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Abstract. We first introduce the notion of an Auslander-Reiten
sequence in a Krull-Schmidt category. This unifies the notion of
an almost split sequence in an abelian category and that of an
Auslander-Reiten triangle in a triangulated category. We then
define the Auslander-Reiten quiver of a Krull-Schmidt category
and describe the shapes of its semi-stable components. The main
result generalizes those for an artin algebra and specializes to an
arbitrary triangulated categories, in particular to the derived cat-
egory of bounded complexes of finitely generated modules over
an artin algebra of finite global dimension.

INTRODUCTION

Since its introduction in the early seventies; see [3, 4], the Auslander-
Reiten theory, that is the theory of irreducible morphisms and almost
split sequences, has been playing a fundamental role in the modern
representation theory of artin algebras. It has also an important im-
pact to many other areas of mathematics such as algebraic geometry
and algebraic topology; see, for example, [1, 14, 15]. Indeed, it ap-
pears naturally in abelian categories such as the module category of
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an artin algebra; see [4], additive categories with an exact structure
such as the representation category of a bocs; see [7], and triangu-
lated categories such as the derived category of bounded complexes
in an abelian category; see [10, 14] and cluster categories; see [9]. In
order to unify the various existent versions, we shall introduce and
study this theory in a general Krull-Schmidt category. The results
generalize those, with some new ones, for a module category and are
applicable to general abelian categories and triangulated categories.
We now outline the content of the paper section by section.

While irreducible morphisms have been thoroughly studied in [6],
we introduce in Section 1 the notion of an Auslander-Reiten sequence
in a Krull-Schmidt category. Compared with those in categories with
an exact structure and those in triangulated categories, the Auslander-
Reiten sequences in a Krull-Schmidt category behave nicely under tak-
ing subcategories and quotients by an admissible ideal; see (1.6). This
has an interesting application on extensions between indecomposable
modules over an artin algebra; see (2.11). In subsequent papers, we
shall provide more applications in problems involving the stable mod-
ule category of an artin algebra.

In Section 2, we define as usual the Auslander-Reiten quiver of a
Krull-Schmidt category. One of the important features of the Auslan-
der-Reiten quiver of an artin algebra is that it does not contain any
sectional oriented cycle; see [8]. We shall prove that the same holds
true for a left or right Auslander-Reiten category; for definition, see
(2.6).

In Section 3, we recall the notion of degrees of an irreducible mor-
phism, which is originally introduced in a module category; see [18].
This is a powerful tool in handling oriented cycles in an Auslander-
Reiten quiver, the hardest task in describing the shapes of Auslander-
Reiten components.

Section 4 is purely combinatorial which deals with semi-stable val-
ued translation quivers. If such a valued translation quiver contains
no oriented cycle, then it embeds in ZA with A some valued quiver
without oriented cycles. On the other hand, the typical examples of
semi-stable valued translations quivers containing oriented cycles are
ray tubes and co-ray tubes. A characterization of these semi-stable
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tubes was implicitly used in [19] and was explicitly stated in [20, Sec-
tion 2] but with no proof. Later, a rigorous proof first appeared in
a master thesis [16] written under the author’s supervision. Since it
has never been published, we include an improved version here.

Section 5 contains the main results of the paper. For many special
kinds of categories, a complete description of the Auslander-Reiten
components has been obtained; see, for example, [10, 14, 17, 23, 25].
For the module category of an artin algebra, a general description
of these components can be found in [11, 19, 28]. Using the theory
of degrees of irreducible morphisms as we did in [18, 19], we shall
show that most of these results hold true for Krull-Schmidt categories,
except that loops may show up in general. Fortunately, if the category
is a connected left or right Auslander-Reiten category, then we can
determine completely the Auslander-Reiten quiver in case it contains
a loop.

In Section 6, we specialize our results to a triangulated category
which is triangle-connected but not triangle-simple. If such a trian-
gulated category admits a left or right Serre functor; see [22], then
each of its Auslander-Reiten components is either a stable or semi-
stable tube, or of shape ZA/G with A a Dynkin quiver and G a
group of automorphisms containing a positive power of the transla-
tion, or embeds in ZA with A a locally finite valued quiver containing
no oriented cycle, where the semi-stable tubes will not appear if the
functor is a Serre functor. Applying this to the bounded derived cate-
gory of an artin algebra of finite global dimension, we show that every
Auslander-Reiten component is a stable tube or of shape ZA where
A is a locally finite valued quiver with no oriented cycle.

1. AUSLANDER-REITEN SEQUENCES

All categories considered in this paper are skeletally small. Mor-
phisms in a category are composed from the left to the right. Let R
denote a fixed commutative artinian ring. An R-category is a cate-
gory in which the morphism sets are R-modules and the composition
of morphisms is R-bilinear. Such an R-category is Hom-finite if the
morphism sets are finitely generated as R-modules. Further, one says
that an idempotent e : X — X in an R-category splits if there exist
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morphisms f: X - Y and g : Y — X such that e = fg and gf = 1y.
In a Hom-finite R-category, it is well known that idempotents split if

and only if indecomposable objects have a local endomorphism alge-
bra.

