacing the evaluation of po-
lynomials at 1 with the Euler characteristic of certain varieties. In
particular, Schofield proves that one can recover the universal enve-
loping algebra of an arbitrary symmetric Kac-Moody Lie algebra by
studying the variety of quiver representations over the field of complex
numbers.

On the other hand, Green proved in [17] that the Ringel-Hall al-
gebra can be endowed with a comultiplication such that it becomes
a twisted bialgebra. He then related the composition subalgebra to
the positive part of the quantum group for the corresponding sym-
metrisable Kac-Moody Lie algebra (see for example [36]). Sevenhant
and Van den Bergh [64] took this further and showed that the whole
Ringel-Hall algebra can be viewed as the positive part of the quan-
tised enveloping algebra of a Borcherds Lie algebra. These results
deepened the connections between quantum groups and representa-
tions of quivers, and led to the introduction of Lusztig’s canonical
basis [32, 33, 34,

Completing the circle, Deng and Xiao showed in [9] how the Ringel-
Hall algebra could be used to provide a different proof of Kac’s Theo-
rem, and actually improve upon Kac’s original result, since they show
that the dimension vector map from indecomposable representations
to positive roots is surjective for any finite field.

The Ringel-Hall algebra construction carries over to any exact he-

reditary category [21], and in particular to the categories of coherent
sheaves over smooth projective curves. The case of P! has been ex-
tensively studied in [28, 1], and Schiffmann has considered weighted
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projective lines [58] and elliptic curves [1, 60, (2], the latter toge-
ther with Burban and Vasserot. Joyce has also consider Ringel-Hall
algebras in the context of configurations of abelian categories [25].

We also mention work of Reineke [43, 44, 45, 46, 417] and Reineke
and Caldero [0, 7] for other interesting occurrences of Ringel-Hall
algebras, especially with regard to answering questions in algebraic
geometry. Furthermore, there has been some recent work by Caldero
and Chapoton relating Ringel-Hall algebras to cluster algebras (see
also [23]). On the other hand, Toén has shown how to construct a
Ringel-Hall algebra from a dg-category [(7], a result which has subse-
quently been extended by Xiao and Xu to more general triangulated
categories [70].

Our aim in these notes is to present some of this rich theory in
the special case of a cyclic quiver. In this case one has a strong
connection to the theory of symmetric functions, and we describe this
quite thoroughly in the classical case, where the quiver has just a
single vertex and a single loop. Our presentation is chosen such that
the methods generalise to larger cyclic quivers, and in particular we
emphasise the Hopf algebra structure. In the general case we outline
a proof that the centre of the Ringel-Hall algebra is isomorphic to the
ring of symmetric functions (after extending scalars). This proof is

different from Schiffmann’s original approach [57], which relied heavily
on some calculations by Leclerc, Thibon and Vasserot [30]. Instead
we follow Sevenhant and Van den Bergh [64], putting this result in a

broader context and avoiding the more involved computations.

The reader might like to consider these notes as a companion to
Schiffmann’s survey article [59]; the latter is much more advanced and
has a much broader scope than these notes, whereas we have tried to
fill in some of the gaps. In this spirit we remark that Schiffmann’s
conjecture is answered by Theorem 17 (since the map ®,, preserves
the Hopf pairing), and we finish with Conjecture 19 which, if true,
would answer the question posed by Schiffmann concerning the (dual)
canonical basis elements.

2. Symmetric Functions
Symmetric functions play a central role in many areas of mathema-

tics, including the representation theory of the general linear group,
combinatorics, analysis and mathematical physics. Here we briefly
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outline some of the results we shall need in discussing their relation-
ship to Ringel-Hall algebras of cyclic quivers. Our main reference for
this section is [39].

2.1. Partitions. A partition A = (A1, Ag,..., ;) is a finite sequence
of positive integers such that A; > A1 for all i. We define ¢(\) := 1
to be its length, and set

A = Z)‘i and m,(A\):=[{i: \j=r} forr>1.

It is usual to depict a partition as a Young diagram, where the i-th
row contains A; boxes, and the rows are left-justified.

Given A, we can reflect its Young diagram in the main diagonal
to obtain the Young diagram of another partition, called the dual
partition . We see immediately that || = |A| and that A\, = |[{j :
Aj > i}, s0 mp(X) = AL — A

For example, here are the Young diagrams of two conjugate parti-
tions

(4,3,1) (3,2,2,1)
The dominance (partial) ordering on partitions of n is given by
A<y if,foralle, A +---4+XN<p1+--+ ;.
It is a nice exercise' to show that
A <p ifandonlyif g <N.
We also define

a0 =S G- =Y @)

% 7
1 Suppose A < p. We must have £(\) > £(u), so Ay > pf. Now remove the

first column of A and place it below the second column, to obtain X such that
£(X\) = X} + )\5. Do the same to u, and note that A < ji.
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The equality comes from filling each box in the i-th row of the Young
diagram for A with the number ¢ — 1. We then sum these numbers
either along rows or along columns. Since n(A) = 3, min{A;, A;},

we also get

Z min{Ai, \j} = mp(A)ms(A) min{r, s} = 2n(X) +|A].

Finally, set

Z) = H (mr()\)!rmr()‘)),

T
and note that, if |[A\| = n, then z is the size of the centraliser in the
symmetric group &, of any element of cycle type \. We have the

identities
1 1
= 1 and 1N = = —5y,,.
|A|Z—: = " |AZ—: S 1

The first follows from the Orbit-Stabiliser Theorem, whereas the se-
cond follows from the fact that, for n > 2, the alternating group has
index 2 in the full symmetric group.

2.2. The ring of symmetric functions. Let

A= Q[plap27 .- ]

be a polynomial ring in countably many variables. This has a Q-basis
indexed by the set of partitions

px = [ or =[] 7™,
% T

and is naturally N-graded, where deg(py) := |\|.
We make A into a graded Hopf algebra via
Alp,) =p,@1+1@p,, e(py):=0 and S(p,):=—p,.

Thus the generators p, are primitive elements. Clearly A is both
commutative and cocommutative.

We next define a non-degenerate symmetric bilinear form on A via

(DA Pp) = dau2n
We observe that this form respects the grading on A. Moreover,

<fvgh>:<A(f)ag®h>v <S(f)7g>:<f75(g)>7 <f71>:5(f)7
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where (a ® b,c ® d) := (a,c)(b,d). Thus (—, —) is a non-degenerate
graded Hopf pairing on A.

We summarise this by saying that A is a self-dual graded Hopf
algebra. Note that, since each graded part of A is finite dimensional,
A is isomorphic (as a graded Hopf algebra) to its graded dual.

We call A (equipped with all this extra structure) the ring of sym-
metric functions.

2.3. A remark on the Hopf algebra structure. Let K be a field
and V a K-vector space, say with basis {z,}. Let S = S(V') be the
symmetric algebra of V', so that S = K[{z,}] is the polynomial ring
on the variables z,. Then S is naturally a Hopf algebra via

Alxy) =z, ®1+1®x,, S(z,)=-2, and e(z,)=0.

We can see this either by noting that V is an algebraic group with
respect to addition, so its ring of regular functions S is a Hopf algebra,
or else that V' is an abelian Lie algebra, so its universal enveloping
algebra S is a Hopf algebra.

Now, if (—, —) is any symmetric bilinear form on V for which the
x, are pairwise orthogonal, say (x,,zs) = d,sa,, then there is a unique
extension of this form to a Hopf pairing on S, satisfying

(Tx, Tp) = Oxp H (mr()\)!a?”()‘)), where z) 1= Hx)\i.

In particular, A is the symmetric algebra of the Q-vector space with
basis {p,}, and we have used the symmetric bilinear form (p,,ps) =
OpsT.

2.4. Symmetric Functions. We shall now describe the relationship
between A and the rings of symmetric polynomials.

Set R, := Q[Xy,...,X,]. The symmetric group &,, acts on R,
by permuting the X;, and we call the fixed-point ring S, :== RS" the
ring of symmetric polynomials. Clearly both R,, and S,, are N-graded,
where deg(X;) := 1.

The power sum polynomials p,, := X| + --- 4+ X are obviously
symmetric, and it is a classical result that the p,, for 1 <7 <n are

algebraically independent and generate Sy, so .S, is again a polynomial
ring on n generators.
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We can make the R, (and by restriction the S;) into an inverse
system using the maps p,: R, - Rp—1, X, — 0. Then the graded
epimorphisms m,: A — S, sending p, — p,, are compatible with the
Pn-

Theorem 1. We have A = @Sn in the category of graded rings.

In particular, the d-th graded part of A is the inverse limit of the
d-th graded parts of the S,,. Note that this theorem is only valid if
we take the inverse limit in the category of graded rings.

This offers an alternative approach to the naturality of the Hopf
algebra structure. For, we have isomorphisms
Rn®Rnl>R2n7 Xz®1'_>X17 1®Xi’_>Xn+ia

and the comultiplication on A is such that the following diagram com-

mutes

A —2 5 A®A

lﬂ'Qn lﬂ'n(@ﬂ'n

Ry, +—~— R, ®R,
It is often convenient to express the elements of A = @Sn in
terms of the infinite polynomial ring @Rn = Q[X1, X2, ...], where

the inverse limit is again taken in the category of graded rings. For
example, we have p, = . X7.

2.5. Special Functions. There are, of course, many different bases
for A. We list below some of the more important ones. We shall often
describe elements implicitly by giving their generating function. It is
also easy to express the comultiplication in this way, where we extend
Atoamap ARQ[T] - AR A®Q[T] via A(fT™) — A(f)T™.

We shall frequently use the following lemma.

Lemma 2. Consider homogeneous elements x,, and y, of degree n

such that .
anT :eXp(ZEynT )
n>0 n>1
Then
A= > wa®ay if and only if Alyn) = yn © 1+ 10 yy.

a+b=n
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In this case, setting &, := (Tpn,xn) and 0, := %(yn,ym we similarly
have 1
Z &I = exp (Z EWT").
n>0 n>1
Proof. Set
X(T):=Y z,T", and Y(T):=> yT" ",
n>0 n>1

and note that g = 1. We can express the relationship between the
Ty and y, in terms of their generating functions as

d d
—log X(T) =Y(T X(TY(T)=—=X(T).
g X(T) = Y(T), 50 X(T)Y(T) = . X(T)
From these we get

n

nTy = Zyaxn—aa In = Z Zl/\y/\,

a=1 IA|l=n
_ (=)™ () —1)!
ne IA|=n [T mr (V) w

where as usual z) := [[, z),, and analogously for y,.
Using the first equality, we see by induction that

n—1
A(nzn —yn) = Z A(Yn—aTa) =
a=1
n—1
> Wna®@l+1@Yp o) @1+ 24 1 @21+ + 1@ 20) =
a=1

N, @1 +z, Q1+ +1Q02,) — (Yn @1+ 1R yy).
Hence

Awa)= > 2@z, ifandonlyif Aly) =y ® L+ 10 yn.
a+b=n

Now, assuming this, apply (y,,—). Since y, is primitive, (yn, fg)
= 0if f and g are both homogeneous of degree at least 1. Therefore

1{Yns Tn) = (Yns Yn)-
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Now apply (z,,—) to get
n n

(T, Tn) = Z<A(fvn)aya ® Tn—a) = Z<xavya><wn—a7$n—a>'

a=1 a=1
Putting these together we get

n

ngn = Z 77a§n—a~

a=1
The result about their generating functions now follows, noting that
§o=1. O

2.5.1. Power Sum Functions. The functions p,, are called the power
sum functions. They are characterised up to scalars by being primitive
elements:

A(pn) =pn @1+ 1@ pn.
The p,, have the generating function

- n—1 _ Xi
P(T) := ;pnT = Z o xT
Since the power sum functions are primitive, we can write
AP(T)=PT)®1+1® P(T).
Finally, we recall that
(D Pu) = Orp2a-

2.5.2. Elementary Symmetric Functions. These are defined via
E(T)=> e, T":=[[A+XT), so en= > Xi--X,.
n>0 i i1 <<
We observe that

n

d a
T log E(T) = P(-T), so mne,=— Z(—l) en—aPa-

a=1

Alternatively, we can write

E(T) = exp <_Z (_;)npnTn>; s0 e, = (_1)n Z (_1)€(A)ip)\.

z
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It follows from Lemma 2 that
A(E(T)) = E(T)® E(T), or Alen)= Y ea®ep
a+b=n
and that

<€m7 €n> = 5mn

2.5.3. Complete Symmetric Functions. These are defined via
H(T) =Y hJI":=]J0-XT)"", so b= > X; X,
n=>0 i 1< <ipn
We observe that H(T)E(—T) =1, so
Z (=1)%ghy =0 forn>1,
a+b=n
and giving the analogous statements

d n
S log H(T) = P(T), nhy, = ; Pn—aPa
1 n 1
H(T) = exp (Z ﬁpnT ), hy, = Z ;p)\.
n>1 [A|l=n
A(H(T)) = H(T) ® H(T), Ahp) = > ha@hy
a+b=n
and
<hm7 hn> = 5mn-

2.5.4. Monomial Functions. To describe the basis of monomial func-
tions, we need a little more notation. Given a finite sequence a =
(a1, g, .. .) of non-negative integers, we can copy the definitions for
partitions and set |a| := ). a; and m,(«) := |[{i : a; = r}| for r > 1.
We write a ~ (3 if m,(a) = m,(B) for all r > 1. Clearly, given «,
there is a unique partition A such that a ~ A.

Given such a sequence a, set X := [[, X;"*, a monomial of degree
|a|. Then for each partition A\ we define the monomial function m) €

A to be
my = ZXQ.

ar
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The m) form a basis of A, and

Pn = M), €n =Mm(n) and h, = Z my.
[A|l=n

If we set ey := [], ey,, then the ey also form a basis for A. With
respect to this basis we can write

my = ey + Z ayuey for some integers ay,,
p<A
where )\ again denotes the conjugate partition to .

Similarly we can set hy := []; hy,, in which case the hy form a basis
for A dual to the m)

<h>\7 m,u> = 5/\/1'

2.5.5. Schur Functions. The Schur functions play a fundamental role
in the representation theories of the symmetric groups and the general
linear groups; for example, they correspond to the irreducible charac-
ters of &,, and also to the irreducible polynomial representations of
GL,.

The Schur functions sy are characterised by the two properties”
(a) sy =ex + Z,u<>\ Brue, for some integers By,
(b) (sx, 3u> = 5>\M
and hence the s, form a basis of A.
More explicitly, we have

sy = det (eAé,iH) = det (h’)\i—i"rj)?

where the first matrix has size \; = £(\') and the second has size £()\).
In particular, we always have

Sny = en and  Sg) = hp.

2 This is a non-standard description. Usually one replaces property (a) by the
equivalent property
Sy = my + Z Kyumy.
pu<
The coefficients K, which occur are called the Kostka numbers. See for example

[40].
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We compute the first few Schur functions for reference.
5(1) = €1
S(12) = €2, S(2) = e% — ey =hy
S(13) = €3, S(12) = €1€2 — €3, S(3) = ei’ — 2e1€9 + e3 = hg
S(14) = €4, S(122) = €1€3 — €4, S(92) = e2 — ejes,

2 2 4 2 2
S(13) = e1e2 — €3 —e1e3 + eq, Sy = €] — 3ejez + 5 + 2ejez —eq = hy.

S\Sy = Z Ci;ﬁ&
3

then the coeflicients c§ ., are called the Littlewood-Richardson coeffi-

If we write

cients.

2.6. An Important Generalisation. We shall see in the next chap-
ter that, when studying the representation theory of finite abelian
p-groups, or nilpotent modules for the polynomial ring F,[X], the ex-
tension Aft] := A®Q[t] of A arises naturally. In this setting it is useful
to redefine the symmetric bilinear form to be

(Px, Pu)e = Oau2a(t),
where

a) =] <mr()\)!(1 jﬂ)mrm) = [ - )™ eq).

r

This is a Hopf pairing on A[t], for the same reasons as before, and it
is clear that specialising to ¢ = 0 recovers the original form.