Throughout, A stands for a Krull-Schmidt R-category, that is a
Hom-finite additive R-category in which idempotents split. The Ja-
cobson radical rad(A) of A is the ideal generated by the non-isomor-
phisms between indecomposable objects. For n > 1, rad"(.A) denotes
the ideal generated by the morphisms which are composite of n mor-
phisms lying in the radical. Finally, rad®(A) = N,,>1rad"(.A) is called
the infinite radical of A.

Let f : X — Y be a morphism in A. Recall from [4, 5] that f
is drreducible if f is neither a section nor a retraction while every
factorization f = gh implies that ¢ is a section or A is a retraction.
One calls f a source morphism, originally called minimal left almost
split morphism [4, 5], if f is not a section such that every non-section
morphism X — M factors through f and every factorization f = fh
implies that A an automorphism of Y. In this case, X is indecompos-
able, and if f is non-zero, then g : X — M is irreducible if and only
if g= fhwith h: Y — M a retraction. One defines a sink morphism,
originally called minimal right almost split morphism [4, 5], in a dual
manner. If f is a sink morphism, then Y is indecomposable, and if f
is non-zero, then g : N — Y is irreducible if and only if g = hf with
h: N — X a section.

We begin with two easy results concerning sink morphisms, which
are known in a module category; see, for example, [5]. Note that the
dual results for source morphisms also hold true.

1.1. LEMMA. If g: Y — Z is a sink morphism in A, then g =0 if
and only if Y = 0.

Proof. If g : Y — Z is a zero sink morphism, then g = Oy g. Thus
Oy is an automorphism of Y, that is Y = 0. The proof of the lemma
is completed.
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1.2. LEMMA. Given a commutative square

Y*f>Z

y 2~z

in A, where f,g are non-zero sink morphisms. Then w is an auto-
morphism of Y if and only if v is an automorphism of Z.

Proof. Assume that u is an automorphism of Y, while v is not an
automorphism of Z. Since Z is indecomposable, End 4(Z) is local.
Thus v" = 0 for some r > 0. This yields ©"g = fv" = 0, and hence
g = 0, a contradiction. Suppose now that v is an automorphism
of Z. Then gv~! is not a retraction. Hence gv™' = wf for some
w € End(Y"). This gives rise to f = f(uw) and g = g(wu). Hence, uw
and wu are automorphisms of Y. Therefore, u is an automorphism of
Y. The proof of the lemma is completed.

Recall that a short exact sequence 0 — X — Y — Z — 0
in an abelian category is an almost split sequence if u is a source
morphism and v is a sink morphism; see [3, 5]. We shall generalize

this notion to a Krull-Schmidt category. Let X L Y -4 Z be
a sequence of morphisms in A. One says that f is a pseudo-kernel

of g if Homy (M, X) ELN HomA(M y) 2 HomA(M Z) is an exact
sequence for every object M in A, and that g is a pseudo-cokernel of f

if Homy4(Z, N) AN Homy (Y, N) EAN HomA(X N) is exact for every

N in A. Now we call the sequence X H Y -L5 Z short exact if fis
the kernel of g while g is the cokernel of f, and short pseudo-exact if
f is a pseudo-kernel of g while ¢ is a pseudo-cokernel of f.

1.3. DEFINITION. A short pseudo-exact sequence X i) y %4 7
in A with Y # 0is called an Auslander-Reiten sequence if f is a source
morphism and g is a sink morphism.

It follows from Lemma 1.1 that an Auslander-Reiten sequence con-
tains no zero morphism. This property ensures that the following
classical result for almost split sequences in an abelian category holds
true in a general Krull-Schmidt category; compare [5].
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1.4. THEOREM. Let A be a Krull-Schmidt R-category with X 7,
Y %5 Z an Auslander-Reiten sequence.

(1) Up to isomorphism, the sequence is the unique Auslander-Reiten
sequence starting with X and the unique one ending with Z.

(2) Each irreducible morphism f1: X — Y1 or g1 : Y1 — Z fits into
an Auslander-Reiten sequence

91
X(fl’fQ)YlLIYzQ,Z

Proof. Let X Lyt 9 77 be another Auslander-Reiten sequence
in A. By the uniqueness of source morphisms, there exist isomor-
phisms u: Y — Y’ and v’ : Y/ — Y such that f/ = fu and f = f'u’.
Now f(ug') = f'¢’ =0 and f'(u'g) = fg = 0. Since the sequences are
short pseudo-exact, we get a commutative diagram as follows:

X4>Y4>Z

f,lg

X—Y —7

A

XHYHZ

Since uu' is an automorphism of Y, by Lemma 1.2, vv’ is an auto-
morphism of Z. Similarly, v'v is an automorphism of Z’, and hence v
is an isomorphism. This proves the uniqueness for X, and dually we
have the uniqueness for Z.

Now let f1 : X — Yj be an irreducible morphism in A. Since
f: X — Y is asource morphism, f fits in a source morphism (fi, f2) :
X — Y1 I1Y,. Hence there exists an isomorphism « : Y — Y1 1Y,
such that (f1, f2) = fu. Setting (g;) = u~lg, we get the following

commutative diagram :

x—t .y ¢ .,

u
I
X(fl:fZ) Y1HY g2

2 ——>J.
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Since u is an isomorphism, the lower row is an Auslander-Reiten se-
quence. Dually, each irreducible morphism ¢g; : Y7 — Z fits in a
desired Auslander-Reiten sequence. The proof of the theorem is com-
pleted.