We set
Gn(t) = (1 =t)(1 =1 (1=t") and bx(t) =[] b, (®)-

Then?
<em’ €n>t - <hma hn>t = 5mn¢n(t)_1'

3 By Lemma 2 we have

Z(en,en>tT" = exp(Z ﬁT”)

n>0 n>1
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2.7. Dual Schur Functions. With respect to this new bilinear form,
the Schur functions no longer give an orthonormal basis. We therefore
introduce the dual Schur functions Sy(t) such that (S\(t),s.): = Oxu-

The Sy (t) can be given explicitly via
Sa(t) = det (cx,—i4j(t)), where as usual cy(t) = HCM (t).

In particular, we have

S(n) (t) = Cn(t).

2.7.1. Cyclic Symmetric Functions. We generalise the complete sym-
metric functions by*

cT) =1+ ch(t)T” = exp (Z #pnT”),
n>1 n>1

so, setting co(t) := 1 for convenience,

n

cn(t) = Z Lp>\ and ncy(t) = Z(l — tM)paCn—al(t).

=0 20

We can also express the generating function C(T") in terms of E(T")
and H(T):

a=1

C(T)=H(T)/H(tT) = E(—tT)/E(-T).
This gives
(1=t"hp =Y 1" hp_aca(t) and ("—1)en = Y (=1)"en_acalt).
a=1 a=1
We note that specialising to ¢ = 0 recovers the complete symmetric
functions, ¢, (0) = hy,.

The functions ¢, (t) do not seem to have a name, so we shall refer
to them as ‘cyclic’ functions based on their role in the Hall algebra.

We can rewrite this as [, (1 —¢"7) ™", and expanding the product we obtain

[Ja-e) "t =a-17)" Zt‘*‘T‘W =1-7)"" Zt"\lTh =Y a(t) T

n>0 n>0

4 In Macdonald’s book, they are denoted g, (X;t), but ¢ seems an unfortunate
choice since this is used elsewhere as another variable.
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We have
A(C(T)) = C(T) @ C(T), Alea(t) = Y calt) @ cp(t)
a+b=n

and, using Lemma 2,

11—t 1—-tT
> (enlt), cn(t) T = exp (Z . T”) = = (1) YT
n=>0 n>1 n>1
Thus

(en(t),cn(t))y=(1—t) form >1.
Setting cx(t) := []; e, (t), then the ¢\ () form a basis for Aft] dual to
the basis of monomial functions
<C/\(t)a m,u>t = 5/\u~

2.7.2. Hall-Littlewood Functions. One can also generalise the Schur
functions sy to obtain the Hall-Littlewood symmetric functions Pj(t).
These are characterised by’

(a) Pa(t) = ex + >, Bul(t)ey for some integer polynomials
Bku(t)
(b) (Pa(t), Pu(t))e = druba(t) ™
so the P\ (t) form a basis for Alt].

Clearly Py(0) = sy, but we also have that P\(1) = my, so the
Hall-Littlewood functions can be thought of as providing a transition
between the Schur functions and the monomial functions. In fact, we

have
sy =DPy(t) + > Kyu(t)Pu(t),
p<A
and the coeflicients K, (t) are integer polynomials, called the Kostka-
Foulkes polynomials. Note that, since Py(0) = sy, we must have
Ky, (t) € tZ]t].
Finally, we state the relations
er = Pan(®), et = (1= DPp(t), he= 3 "R ()
[A|=r

5 We have again replaced the standard description in terms of the monomial
functions by an equivalent one involving the elementary symmetric functions.
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and
pr= S (1= 7)1 —72) e (1 — £ py ),
[Al=r

We will prove these using the classical Hall algebra.

2.8. Integral Bases. We observe from the formulae
Z (—1)a6ahb =0,my=ex+ Z Qe and sy = ey + Z ,8/\'“6//7
a+b=n <A pn<A

where oy, By, € Z, that the following subrings are all equal

Zlei,ea,...] = Z[hi, ho,...] = Z[{mx}] = Z[{sA}].
If we denote this subring by zA, then we can strengthen Theorem 1
to give

Theorem 3.
72\ = I&HZ[XI, e ,Xn]G".

On the other hand, since

n

nen = — Y (—1)*en—apa,

a=1
the p) do not form a basis for zA.
We can similarly study the subring zA[¢] of Af¢]. Then the formula
P)\(t) =ey + Z BAu(t)e,uH Bx\u(t) € Z[t]a
p<A
shows that the Py(t) form a basis for zA[t].

However, since

n

(t" = Den =Y _(—1)%n—aca(t),

a=1

we see that the ¢,(t) do not even generate A[t]; one would need to
invert each polynomial of the form ¢" — 1.

Similarly, using the description of the dual Schur functions, we see
that they also do not form a basis of A[t].
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3. Ringel-Hall Algebras

We now review the theory of Ringel-Hall algebras, based on the
work of Ringel and Green [19, 17].

Let k be a field and let A be an abelian (or, more generally, exact)
k-linear category which

e is skeletally small, so the isomorphism classes of objects form
a set;

e is hereditary, so that Ext?(—, —) = 0;

has finite dimensional hom and ext spaces;

e has split idempotents, so idempotent endomorphisms induce
direct sum decompositions. (This is automatic if A is abelian.)

The last two conditions imply that End(A) is a finite-dimensional
algebra, which is local precisely when A is indecomposable. Thus A
is a Krull-Schmidt category, so every object is isomorphic to a direct
sum of indecomposable objects in an essentially unique way.

We define the Euler characteristic of A to be
(M, N) := dim Hom(M, N) — dim Ext! (M, N).
Since A is hereditary, this descends to a bilinear map on the Grothen-
dieck group Ky(A) of A. We shall also need its symmetrisation
(M,N):=(M,N)+ (M, N).
Let
rad(—, —) = {a: (a, 8) = 0 for all 5}
denote the radical of the symmetric bilinear form on Ky(A), and set®
Ko(A) := Ko(A)/rad(—, —).

In algebraic geometry, this quotient is commonly called the numerical
Grothendieck group.

6 It would be interesting to determine which abelian groups admit such a non-
degenerate integer-valued symmetric bilinear form. It is clear that such a group
is torsion-free, and easy to show that every finite rank subgroup is free. Thus one
can use Pontryagin’s Theorem to deduce that every countable subgroup is free (see
for example [14]). On the other hand, if (x,z) = 0 implies z = 0, so the form is a
Yamabe function [71], then the whole group is free. For, if it has finite rank, then
it is free [71], whereas if the rank is at least 5, then we may assume the form is
positive definite (c.f. [12]), in which case it is free by [66].
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3.1. Hall numbers. Given objects M, N, X we define

Ex N ::{(f,g):0—>NL>X1>M—>Oexact}.

We observe that Aut X acts on €35y via ax - (f,9) :== (axf, ga}l).
The map 6 — 1 + ffg induces an isomorphism between Hom (M, N)
and the stabiliser of (f,g), and the quotient &3/ Aut X equals

Ext!(M, N)x = {extension classes having middle term isomorphic to X}.

On the other hand, Aut M x Aut N acts freely on £35 5 via (aas, an)-
(f,9) := (fay',ang), and we define
SX
‘FMN MN
Aut M x Aut N

to be the quotient. In the special case when A = modR is the cate-
gory of finite dimensional R-modules for some k-algebra R, then the
map (f,g) — Im(f) yields the alternative defintion

Fain={U<X:U=N, X/U=M}.
This can then be iterated to give
Faryors, ={0=Up <+ <UL <Up=X : Ui_1/U; = M;},

which is the set of filtrations of X with subquotients (Mj,..., M,)
ordered from the top down.

Taking the union over all possible cokernels we obtain

InJ Inj(N, X)

where Inj(N, X) is the set of all (admissible) monomorphisms from
N to X. A dual result obviously holds if we take the union over all
possible kernels.

Now suppose that k is a finite field. Then all the sets we have
defined so far are finite, so we may consider their cardinalities. We
define

= |Awt X|, By :=|Eyn| and Firy = |Fanl-
The Fﬁ y are called Hall numbers. Note that
5X ’EX‘C (M N)X‘CLX
MN T Hom(M, N)|
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and
Eyn _ | Ext!(M,N)x| ax

Fiiy = = .
MN = arran | Hom(M, N)| apan

The latter is commonly referred to as Riedtmann’s Formula [18].