1.5. PROPOSITION. If A is abelian, then a sequence X L> y L

Z in A is an Auslander-Reiten sequence if and only if 0 — X i>
Y 45 Z — 0 is an almost split sequence.

Proof. Let A be abelian with an Auslander-Reiten sequence X N
Y %5 Z Let h : Y — M be the cokernel of f. Then h = gu and
g = hv for some morphisms v : Z — M and v : Z — M. Since
h = hvu, we get vu = 13 and uv is an idempotent in End4(Z). If
uv = 0, then g = guv = 0, which is absurd. Since End4(Z) is local,
vu = 1z. This shows that g is also a cokernel of f. Dually, f is a
kernel of g. The proof of the proposition is completed.

Next, we shall investigate how Auslander-Reiten sequences behave
under taking quotients of A. Let Z be an ideal of A. One defines
the quotient A/I of A modulo T as follows. The objects of A/I

are those of A, and the morphisms are given by Hom 4,;(X,Y) =

Homy(X,Y)/Z(X,Y). It is evident that A/I is an additive Hom-
finite R-category. If X is an indecomposable object in A, then either
lx € Z(X,X) or Z(X, X) C rad(X, X). Hence X, as an object in
A/I, is either null or indecomposable with a local endomorphism al-
gebra. Hence A/I is also a Krull-Schmidt R-category.

1.6. DEFINITION. An ideal Z of A is called admissible provided
that it satisfies the following conditions.

(1) If X,Y are indecomposable objects in A with 1x ¢ Z(X,X)
and 1y ¢ Z(Y,Y), then Z(X,Y) C rad®(X,Y).

(2) If f: X = Y is a source morphism in A with 1x € Z(X, X),
then every g € Z(X, M) can be written as g = fh with h € Z(Y, M).

(3) If f: X =Y is a sink morphism in A with 1y ¢ Z(Y,Y), then
every g € Z(M,Y) can be written as g = hf with h € Z(M, X).

1.7. LEMMA. Let T be an admissible ideal A. For f € Hom4(X,Y),
write f = f+Z(X,Y) € Homy4,(X,Y).
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(1) If f + X = Y is an idrreducible morphism in A with XY
indecomposable, then f: X — Y is irreducible in A/I whenever X,Y
are non-zero in A/I.

(2) If f : X — Y is a source (epi)morphism in A, then f: X —Y
is a source (epi)morphism in A/I whenever X is non-zero in A/I.

(3) If f : X =Y s a sink (mono)morphism in A, then f: X =Y
is a sink (mono)morphism in A/I whenever Y is non-zero in A/I.

Proof. Firstly, let X, Y be indecomposable objects in A with 1x ¢
Z(X,X) and 1y € Z(Y,Y). By definition, Z(X,Y) C rad*(X,Y).
This gives rise to

rad 4;7(X,Y) = rad(X,Y)/Z(X,Y),

and
rad% (X, Y) = rad®(X,Y)/Z(X,Y).

Hence, if f € rad(X,Y)\rad?(X,Y), then
f e rad (X, Y)\rad% (X, Y).

Next, let f : X — Y be a source morphism in A with 1x & Z(X, X).
We claim that f is a not section. If this not the case, then there exists
a morphism f': Y — X in A such that 1x — ff’ € Z(X, X). However,
1x — ff' is invertible since f € rad(X,Y). Hence 1x € Z(X, X), a
contradiction. Let A : X — M be a morphism in A such that A is
not a section. Then h is not a section, and hence factors through f.
As a consequence, h factors through f. Moreover, let v : Y — Y
be a morphism in A such that f = fu. Then f — fu € Z(X,Y).
By definition, f — fu = fv with v € Z(Y,Y). This yields f = fw
with w = v 4+ v. Then w is an automorphism of Y in A, and hence
@ = w is an automorphism of Y in .A/I. This shows that f is a source
morphism. Assume now that f is an epimorphism. If ¢ : ¥ — N
is a morphism in A such that fqg € Z(X,N), then fq = fq with
¢ € Z(Y,N). Since f is an epimorphism, we have ¢ = ¢’. Thus f is
an epimorphism. This proves Statement (2). In a dual manner, one
can prove Statement (3). The proof of the lemma is completed.

1.8. PROPOSITION. Let T be an admissible ideal of A. If X 7,
Y

Y %5 Z is an Auslander-Reiten sequence in A, then X L SN
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Z is a pseudo-exact sequence in A/I, which is an Auslander-Reiten
sequence whenever X, Y, and Z are non-zero in A/I.

Proof. Let X Ty 9 Zbean Auslander-Reiten sequence in A.
If h:Y — M is a morphism in A such that fh = 0 then, since Z is
admissible, there exists some h; € Z(Y, M) such that fh = fhy, that
is f(h — h1) = 0. Thus h — hy = gho for some hy : Z — M. As a
consequence, h = gho. This shows that g is a pseudo-cokernel of f.
Dually, f is a pseudo-kernel of g. If XY, Z are all non-zero in A/I, it

follows from Lemma 1.7 that X —Ls ¥ L5 Z is an Auslander-Reiten
sequence in A/I. The proof of the proposition is completed.