3.2. The Ringel-Hall Algebra. We use the numbers F ]\)5 N as struc-
ture constants to define the Ringel-Hall algebra H(A). Let v; € R be
the positive square-root of |k| and let Qx := Q(vg) C R. Then H(A)
is the Qg-algebra with basis the isomorphism classes of objects in A
and multiplication

UNMUN = v,iM’M ZFﬁNuX.
(X]

Note that the sum is necessarily finite, since Ext!(M, N) is a finite
set.

Theorem 4 (Ringel). H(A) is an associative algebra with unit [0].
Moreover, it is naturally graded by Ko(A).

Proof. Given L, M, N and X, the pull-back/push-out constructions

0 0
N — N
0 B X L > 0
H
0 M A L > 0
0 0

induce bijections

H 5241\4 X gix(N H 55(3 X 51\B4N
] Aut A AutB
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where the automorphism groups act diagonally, and hence freely.
This, together with (A, —) = (L,—) + (M, —), yields the associati-
vity law.

Since F J\)j N 7 0 only if there exists a short exact sequence 0 —
N — X — M — 0, it follows that H(.A) is graded by Koy(.A). O

Dually, we can endow #H(.A) with the structure of a coalgebra. De-
fine

._ (M,N) EJ\)ffN
Aluy) = Z vy TUM®UN.
[M][N] X

Since

A(CLXUX) = Z v]iM’N>F]\)§N(aMuM) & (CLNUN),
[M],[N]

we see that the comultiplication is in essence dual to the multiplica-
tion.

N.B. In order for this definition to make sense, we need that each

object X has only finitely many subobjects (that is, A is finitely well-
powered). This is clearly satisfied for A = modR.

Theorem 5. H(A) is a graded coassociative coalgebra with counit
e([X]) = 0ixy0)-

Proof. This follows from the same formula that proves associativity.
O

Finally, Green used the heredity property to show that H(A) is a
twisted bialgebra. We can construct an honest bialgebra by adjoining
the group algebra of Ko(A).

_ Recall that Qk[Ko(A)] is a Hopf algebra with basis K, for a €
K(A) such that

KoKp:=Kqyp, A(Ky) = K@Ky, e(Kq):=1, S(K,):=K_,.

We define H(.A) to be a bialgebra such that the natural embedding
of H(A) into H(A) is an algebra homomorphism, and the natural

embedding of Qx[Ko(A)] into H(A) is a bialgebra homomorphism.
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We do this by first defining H(A) to be the smash product’

H(A)#Qr[Ko(A)], where we make H(A) into a Qi[K((A)]-module
algebra via

K, ux = U,(Ca’[x])ux.

As a vector space, H(A) = H(A) ® Qx[Ko(A)], and since the K, are
group-like, we just have
Koux = v XDy v K,

Green’s result then implies that H(.A) is a bialgebra, where

X
A= 3 Ul(ﬁM,M%[M]KN ®[N] and e([X]) == dixo-
[M],[N]
We extend the grading by letting each K, have degree 0.
We can also define an antipode on H(A), as done by Xiao in [69].

Theorem 6 (Green, Xiao). H(A) is a self-dual graded Hopf algebra.
Given a linear map dim: Ko(A) — Z we have the non-degenerate
Hopf pairing
v(a,ﬁ)—i—ZdimM
([M]Ka, [NIKg) = 6 n] =~

ap

If A = modR, then one usually takes the linear functional dim to
be the dimension as a k-vector space.

4. Cyclic Quivers, I

Let C7 be the quiver with a single vertex 1 and a single loop a.
Cy: 1 a

For a field k let C;1(k) be the category of k-representations of Ci; i.e.
the category of functors from C] to finite dimensional k-vector spaces.
Thus a representation M is given by a finite dimensional vector space
M (1) together with an endomorphism M (a).

Equivalently, we can view C; (k) as the category of finite dimensional
k[T]-modules. For, such a module is determined by a vector space
together with an endomorphism describing how 7' acts.

7 See for example [2].
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Since k[T] is a principal ideal domain, every finite dimensional mo-
dule can be written as
= @ T)/p") ™,

wherep € k[T] is monic 1rredu01ble and r € N.

In terms of matrices, this corresponds to a rational normal form,
generalising the Jordan normal form over algebraically closed fields.

More restrictively, we define C{(k) to be the full subcategory of
nilpotent modules. Thus we only allow the irreducible polynomial
p =T, and hence the isomorphism classes are indexed by partitions
(giving the block sizes in the Jordan normal form). As such, this
indexing set is independent of the field. We write

M,y = @ ( [ ]/Tr mr()\ @k /T)\

T

We observe that CY(k) is a uniserial length category® satisfying our
previous conditions. Also, Ky = Z via [M]| — dim M, and K¢ = 0
since the Euler characteristic is identically zero.

Now let k be a finite field. Then the Ringel-Hall algebra H; (k) :=
H(CY(k)) has basis uy := [M,] and is N-graded via deg(uy) = ||

4.1. Examples of Hall numbers. We now compute the Hall num-
bers in some easy cases. We shall simplify notation slightly and just

write Ffu instead of FMMfM/A' This preempts the next section where
we prove that the Hall numbers are given by specialising certain Hall
polynomials. We set ¢ := |k|.

(1) Let 7 = a + b. Since the category Cy(k) is uniserial we have

"
Fayw =1-

(2) For a > 2 and any b we have

U(a)U(1b) = U(1p-1441) T qu(lba).
For, consider a short exact sequence
0— Moy = X — M) — 0.

8 The lattice of submodules of an indecomposable module is a finite chain.
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We immediately see that soc(X) has dimension either b or
b+ 1. Similarly, X has Loewy length either a or a + 1. If
soc(X) = M sy, then this submodule is uniquely determined,

and since the cokernel is isomorphic to M), we must have
X = Mp-1441) with corresponding Hall number 1. On the
other hand, if soc(X) = M 1p+1y, then since X has Loewy
length a we have X = Mis,) and the sequence must be split.

In this case Extl(M(a), M(lb))M(lb , =0, s0 we can use Riedt-
mann’s Formula to calculate that F((l) (C;)b) | Hom (M qsy, M(y))|

(3) Let r = a +b. Then f((la))(lb)

mannian Gr(a’b). For, given the semisimple module M),
choosing a submodule isomorphic to M) is equivalent to
choosing a b-dimensional subspace of an r-dimensional vector
space, and for each such choice, the cokernel will necessarily
be semisimple, hence isomorphic to M(ja). Thus

an_ aw|r rl & ()
F(la)(1b) =4q ’ I:a:| - where [a]t T m.

(4) More generally, we have the formula

Ff _ n(§)—nN)—n(1™) 5/ H—l
A(1m) = q H - .

i>1

is isomorphic to the Grass-

(5) We next prove that
Ffﬂ;éO implies AUp<E&< A+ p,

where A U p is the partition formed by concatentating the
parts of A and p, so my(AU u) = my(A) + my(p), and A + p
is formed by adding the corresponding parts of A\ and u, so
(A+ u)i = Ni + pi. Note that (AU u) = XN 4 1/, so these
concepts are dual to one another.

To see this, suppose we have a short exact sequence

0— M, = Mg = My — 0.
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(1)

We first consider the socle series for Mg compared with the
socle series of My @ M,,. We have

dimsoc’(Mg) = & + -+ + &
dimsoci(MA ®M,) = N+l 4+ N4l

Since msoct (M) C soc’(M)y) and ¢~ Lsoc! (M) C soc'(M,,), we
must have & < (AU pu)’, or equivalently £ > AU p.
On the other hand, define

Mﬁ(gi) = @ My,

J<i
to be the sum of the ¢ largest indecomposable summands of

M¢. Then W(Mg(gi)) and 1 (Mg(gz)) each have at most 7 sum-

mands, we must have § + -+ & < A 4+ p1 4+ -+ N+,
so that £ < A+ p.
Finally, we note that

so that the Ringel-Hall algebra is both commutative and co-
commutative (since it is self-dual).

For this we observe that there is a natural duality on the
category C)(k) given by D = Homy(—, k), and that D(M)) =
M.

4.2. Hall Polynomials. We now show that, for each triple (A, y, &),
there exist polynomials F' fﬂ(T ) € Z[T] such that, for any finite field
k and any objects My, M, M¢ € CY(k) of types A, ué respectively,

M,
FMfMH = F§M(|k\)‘

The polynomials F' fﬂ are called Hall polynomials, and allow one to
form a generic Ringel-Hall algebra.

Theorem 7. There exist

integers d(\, p) such that, over any field k,
d(\, p) = dim Hom(My, M,,).
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In fact,
d(hp)=> min{Xi,p;}, so d(\N) =2n())+ |A].
i3
(2) monic integer polynomials ay such that, over any finite field
k,
ax(|k]) = anr, = | Aut(My)].
In fact,

a)\ — T2n()\)+|/\|b)\(Tfl).
(3) integer polynomials Ffu such that, over any finite field k,

13 M

Moreover,
Ffu — CE\MT"@)*"(A)’"(“) + lower degree terms,

where ciu 1s the Hall-Littlewood coefficient.

The first two statements are easy to prove. For the third, there are
several approaches.

In [39], Macdonald proves this using the Littlewood-Richardson
rule for computing the coefficients ciﬂ. In particular, he first shows
how each short exact sequence determines an LR-sequence, so one
can decompose the Hall number as F f\“ = ) ¢ Fg corresponding to
the possible LR-sequences. Finally he proves that each Fl is given by
a universal polynomial.

Alternatively, as detailed in [(1], one can use Example (4) above to
prove polynomiality. By iteration, using Example (5), one sees that

there exist integer polynomials f§ such that
U(l/\;) te u(1>‘/1) = Z ff(Q)uu
759N

Note also that fi‘ = 1 since the corresponding filtration of M) is just
the socle series. Inverting this shows that any w) can be expressed
as a sum of products of the u(r) with coefficients given by integer

polynomials. The existence of Hall polynomials follows quickly.
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In an appendix to [39] Zelevinsky shows how this approach can be
taken further to give the full statement. Using Hall’s Theorem below,
which only requires the existence of Hall polynomials, one sees that

Py(t)Pu(t) =Y _ " Ol pe (71 Pe(t).
3

Since the coefficients must lie in Z[t], we deduce that F fﬂ has de-
gree at most n(&) —n(A) —n(u). Moreover, since the Hall-Littlewood
polynomials specialise at ¢ = 0 to the Schur functions, we see imme-
diately that the coefficient of t™&)=N=n) in Ffu(t) is precisely the

Littlewood-Richardson coeflicient ci "

A completely different proof of polynomiality is offered in [22], using
the Hopf algebra structure”’ in an intrinsic way. This approach allows
one to quickly reduce to the case when M is indecomposable, in
which case the Hall number is either 1 or 0. One can then complete

the result in the same manner as Zelevinsky above.

4.3. Hall’s Theorem. We can use these polynomials to define the
generic Ringel-Hall algebra H; over the ring Q(v) of rational functions.
This has basis u) and

multiplication UNUy = Z Ffu (v?)ug,
3

2 2
comultiplication Aug) = Z Ffﬂ (UQ)CWU,\ @ Uy,
ag(v
A

W

and Hopf pairing  (uy,u,) = W‘

Theorem 8 (Steinitz, Hall, Macdonald). There is a monomorphism
of self-dual graded Hopf algebras

Oy: Alt] = Hy, t—o7 2 "VP(t) = uy.

Note that this induces an isomorphism with A[t] ® Q(t!/2).

9 More precisely, it uses Green’s Formula [17], which is the formula needed to
prove that the Ringel-Hall algebra is a twisted bialgebra.
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The images of some of our special symmetric functions are given

by

er > UT(“UU(V), cr(t) — (1 — U72)U(T), hy — Z Uy,
[A|=r

Dr — Z (1 —v2) e (1 — 02N =2y,
[A|=r

We observe that M-y is a semisimple, or elementary, module, and
that M, is an indecomposable, or cyclic, module, so the terminology
in these cases corresponds well.

4.4. Proving Hall’s Theorem. We now describe one approach to
proving Theorem 8. This is based upon ensuring that our map ® is a
monomorphism of self-dual Hopf algebras, rather than just an algebra
map, and first finds candidates for the images of the cyclic functions
¢r(t), rather than the elementary symmetric functions e,. This latter
is the more common approach (see for example Macdonald [39] or
Schiffmann [61]), but requires the more difficult formula from Example
(4). By starting with the cyclic functions, the formulae needed are

much easier. We shall simplify notation by writing ¢ := v2.

Consider the elements u,), corresponding to the indecomposable
modules M,y. Observe that each submodule and factor module of
an indecomposable module is again indecomposable, and that a(,) =
T"(1 — T~1). Therefore we can use Example (1) to deduce that

r—1
Aluy) = @1+ 10 ugy + > (1= ¢ D) @ ug_q)-
a=1
We set
X(T)=1+ ZJ:TTT =1+(1-q ZU(T)TT7
r>1 r>1
so that

A(X(T)) = X(T) ® X(T).

We next observe that the x, are algebraically independent and ge-
nerate the Hall algebra. Setting x := [[; z,, we need to check that
the x) form a basis for Hj.
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Proposition 9.

Tx = qn(’\)bA(q_l)uA =+ Z Pty for some Y.
n>A

Proof. Consider first the case A = (). We prove by induction on m
that

pu>(rm)

Multipying by x, we get

T(pmt1y = (1—q*1)qr(2)qﬁm(q*l)u(r)u(rm)—i—(l—q*l) Z Vrm ) (r) Upe-
p>(rm)

Every summand wug satisfies & > () U (r™) by Example (5), so we
just need to consider the coeflicient of u(,m+1y. This necessarily comes
from the split exact sequence, so we can use Riedtmann’s Formula
together with

Ext! (M(r), Mrm)) M, iy = 0
to get
(rm+ly Q(pm+1) - qr(m+1)2¢m+1(q_1)
M) = gl agyagmy @™ g (L= q71) ¢ Pm(qY)
rml—g "
=" o

m—+1
Hence the coefficient of um+1y is qr( 2 )¢m+1(q_1) as claimed.

In general we can write A = (r™) U A with \; < r for all r, so
z) =z myzy. By induction we have the result for 23, and by Example

(5) we know that any summand wu, must satisfy p > (r™)U X = A
So, we just need to consider the coefficient of w), which again must
come from the split exact sequence. Applying Riedtmann’s Formula
as before we deduce that

F)\

A = g

A
:qm| ‘7

since \; < r for all i.

Now, n()\) = n(A) + m|A| + 7‘(73) and by(q~!) = b;\(q_l)gzbm(q_l),
so the result follows. O
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We immediately see that the z) form a basis of the Ringel-Hall
algebra. For, the u) are by definition a basis for the Ringel-Hall
algebra, and the proposition proves that the transition matrix from
the uy to the z for the partitions |A| = r is (with respect to a suitable
ordering) upper triangular with non-zero diagonal entries.

Finally,

(um,um} =(1- q_l)_l, so (zp,xp)=1-— gt

It follows that we can define a monomorphism of self-dual graded Hopf
algebras

(I)l: A[t] — Hl7 t— q_la Cr(t) = Ty = (1 - q_l)u(r)'

We now compute the images of the other symmetric functions. For
the complete symmetric functions, we use the formula

T

> Ty aca(t) = (1= 7).

a=1

Proposition 10. We have

an”(l — qil) Z UNU(q) (1—q~ Z Ug.
a=1

[A|=r—a €l=r

hr) = Z Ug -

§l=r

Thus

Proof. The coefficient of u¢ on the left hand side is given by

q*’“ZZq 0" E )

a=1 A\

Now, for fixed a and &, we have seen that

>\( ) — = M- (a) |Aut(M(a))|

If we write

dg = d((a),§) = dim Hom(M ), M),
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then this becomes
(=0 ) D Fy =a" - gt
A

Thus the coefficient of u¢ on the left hand side is
T
"> (g% =) =g (¢ —q®)=q (¢~ 1) =1-¢q".
a=1
Here we have used that dy = 0, and that d, = r since the module M
has Loewy length at most r. O

We next consider the elementary symmetric functions, using the

formula
T

D (1)’ —aca(t) = (" — 1e,.
a=1
Proposition 11. We have
(1= > (1% ugrayugey = (67" = DaEugn.
a=1
Thus
Di(e,) = q(2)u(1r).