We conclude this section with two examples of admissible ideals
which are important in our future application.

1.9. LEMMA. Let A be a Krull-Schmidt R-category.
(1) The infinite radical of A is an admissible ideal.

(2) If B is a subcategory of A closed under summands, then the
ideal of the morphisms factoring through objects in B is admissible.

Proof. (1) The condition stated in Definition 1.6(1) is clearly satis-
fied. Let f: X — Y be a source morphism in A, and let g : X — M
be a morphism lying in the infinite radical. Note that rad* (Y, M) =
rad”(Y, M) for some r > 0. Write g = >_7_; giogi1 - - - §ir, Where the
gi; lie in the radical. Then g0 = fh;, i = 1,...,s. Hence g = fh,
where h = > 7 | higi1 -+ gir € rad”" (Y, M) = rad>(Y, M). This ver-
ifies Definition 1.6(2), and one can verify Definition 1.6(3) in a dual
manner.

(2) Let B be a subcategory of A closed under summands, and let
7 be the ideal of the morphisms factoring through objects in B. Let
X,Y be indecomposable objects in A not isomorphic to any objects
in B. If f € Z(X,Y), then f = wv, where v : X - Landv: L —Y
are morphisms with L € B. Since B is closed under summands, u is
not a section and v is not a retraction. Hence f € rad?(X,Y). This
verifies Definition 1.6(1). Let now g : X — Y be a source morphism
in A with X not isomorphic to any object in B. If h € Z(X, M), then
h = hiho, where hy : X — N and hy : N — M are morphisms with
N € B. Note that hj is not a section. Hence h; = fhs for some
hs : Y — N. This yields h = f(hshz), where hshy factors through N.
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Thus Definition 1.6(2) is verified. Dually, one can verify Definition
1.6(3). The proof of the lemma is completed.

2. THE AUSLANDER-REITEN QUIVER

The objective of this section is to define the Auslander-Reiten
quiver of a Krull-Schmidt category. We begin with a brief recall of
some combinatorial background. Firstly, a quiver I' consists of a set
I'g of vertices and a set 'y of arrows between vertices. If z — y is an
arrow in I', we say that x is an immediate predecessor of y while y is
an immediate successor of x. For a vertex x in I', the set of immediate
predecessors of x I' and that of immediate successors are denoted by
1 and x7, respectively. We say that I' is left (respectively, right)
locally finite if z~ (respectively, 1) is finite for all z € I'g, and locally
finite if it is left and right locally finite. A subquiver X of a quiver
I' is called full if all arrows x — y in I' with z,y € Xy lie in X', and
convex if every path in I' with its end-points lying in X' lies entirely
in X,

Next, a valued quiver consists of a pair (I',v), where I' is a quiver
without multiple arrows and v is a valuation for the arrows, that is,
each arrow z — y is endowed with a pair of positive integers (v, vy, ).
We say that an arrow x — y has trivial valuation if vy, = v;y =1, and
I' has trivial valuation if all arrows have trivial valuation. A valued
quiver (X, u) is a valued subquiver of (I",v) if X is a subquiver of I
in which the arrows have the same valuation as in I'.

Moreover, a valued translation quiver consists of a triple (I, p,v),
where (I',v) is a valued quiver, and p is a bijection, called the trans-
lation, from one subset of Iy to another one such that if = is a vertex
with pz defined, then 2 = (px)~ # 0 and (vpay, V) ,y) = (Vs Vye)
for every y € 7. We should point out that valued translation quiv-
ers considered in this paper are not necessarily locally finite and may
contain loops; compare [11, Section 2]. A vertex x in (I, p,v) is called
projective or injective if px or p~x is not defined, respectively. Finally,
a valued translation quiver (X, o, u) is a valued translation subquiver
of (I',p,v) if (¥, u) is a valued subquiver of (I',v) such that each
non-projective vertex x in X' is not projective in I' and ox = pz.
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We now turn our attention back to a Krull-Schmidt R-category A.
If X, Y are indecomposable objects in A, then irr(X,Y) =rad(X,Y)/
rad®(X,Y) is a kx-ky-bimodule, where kz = End(Z)/rad(Z, Z). The
dimension of irr(X,Y") over kx and that over ky are written as d'y,
and dxy, respectively. It follows from Bautista’s result in [6, (3.4)]
that if irr(X,Y’) # 0, then d'yy is the maximal integer such that A

admits an irreducible morphism from X dxy to Y, while dxy is the
maximal integer such that .4 admits an irreducible morphism from X
to Y9xv where Z™ denotes the co-product of n copies of Z. As a con-
sequence, if M — Y is a sink morphism, then d'y is the multiplicity
of X as a summand of M, and if X — N is a source morphism, then
dxvy is the multiplicity of Y as a summand of N.

We are ready to define the Auslander-Reiten quiver I’y of A as
follows. The vertex set is a complete set of representatives of the
isomorphism classes of indecomposable objects in A. For vertices
X,Y, there exists an unique arrow X — Y with valuation (dxy, dxy)
if and only if irr(X,Y’) # 0. The translation 7, called the Auslander-
Reiten translation, is such that X = 77 if and only if A has an
Auslander-Reiten sequence X — Y — Z.