Proof. Using Example (2) when a > 2 and Example (3) when a = 1,
we can expand the left hand side to get

T

(1-q ") Z(—l)aq(rga)u(yfa)u(a)

a=1
r—1 r—1
— (27" = Dugry — g2 (1= g Mgy

T
T—a

+ (1= YD) (a0 + 4 )
a=2

r—1
= —q( 2 )Jﬂ“il(l — q_T)U(lr)
. r a r—a r—a r—a+1
+ (1 —q 1) (_1) (q( 2 )+ —q( 2 ))u(leaa).
a=2
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Since ("}%) +r—a = (" “H) this equals —q( )(1 — ¢ "ury as
required. O

For the power sum functions we use the formula
r—1
> (1=t praca(t) = ren(t).
a=0
For convenience we set
yri= Y (1=q) - (1= ¢V Huy.
[A|l=r
Proposition 12. We have

r—1
Z(l - qa_r)yrfawa =7rT, + (q—r - 1)yr~
a=1
Thus
1(pr) =yr= Y (1—q) - (1 =gV Huy,

[Al=r

Proof. Substituting in for ¥ and = and multiplying by ¢", we have on
the left hand side

Z Z Z (1—q)- "(1_qe(/\)71)'qa(1_ )Ff()
a=1l|\=r—al¢|=r
We next observe that if Ff(a) # 0, then 0 < £(§) —£(X\) < 1. Hence for

¢ # (r) we can divide the coefficient of ug by (1 —¢q)--- (1 — ¢"©2)
to leave
r—1

te = D (0 1) (1= (1-¢"O7) Z Fa + Z Fw)

a=1

We recall that for fixed a and £, and setting da = d1m Hom(M(a), M),
we have

“(1—g" ZFg = |Inj(Mq), Me)| = g™ — ™.

Furthermore, given a short exact sequence
0—>M(a)—>M§—>M)\—>0,
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we have that £()\) = £(§) if and only if the image of Mg is contained
in the radical of M. Since

[nj(M (), rad(Me))| = ¢~ “©Inj(Mgs), Me)| = ¢~ (g4 — ™),
we can substitute in to 7¢ to get
r—1
v = Z(q““—ﬂ<(qd“—qd“‘1)—q*1<qd““—qd“>> = (1=¢")(1—=¢"O7"),
a=1
using that dg = 0, d; = ¢(¢) and d, = r. This shows that the
coefficients of u¢ on the left and right hand sides agree for all £ # (r).
Now consider £ = (r). Then F )Ezi) = Ox(r—a), S0 the coefficient of
u(y) on the left hand side equals

r—1
L-g MY 1—¢")=r@—q)+(g -1
a=1
finishing the proof. O

Finally, we wish to show that
Proposition 13.
O (Px(t) = ¢"Muy

Proof. We begin by noting that
Py (ex) H(I)l (ex;) =q= HU Xy =q" (U/\+Zf,\uu>
<A
as mentioned in the discussion in Section 4.2. Inverting this gives
¢"Muy = @1(ex) + D Bau®ilew),
pn<A

and since

(@"Muy, "W,y = 63,05 (¢7H 7,
the result follows from our characterisation of the Hall-Littlewood
symmetric functions. O

As promised, we can now deduce the formulae
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Corollary 14.

e = Pan®), orlt) = (1= t)Pp(t), h= 3 VP,
[Al=r

pr= 3 (U=t (1 = 172) o (1 — 1) py )
(Al=r

4.5. Integral Bases. As for the ring of symmetric functions, we can
also consider an integral version of the Ringel-Hall algebra. Since all
the Hall polynomials have integer coefficients, we can consider the
subring gz, ,-11H1 with Z[q, g !]-basis the uy. Using Hall’s Theorem,
we deduce that ®; restricts to an monomorphism

Py ZA[t] — Z[q7q—1]H1, t— q_l7 PA(t) — qn(A)u/\,

and this induces an isomorphism with the ring zA[t, 7).

It follows that 7, ,~1)H1 is generated either by the images of the
elementary symmetric functions or by the complete symmetric func-
tions

<I>1(er) = q(2)u(1r), @1(]1,«) = Z Uy
[Al=r]|

A very important basis is the canonical basis. This was introduced
by Lusztig in [32], and to define it we first need to introduce the
bar involution. In Lusztig’s geometric construction of the Ringel-Hall
algebra he showed that it is natural to consider a weighted basis

g = UdimEnd(M)—dim MU)\.
This basis is said to be of PBW-type since it ‘lifts’ the Poincaré-
Birkhoff-Witt (PBW) basis for the universal enveloping algebra of
the associated semisimple Lie algebra in the Dynkin case.

The bar involution is then defined via

1

v=v"" and i =ug for all semisimple modules S.

This defines a ring isomorphism and moreover

Upr = Up + E QMNUN,
M<4N

where < is the degeneration order on modules (see for example [3]).

Let A be the matrix describing the transition from the s to the a,,
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for modules of a fixed dimension. Then A is upper-triangular with
ones on the diagonal, and since the bar involution has order two, we

must have AA = Id.

It follows that there is a unique upper-triangular matrix B with
ones on the diagonal and entries Sy ~(g™!) above the diagonal satis-
fying By (t) € tZ[t] and B = BA. If we set

bar := un + Z Bun (g Hay,
M<gN

then the by are bar invariant, by; = bys. This is called the canonical
basis, and is uniquely characterised by the two properties

(a) bar = s + Y pre v Bun (g™ )an with B (t) € tZ[1]
(b) bar = by
For the cyclic quiver C; we have dim End(M)) — dim M) = 2n(\)
and the basis of PBW-type is given by @y = ¢"Muy = &1(Py(1)),
so by the images of the Hall-Littlewood functions. Moreover, the

degeneration order coincides with the opposite of the dominance order
of partitions, and as in the proof of Proposition 13 we have

Qi(ey) = fbﬁ-z qnw_”(“)ffﬂu and ay = @1(€A')+Z Bru®1(ep).
H<A n<A

Since the bar involution fixes the semisimples () = q(;)u(lr) =
®q(e,) we have
Uy =ux+ Z oy
H<A
as required.
We can therefore construct the canonical basis by. This was done
in [31] (see also [59]).

Theorem 15. The canonical basis is given by the images of the Schur
functions

b)\ = (191(5)\).

Proof. Set by := ®1(sy). We need to check that the by satisfy the two
properties given above.
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Since

sy =Da(t) + D> Kou(H)Pult),  Kyu(t) € tZ]t],
<A

we see that

br=tx+ Y Knu(g i, Kault) € tZ[t).
p<A

Also, since the ®1(ey) are bar invariant and

Sy =e¢eyx + Z ﬂ)\uqu ﬁ)\,u, € Za

p<A

we see that the by are also bar invariant. O

Using the bilinear form we may also define the dual canonical basis
by. It immediately follows that

by = ®1(S\(t)).
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For reference we compute the first few canonical basis elements,
using our earlier description of the Schur functions.

by = uq) = ()
baz) = qui2) = Ua2)
ba) = t(z) + uaz) = Gg) + 4 gz
bas) = ¢ uas) = )
baa) = quz) + q(q + Dugsy = Gz + ¢ (1 + ¢ s
by = ws) +u@2) tuas) = Uiy + q_lﬂ(m) + q_3ﬂ(13)
bt = ¢ uqs) = i)
bi29) = qgu(122) + q3(q2 +q+ Duga
=2z + ¢ (1+q7 +¢ )iqs
b2y = ¢*u(a2) +uizg) + (¢" + ¢*Juy
= i) + ¢ Ta2g) + 4 (L4 g D)
baz) = quz) + qu(2) + a(q + Dugzg) + (¢ +¢° + @uqs
= Gig3) +q ey a1+ g gy + ¢ 21+ a7+ D
bia) = uqa) + uqs) + u2) + ua2) +uas
=Gy + q M) + ¢ P2y + ¢ Pg2e) + 0 S

5. Cyclic Quivers, 11

We now generalise our discussion to larger cyclic quivers. In this
case, there is a natural monomorphism from the ring of symmetric
functions to the centre of the Ringel-Hall algebra, Theorem 17.

Let C), be the cyclic quiver with vertices 1,2,...,n and arrows
a;: i — i — 1 (taken modulo n).

as

3 2
ay a2

Cp: 4 1

ai
n
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Define C,, (k) to be the category of k-representations of C,, i.e. the
category of functors from C), to finite dimensional k-vector spaces.
Thus a representation M is given by finite dimensional vector spaces
M (i) for each vertex 1 < ¢ < n and linear maps M (a;): M(i) —
M (i — 1) for each arrow a;.

We can also view this as the category of finite dimensional modules
over an hereditary order. Let P = k[T™] and set

P TP TP ... T"'P
™'P P TP ... T"2P

Ay = |T"2p TP P ... T3P | C M, (P).
TP T?P T3P P

Thus, for i < j, we have the P-module T7~*k[T™] in position (i, ),
whereas for i > j we have T"/~¢k[T™]. The identification with C, (k)
is given as follows. Let E;; € M, (P) be the standard basis. If M is an
Ap-module, then M (i) := E;; M and M(a;) is induced by the action
of TE;_1;. (See for example [16].)

As before, define C2(k) to be the full subcategory of nilpotent ob-
jects. These are functors M such that the linear map

M(ajag - ap) := M(a1)M(ag) - -- M(a,) € End(M(n))

acts nilpotently. Equivalently, these are those R,-modules for which
T™ acts nilpotently.

The category C2(k) has simple objects M; for 1 < i < n where
M;(j) = k% and M;(a;) = 0. Moreover, this category is again a
uniserial length category. We can index the isomorphism classes of
indecomposable modules by pairs (i;0) for 1 < ¢ < n and [ > 1,
where the indecomposable M;;) has simple socle M; and length (or
dimension) I. We therefore identify i with (i;1).

Given a partition A we set M;.y) 1= @j Mi;;»;)- More generally,
given a multi-partition X = (A,...,A") we set My = @; M\
This yields a bijection between the set of isomorphism classes and

the set of multi-partitions. In particular, this set is combinatorial, so
independent of the field k.

The category CY(k) again satisfies our conditions, hence for each
finite field k& we can define the Ringel-Hall algebra H,, (k) := H(CO(k)).
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We note that Ko = Z" via M; — e;. Also, the radical of (—, —) is
generated by § := Y, e;. Thus Ko = Z"/(§) 2 zZ"~L.

5.1. Hall Polynomials. We have the following generalisation of Theo-
rem 7, due to Guo [18].

Theorem 16 (Guo). There exist

(1) integers d(A,p) such that, over any field k, d(A p) =
dim Hom(My, M,,). In fact,
dim Hom(M .y, M ;1)) = {max{0,l—m} <r <1:r = j—imod n}|.

(2) monic integer polynomials ay such that, over any finite field

ax(k]) = an, = | Aut(My)].
(3) integer polynomials Ffu such that, over any finite field k,

M,
Fy, (k) = Fyéay,

Moreover,

2deg F§H < h&s — h)‘)\ — h““.

Guo’s proof follows the approach outlined before by first showing
that there exist polynomials Ffu whenever M), is semisimple. Then,
since the semisimple modules generate the Ringel-Hall algebra, we can
complete the proof of existence of Hall polynomials in the same way.

Alternatively, the method given in [22] works for all cyclic quivers,
so we can again easily reduce to the case when Mg is indecomposable,
where the result is trivial. Moreover, this method also allows one to
obtain the upper bound for the degree of the Hall polynomials.

5.2. Generalising Hall’s Theorem. As before, we can define the
generic Ringel-Hall algebra H,, over Q(v). This has basis uy K, with

a € Z"/(0), and we use the polynomials Fﬁu(zﬂ) instead of the inte-
Mg
gers FMAM“'

The analogue of Theorem 8 says that there is a natural map from
A[t] to the centre Z,, of H,, and that H, is the tensor product of Z,
with the composition algebra C,. This is the subalgebra of H,, gene-
rated by elements of the form uy K, such that dim Ext!(My, My) = 0,
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or equivalently (Mx, Mx) = hax. If n > 1, then C), is generated by
u; Ky for 1 <i <n. If n=1, then C; = Q(v).

Theorem 17 (Schiffmann [57], Hubery [20]). We have

(1) H, = Z,, ® Cy, as self-dual graded Hopf algebras.
(2) Z, = Q(v)[x1,za,...], where

T, = (—v )™ Z (—1)"™ax (v?)ua.
X:[My]=rd
soc(My) square-free

(3) there is a natural monomorphism of self-dual graded Hopf al-
gebras

O Alt] = Zp, t—=v 2 o

Again, ®,, induces an isomorphism with A[t] ® Q(t'/?"). Note also
that soc(My) is square-free if and only if A = (my,...,m,) for some
integers m;.

We remark that for n =1

Hi=27 and =z =(1- v_Z)u(T) = ®y(cp),

so we recover Theorem 8 as a special case.

Also, we should note that the definition of the x, given here differs
by +1 to that originally given in [20]. More precisely, the original
definition had a factor of (—1)" at the front, which was chosen to
ensure that the indecomposable u,.q . ) always had a positive coef-

ficient. We now have the sign (—1)"", which means that the minimal
elements u,, . ) always have a positive coefficient. Our reasons for
doing this will become clear in Conjecture 19.

We describe the first few such elements. Write z,,, for z, € H,
and for convenience (and to save space) set a := v 2, :=1— 0?2
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and abbreviate u(,, np) DY U(mnp)-

r1,1 = 5U(1)

T12 = 5“(2)

T2l = —Oéﬁ(u(m) + U(02)) + 52U(11)

To2 = 0425(U (40) T U(04) ) —ap? (U(31 +u 13)) + 52U (11)

r31 = 0425( U(300) + U(030) T %(003 ) —ap’ (u (120) T U(012) + U(201))
+ ﬁguun)

32 = 0445( U(600) + U(060) T U(006) ) — B (U(150) + Ueo15) + U(501))

—a’p? (u U(420) T U(042) T U(204)) + B (U(411) + U141) T U(114))

+a’p? (u U(330) + U(033) + U(303)) —ap® ( (123) T U(312) + U(231))
+ ﬁgu(222)

It would be interesting to have expressions for the images of some
of the other symmetric functions, for example p,., e, and h,..

5.3. Outline of the Proof. We will follow an approach by Sevenhant
and Van den Bergh [64], thus placing this result in a much broader
context — that of all extended Dynkin quivers.

For n > 2 set H := H, and recall that this is graded by Ky = Z".
We define a partial order on Ky whereby o > § if and only if a;; > 5;
for all 7; here a = ZZ «;e; as usual. We can therefore write

H=H,
a>0
as a sum of its homogeneous parts. Note that
Hy=Q(v) and H,, = Q(v)u,.
We next define

=( X Hgm)l c H,.

By=a
B,y>0

This definition is sensible since we can treat the symmetric bilinear
form on H like a positive definite form. For, the bilinear form on each
H(k) with k a finite field is positive definite, as the u) are pairwise
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orthogonal and each (uy, uy) is positive. Now, given any homogeneous

x € H, take a finite field k such that v, = |k|'/2 is neither a zero or
pole of the coefficients of . Then we can specialise x at v, to give a
non-zero element & of H(k), whence (Z, %) > 0.

We can therefore choose an orthogonal basis for each non-zero H/,,
and if {6;} ;e is the union of these, then H is generated as an algebra
by the 0;.

Set aj := [0;] € Ko. Then each 6; is primitive:
A(GJ) = 0j ®1+ Kaj X 9]'.