2.1. PROPOSITION. If A is a Krull-Schmidt R-category, then the
Auslander - Reiten quiver I’ of A is a valued translation quiver.

Proof. Let A be a Krull-Schmidt R-category, and let Y be an object
in I’y with 7Y defined. Then A has an Auslander-Reiten sequence

TY L M %5 Y. Since M is non-zero, Y has at least one immediate
predecessor in I4. Now let X — Y be an arrow in I4. Then X
is a summand of M. Since f is a source morphism, A admits an
irreducible morphism from 7Y to X, that is I4 contains an arrow
7Y — X. This shows that 7 is a translation for 4. Moreover, both
dvy and d;y x are equal to the multiplicity of X as a summand of
M. It remains to show that d/TY? y = dxy. Indeed, by definition, each

h € End 4(Y) induces a commutative diagram

vty
Pl
vty
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in A, and every h' € End(7Y) can be induced in this way. Applying
Lemma 1.2 and its dual, we see that A is an automorphism of Y if
and only if &’ is an automorphism of 7Y. This shows that ky =
kry as R-algebras. In particular, [r(ky) = lg(ksy), where [x(U)
denotes the R-length of a finitely generated R-module U. Therefore,
Ir(irr(7Y, X)) = Ir(kry)dy x = lr(ky)d,y x. On the other hand,
one has

I(irr(1Y, X)) = lr(kx)dry.x = lp(kx)dyy =

= [p(irr(X,Y)) = lr(ky)dx,y.
This yields d’TY’ y = dxy. The proof of the proposition is completed.

2.2. DEFINITION. An object X in A is called pseudo-projective
if there exists a sink monomorphism M — X, and dually, pseudo-
injective if there exists a source epimorphism X — N.

2.3. LEMMA. If X is a pseudo-projective object in A, then there
exists no Auslander-Reiten sequence ending with X. Dually, if X
is pseudo-injective, then there exists no Auslander-Reiten sequence
starting with X .

Proof. Assume that A admits an Auslander-Reiten sequence Z N

Y L5 X as well as a sink monomorphism h : M — X. Then g = uh,
where u is an isomorphism. In particular, g is a monomorphism.
Hence f =0, a contradiction. The proof of the lemma is completed.

2.4. PROPOSITION. If A is abelian, then an object X in A is
pseudo-projective if and only if X s indecomposable projective with a
unique maximal subobject, and X is pseudo-injective if and only if X
is indecomposable injective with a unique mazximal quotient object.

Proof. Let A be abelian with X an indecomposable object. It
suffices to prove the first part of the lemma, for which the sufficiency
is well-known; see, for example, [22]. Suppose that A has a sink
monomorphism f : M — X. If g : N — X is a monomorphism
which is not an isomorphism, then ¢ is not an epimorphism. Hence
g = uf for some morphism u : N — M. This shows that M is
the unique maximal subobject of X. If there exists an epimorphism
h : L — X which is not a retraction, then h = vf for some v : L — M.
In particular, f is an epimorphism, and hence an isomorphism. This
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contradiction shows that X is projective. The proof of the proposition
is completed.

The following easy result will play an important role in our investi-
gation. It was first formulated in a module category [18, (1.2)], and its
validity in A can be established by an easy adaption of the argument
given in [20, (1.4)].

2.5. LEMMA. Let f :' Y — Z be an irreducible morphism in
A with Z indecomposable. If there exists 0 : M — Y with 0 €
rad™ (M, Y )\rad" ™ (M, Y) for somen > 0 such that 0 f € rad" (M, Z),
then

(1) Z is not pseudo-projective, and
(2) if A admits an Auslander-Reiten sequence
I (;)
x Py ny =27,
then there exists n : M — X such that n & rad"(M,X), 6 +nf' €
rad" ™ (M,Y), and ng’ € rad" (M, Y").

2.6. DEFINITION. A Krull-Schmidt R-category A is called a left
Auslander -Reiten category if each indecomposable object in A is ei-
ther pseudo-projective or the end-term of an Auslander-Reiten se-
quence; a right Auslander -Reiten category if each indecomposable ob-
ject in A is either pseudo-injective or the starting term of an Auslander-
Reiten sequence; and an Auslander-Reiten category if it is a left and
right Auslander-Reiten category.

REMARK. It is easy to see that if A is a left or right Auslander-
Reiten category, then I is left or right locally finite, respectively.

ExAaMPLE. (1) If A is an artin algebra then modA, the category of
finitely generated right A-modules, is an Auslander-Reiten category;

see [3, 5].

(2) If k is an algebraically closed field, then the category of coherent
sheaves over P"(k) with n > 1 can be exhausted an ascending chain
of left Auslander-Reiten subcategories; see [21].
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(3) The finite dimensional representations of the infinite quiver
== =221

over a field form a right Auslander-Reiten category; see [22].