For, we can extend the {#;} to an orthogonal homogeneous basis {f;}
for H. Then

A0;)=0; @1+ Ko, @05+ > YafaK[s, ® fi

[fal+[fo]=0;
[fal,[£5]>0

Now, since [fq], [fs] < ¢, we have
0= (05, fafo) = (A(0); fa ® fo) = Yab-
We next show that (o, ;) < 0 for ¢ # j. For, we have
A(0;0;) = 0,0; @ 1 + 0, Ko, ® 0; + 00, Ko, @ 0; + Koysa, ® 0;0;.
From this it follows that
(0:0; — 0,0, 0:0; — 0;6;) = 2(1 — v *2*D)(0;,0;)(0;,6;).

Specialising to an appropriate H (k) for k a finite field, the left hand
side will be non-negative, and since v, > 1 we must have (a;, ;) <0
whenever ¢ # j.

Now, we have already observed that H., = Q(v)u;. Hence we may
assume that each w; is in our set {6;}. For any other 6; we have
(e, e;) = 0 for all 4, whence o € rad(—, —) = Z4. In this case we see
from the calculation above that

<019] - Qiej, OZGJ - 9]01> =0 for all 91',
whence
00, — 0,0; = 0

and so each 0; which is not of the form u; is central in the Ringel-Hall
algebra.

Sao Paulo J.Math.Sci. 4, 3 (2010), 351-398



Ringel-Hall Algebras of Cyclic Quivers 391

We define
C:=Qv)[{w}] and Z:=Q(v)[{0;} \ {ui}]-

Then C' is the composition subalgebra and Z is a central subalgebra.
Both of these are graded Hopf subalgebras, since the 6; are all ho-
mogeneous and primitive. They are also both self-dual, using that
(x,z) = 0 implies x = 0. Furthermore, Z is generated in degrees r¢
for r € N.

Next we prove that there is a natural isomorphism
H>=ZC.
For, H is generated by the 6; and Z is central, so the multiplication

map Z®C — H is surjective. To see that this map is injective, we
first note that if z,2’ € Z and y,y’ € C are homogeneous, then

(zy,2"y) = (2, 2")(y,y).

This follows since (—, —) is a Hopf pairing, and (Z,y) = 0 for all
homogeneous y € C with 0 # [y] in K.

Now extend {6;} \ {u;} to an orthogonal basis f; of Z. If we have

> fiyj=0 withy; €C,
i
then

0= <Z fiyis fiyi) = (fis Fi) Wi vi)
J

whence y; = 0. Thus H & Z ® C as claimed. In particular we have
the vector space decomposition

H:Z@(Zu,ﬂ).

We can now deduce Schiffmann’s characterisation

7 = m Ker(e}),

where €/ are given by'’
(e5(2), y) = (z, uy).

10 These operators are used by Kashiwara to define the crystal operators é;, f,
on the quantum group [29].
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Since the bilinear form is non-degenerate, this determines the operator
e; uniquely. Also, using that the form is a Hopf pairing, we have for
homogeneous x and y that

A(z) = €j(x)K; ® u; + other terms,
where the other terms are linear combinations of the form ux ® u,, for
u # i, and

¢i(wy) = ¢i(@)y + o P ae(y).

It follows that (), Ker(e]) is a subalgebra of H.

Clearly each 6; # u; lies in Ker(e}) since it is orthogonal to u;H.
Thus Z C ), Ker(e}). On the other hand, if z € ), Ker(e}), then we
can write x =z +y with y € >, w; andz € Z. Hencey =2 — 7 €
N; Ker(el), so (y,y) = 0, whence y = 0.

So far we have shown that H = Z ® C with Z a central Hopf
subalgebra generated in degrees rd and C' the composition subalgebra,
which is also a Hopf subalgebra. Moreover, Z = ", Ker(e}).

We now use the explicit description of the x, to show that
<€;(£L'7«),U)\> = <$T7uiu)\> =0
for all uy. Thus z, € ), Ker(e}) = Z, and in particular, they are all
central.

Analogously to Proposition 9 we compute that the minimal term in
the product x,, := [[; z, is precisely u,,, where p = (p1, ..., ). Using
this we can prove that the x, are algebraically independent, that they
generate the whole of the centre of H, and that

Az,) = Z Tgq @ Typ.
a+b=r
Finally, we calculate that
(Tp,2,) =1 —0*" forr>1.
Thus -
Z =Q)[z1,22,...] = Z
is the centre of H, and there is a monomorphism of self-dual Hopf

algebras
O, Alt] = Z,, t— v e .

This completes the proof.
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5.4. Integral Bases. Integral bases for the composition algebra C,
have been given in [541] in terms of condensed words, with a more
thorough treatment given in [10] in terms of the more general distin-
guished words.

We would also like to study the canonical basis for the Ringel-Hall
algebra H,. We again set

iy = v Plyy where [A| = Z I\,
i

which will be our basis of PBW-type.

Now, as mentioned in Section 5.1, the semisimple modules generate
the Ringel-Hall algebra so we can again define the bar involution by
specifying that it swaps v and v~! and fixes each @y whenever My
is semisimple, which is if and only if each A = ((lml), e (1’”")) for
some integers m;. In this case, however, it is non-trivial to deduce
that this does indeed define a ring isomorphism. For, the semisimples
)y are no longer algebraically independent. This was, however, shown
in [68].

It is not hard to show that the transition matrix from any basis
consisting of products of semisimples to the basis of PBW-type is
upper-triangular with ones on the diagonal. It follows that

Uy = ux+ § YAl
n<A

where p < X if and only if My <q M,, analogous to the case for
n = 1.

We can therefore define the canonical basis by as before. A detailed
study of this was done in [I1]. Also, it was shown in [57] that the
centre Z, also has a nice description in terms of the dual canonical
basis. This is the basis b} dual to the canonical basis with respect to
the bilinear form (—,—). We call a multipartition A = (Al,... \")
aperiodic provided that for each r some m,(\?) = 0; that is, some \
contains no part of size r. At the other extreme, we call A completely
periodic provided that \! = ... = \".

Theorem 18 (Schiffmann).
Zn = @Q(U)bz}\,...,)\)’
A
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where the sum is taken over all partitions, so the (\,...,\) are com-
pletely periodic multipartitions.

In his survey article [59], Schiffmann poses a question about the
canonical basis and dual canonical basis elements corresponding to
completely periodic functions. If we recall the vector space decompo-

sition
Hy=Z,® () uH)

and let 7w: H, — Z, be the orthogonal projection onto the centre,
then we know that for each partition A, both bz‘)\ N and 7(bex,... 1))

lie in Z,,.
We formulate the following conjecture, making Schiffmann’s ques-
tion more precise.

Conjecture 19. For each n > 1 we have
bin..n) = 2u(Sa(t)) and m(b ) = Pnlsn).

In particular,
*

Ly = b(r,...,r)'

We know that S,y (t) = c,(t), so that ®,(S(,(t)) = x,. This has
minimal term corresponding to the completely periodic multipartition
(ry...,r), and

Ar,...r) = qrn<1 - q—l>n and h(r,...,r)(r,...,r) = ‘(7’, s 7T)‘ =Tn,
so that

Ty = (1 - q—l)n
where the higher terms correspond to multipartitions A > (r,...,r).
On the other hand, we know that

bir,...r) = U(p,...,r) + lower terms,

U(r,...r) + higher terms,

where the lower terms correspond to multipartitions A < (r,...,r).
It follows that
(Tr,bA) = Ox(r,...ry Whenever X < (r,...,7).

This offers some (minimal) support for the conjecture. One can ho-
wever compute the first few canonical basis elements for n = 2 and
see that the conjecture does hold there. For example

bi2,0) = U_1U(2,0)+U_1u(1,1), bio,2) = v_lu(2,0)+v_lu(1,1), be1,1) = u(1,1)-
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Therefore, since

z=—q '(1- q_l)(u(m) + u(oz)) + (1 — q_l)Qu(ll)a

we see that

b?l,l) =T = (1’2(5(1)(?5))‘

We finish by mentioning that the crystal graph of the canonical ba-
sis for H,, was determined in [30]. This describes how the operators é;
(or equivalently e}) act on the canonical basis. The authors prove that
the crystal graph decomposes into infinitely many components, label-
led by the periodic multipartitions. Moreover, the aperiodic parti-
tions form one connected component, isomorphic to the crystal graph
of type A,_1, as was shown in [35].
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