Let p: 29 > 21 — -+ = z, with n > 0 be a path in a valued
translation quiver (I, p,v). A hook in p is an index i with 0 < i <n
such that z;_1 = pzr;y1. We say that p is sectional if p admits no
hook; and pre-sectional if, for each hook i in p, one has vy, z,., > 1,
or equivalently v;i_ a; > 1. Clearly, a sectional path is pre-sectional.
Furthermore, an oriented cycle xg — 1 — --+ — x, = x¢ is called
sectional or pre-sectional if the augmented path

ro —> 1 —> " —> Tp—1 —+ Ty — 1

is sectional or pre-sectional, respectively. Specializing to the Auslander-
Reiten quiver I4, note that a path Xg — X; — -+ — X, is pre-
sectional if and only if, for each hook i, there exists an irreducible
morphism X; 111X, 1 — X, or equivalently an irreducible morphism
Xi — Xz'+1 I XZ'+1, in A.

2.7. LEMMA. Let A be a left or right Auslander-Reiten category,
and let Xg — X1 — -+ = X,, withn > 0 be a path in I4.

(1) If the path is sectional and f; : X;—1 — X; is irreducible, i =
1,...,n, then f1--- f, & rad™(Xo, X,,).

(2) If the path is pre-sectional, then A admits some irreducible mor-
phisms f; + X;o1 — X, @ = 1,...,n, such that f1---f, &
rad" ™ (Xo, X,,).

Proof. We consider only the case where A is a left Auslander-Reiten
category. For ¢ =2,...,n, set Y; = 7X; if X; is not pseudo-projective
and Y; = 0 otherwise, and put Y,+1 = 0. In both cases, A has
irreducible morphisms from X; 1 I1Y;1q to X;,1=1,...,n.

Assume first that the path is sectional. Let f; : X;_1 — X;, i =
1,...,n, be irreducible morphisms. Applying Lemma 2.5, one can
show by induction that if (g Z) : X;—1 Y;11 — X; is irreducible, then
fifi—migi & rad”l(Xo,Xi), for every n; : Xg — Y;11; for details,
see [12, (13.3)]. Setting n, = 0, we get fi--- f, & rad" (X, X,,).
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Assume next that the path is pre-sectional. Applying Lemma 2.5,
one can find by induction irreducible morphisms (gz) X1 Y41 —

X;,i=1,...,n, such that fi--- fi — mig; & rad"™}(Xy, X;) for every
ni © Xo — Yiq1; for details, see [18, (1.15)]. The proof of the lemma
is completed.

The following theorem generalizes a well known result of Bautista
and Smalg saying that the Auslander-Reiten quiver of an artin algebra
has no sectional oriented cycle; see [8].

2.8. THEOREM. If A is a left or right Auslander-Reiten category,
then I’4 contains no pre-sectional oriented cycle.

Proof. We consider only the case where A is a left Auslander-
Reiten category. Let Xg — -+ — X,,—1 = X,, = X be an oriented
cycle in I4. Suppose that Xg — -+ —» X,,-1 = Xg — X; is a
pre-sectional path. Let r be the nilpotency of the radical of End(X}).
Repeating the preceding path, we get a pre-sectional path Yy — -+ —
Yoo1 =Y, = = Y1 — Yoy in Iy, where Y}n-{-i = X;, 0<
j <rand 0 < i < n. By Lemma 2.7(2), there exist irreducible
morphisms f; : Y;_1 — Y; such that fi--- f., # 0. On the other
hand, fi--- frn € rad" (X1, X1) = 0, a contradiction. The proof of the
theorem is completed.

Next, we shall study the quotient categories of a left or right Auslan-
der-Reiten category modulo an admissible ideal.

2.9. PROPOSITION. Let T be an admissible ideal of A. If A is
a (left, right) Auslander-Reiten category, then A/T is a (left, right)
Auslander-Reiten category, and I'y/r is the full translation subquiver
of I'x generated by the objects X with 1x & T.

Proof. We consider only the case where A is a right Auslander-
Reiten category. First of all, the objects X in I4 with 1x ¢ Z form
a complete set of representatives of the isomorphism classes of inde-
composable objects in A/I. Fix an object X in Iq with 1y & .
If X is pseudo-injective in A then, by Lemma 1.7(2), X is pseudo-
injective in A/I. Otherwise, A has an Auslander-Reiten sequence

X i> y 4 Z. By Proposition 1.8, X i> Y 25 7 is short pseudo-
exact in A/I, where f is a source morphism by Lemma 1.7(2). If
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ly € T or 1z € Z, then it is easy to see that f is an epimorphism,
that is X is pseudo-injective in A/I. If 1y ¢ Z and 1z ¢ 7 then, by

Proposition 1.9, X i) Y %5 Z is an Auslander-Reiten sequence in
A/I. Thus, A/I is a right Auslander-Reiten category.

Next, if Y is another object in Iy with 1y ¢ 7 then, as we have
seen before, rad 4/7(X,Y) = rad(X,Y)/Z(X,Y) and radi\/l(X, Y)=
rad?(X,Y)/Z(X,Y). As a consequence, we have irr 4,7 (X,Y)
irr(X,Y) as R-modules. Moreover, kx = End 4,7(X)/rad 4,;(X, X)
kx, and ky = Endy,;(Y)/rada,(Y,Y) = ky as R-algebras. This
concludes that I' 4/; contains an arrow X — Y if and only if so does
I4, and in this case, X — Y has the same valuation in I' 4y and in 4.
Finally, let A/I have an Auslander-Reiten sequence M — N — X. We
may assume that M, N € I’y with 1)y ¢ Z and 15 ¢ Z. As seen pre-
viously, A has an Auslander-Reiten sequence M — U — V, where
UV € Iy with 1y € Z and 1y ¢ Z, which induces an Auslander-
Reiten sequence M — U — V in A/I. By Theorem 1.4(1), X = V.
Hence the Auslander-Reiten translate of X in A and that in A/I
coincide. The proof of the proposition is completed.

112

EXAMPLE. (1) If A is an artin R-algebra then, by Lemma 1.9(2)
and Proposition 2.9, the projectively stable category modA of modA,
as well as the injectively stable category modA, is an Auslander-Reiten
R-category.

(2) Let S be a complete regular local commutative k-algebra with
residue field k, and let A be an S-algebra which is free of finite rank
as an S-module. If A is an isolated sigularity or nonsingular, then
the projectively stable category of finitely generated A-modules which
are free as S-modules is an Auslander-Reiten k-category; see [2], [13,
(3.4.5)].

2.10. THEOREM. Let A be a left or right Auslander-Reiten cate-
gory, and let Xg — X1 — --- = X, be a sectional path in I'y. If there
exist irreducible morphisms f; : X;—1 — X; such that fi--- fn factors
through some object Y, then one of the X; is a summand of Y.

Proof. We consider only the case where A is a left Auslander-Reiten
category. Let Y be an object in A, and let Z be the ideal of the
morphisms factoring through summands of Y. By Lemma 1.9(2), Z is
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admissible, and for an object X in I4, we see that 1x € Z if and only
if X is isomorphic to a summand of Y. By Proposition 2.9, A/Z is a
left Auslander-Reiten category. Assume that 1x, € Z,¢=0,1,...,n
By Proposition 2.9, Xg - X; — --- — X, is a sectional path in
Iy I fi: Xio1 — X; are irreducible in A then, by Lemma 1.7(1),
fi : Xi—1 — X, is irreducible in A/Z, i =1,...,n. By Lemma 2.7(1),
fi - fn #0. That is, f1--- f, does not factor through any summand
of Y. The proof of the Theorem is completed.

As an application, we have the following interesting result concern-
ing the extensions between indecomposable modules over an artin
algebra.

2.11. PROPOSITION. Let A be an artin algebra. Assume that the
Auslander-Reiten quiver of A has a sectional path Xg — X1 — --- —

(1) If the X; are all non-projective, then ExtYy(X,,7X;) # 0 for
0<i<n.

(2) If the X; are all non-injective, then ExtY(Xo,7~X;) # 0 for
0<?1<n.

Proof. 1t suffices to prove the first statement. If none of the X;
is projective, then 7Xg — 7X; — --- — 17X, is a sectional path
in the Auslander-Reiten quiver of A. Let f; : 7X;_1 — 7X; be
irreducible maps in mod A4, j = 1,...,n. By Theorem 2.10, f;--- fn
does not factor through any injective module in mod A. Therefore,
Extl(X,,7X;) = DHomu(7X;,7X,) # 0, for i = 0,1,...,n. The
proof of the proposition is completed.

3. DEGREES OF IRREDUCIBLE MORPHISMS

Let A be a Krull-Schmidt category. We shall introduce the notion
of degrees of irreducible morphisms in A and collect some of their
properties. This was originally introduced and studied in a module
category; see [18]. In most cases, we shall refer the details of a proof

o [18, 20].

3.1. DEFINITION. Let f : X — Y be an irreducible morphism
in A with X or Y indecomposable. We define the left degree d;(f)
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of f to be the minimal integer n > 1, if such an integer exists, for
which there exists a morphism 6 € rad™(M, X)\rad"*! (M, X) such
that 6f € rad"*2(M,Y); and to be infinity if such an integer does not
exist. In a dual manner, we define the right degree d,.(f) of f.

The following result follows immediately from the definition.

3.2. LEMMA. Let f : X — Y be an irreducible morphism in A

with X or Y indecomposable. If p : Y — Y7 is a retraction, then
di(fp) < di(f) and if ¢ : X1 — X is a section, then d,(qf) < d.(f).

We now state the following key observation.

3.3, LEMMA. Let Xo 2% X3 — - — X1 2% X, be a
chain of irreducible morphisms between indecomposable objects in A.
If Xo =2 X,, then at least one of the f; has finite left degree and at
least one has finite right degree.

Proof. Assume that Xg = X,,. Then f;--- f, € rad(Xy, Xo), and
hence (f1--- fn)" = 0 for some r > 0. Setting X;,+; = X; and fjn4s =
fi,fori=1,...,n; 5 =1,...,7 — 1. Suppose that d;(f;) = o0, i =
1,...,n. Then d;(f;) = o0, i =1,2,...,rn. Since f; & rad?(Xo, X1),
it follows by induction that fi --- f; & rad™(Xo, X;), i =1,2,...,7n.
In particular, fifo--- frn # 0. This contradiction shows that one of
the f; is of finite left degree. Dually, one of the f; is of finite right
degree. The proof of the lemma is completed.

As an immediate consequence of Lemma 2.5, we have the following
result.

3.4. LEMMA. Let f:Y — Z be an irreducible morphism in A with
Z indecomposable. If f is of finite left degree, then
(1) Z is not pseudo-projective, and ;

(2) if A admits an Auslander-Reiten sequence X M Y1IY' i 7

with Y' # 0, then di(g") < di(f).

In the sequel, we shall collect some properties of the left degree of
irreducible morphisms in a left Auslander-Reiten category. The dual
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results hold for the right degree of irreducible morphisms in a right
Auslander-Reiten category.

3.5. LEMMA. Let A be a left Auslander-Reiten category, and let
f X — Y with Y indecomposable be an irreducible morphism of

finite left degree in A. If

Y= =2 Y1 =2>Y=Y
is a pre-sectional path in I’4 such that A admits an irreducible mor-
phism from X I1'Y; to Y, then the Y; are not pseudo-projective and

there exist irreducible morphisms f; : 7Y;—1 — Y; such that di(f,) <
< di(f1) < di(f), and consequently, n < di(f).

Proof. The result follows from a recursive application of Theorem
1.4(2), Lemmas 3.2 and 3.4. The proof of the lemma is completed.

3.6. LEMMA. Let A be a left Auslander-Reiten category. If X —'Y
is an arrow in I 4, then the irreducible morphisms from X to'Y have
the same left degree which is infinite in case dxy > 1 and d'y, > 1.

Proof. Let f,g: X — Y be irreducible morphisms in A. If dxy > 1
and d'yy > 1, using Lemma 3.5, one deduces that d;(f) = di(g) = oo;
for details, see [20, (1.6)]. Otherwise, f = ga + h or f = bg + h,
where a € Aut(Y), b € Aut(X), and h € rad?(X,Y). It follows then
from the definition that d;(f) = d;(g). The proof of the lemma is
completed.

Let A be a left Auslander-Reiten category. By Lemma 3.6, we may
define the left degree of an arrow X — Y in I to be that of any
irreducible morphism f : X — Y. It follows from Lemma 3.3 that an
oriented cycle in I4 contains at least one arrow of finite left degree.

3.7. LEMMA. Let A be a left Auslander-Reiten category, containing
an irreducible morphism f : X — Y1 I Ya, where X, Y1, Yo are inde-
composable. If di(f) < oo, then there exists an irreducible morphism
g: Y1 I 7Yy — X such that di(g) < di(f).

Proof. The result follows from Lemmas 2.5 and 3.6; for details, see
[20, (1.10)]. The proof of the lemma is completed.

A vertex z in a valued translation quiver (r, P v) is called left stable
if p'x is defined for every i > 0, right stable if p~"x is defined for every
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i >0, and stable if p'z is defined for every integer i. If X — Y is an
arrow in Iy with X,Y left stable, then we define the global left degree
of X — Y to be the minimum of the left degrees of the arrows of the
form 7MY — 71X and 7 X — 7Y with i > 0.

3.8. LEMMA. Let A be a left Auslander-Reiten category, and let 4
have two infinite pre-sectional paths containing only left stable objects

= Xy == X1 = X
and
=Y, =22 Y

with Xo = Yy. If A has an irreducible morphism from X1 11Y7 to Xy,
then Xp+1 — X, and Yn+1 — Y, are of infinite global left degree for
every n > 0.

Proof. Assume that A has an irreducible morphism from X; 11 Y3
to Xy. Fix an integer ¢ > 0. For each j > 0, since the X,, are left
stable, I'4 has an infinite pre-sectional path

—)Tan — —>7'in+2 —>TjXZ'+1

Such that A has an irreduqible morphism from 791X, 11 79 Xt to

7/ X;4+1. By Lemma 3.5, TJ+1XZ- — 7/ X;+1 is of infinite left degree.

Consider now the arrow 77 X1 — 77 X;. If i = 0, then 77 X7 — 77X

is of infinite left degree since I4 has an infinite pre-sectional path
R 1A T R ) (R )

such that A has an irreducible morphism from 77 X; I 77Y; to 77Y}.
If i > 0, then I'4 has an infinite pre-sectional path

e Yy 5 7Y, 5 P Xy s PTG S X

such that A has an irreducible morphism from 77 X;; I 7771 X,_; to
77 X;. Hence 77 X; 1 — 77 X; is of infinite left degree. This shows that
Xi+1 — X; is of infinite global left degree. By symmetry, Y;11 — Y;
is of infinite global left degree. The proof of the lemma is completed.

3.9. COROLLARY. Let A be a left Auslander-Reiten category, and
let

=Xy =2 X 2 X2 X2 2 X, =
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be a double infinite pre-sectional path in I4. If the X, are all left sta-
ble, then X,4+1 — Xy s of infinite global left degree for every integer
n.

Proof. Assume that the X, are all left stable. Then, for each
integer i, there exist in A two infinite pre-sectional paths containing
only left stable objects

= X 2 Xy == X = X
and
e T i—n — = TXio1 = X,
such that A has an irreducible morphism from 7.X;_1 IT X;11 to Xj.

Now the result follows from Lemma 3.8. The proof of the corollary is
completed.

3.10. LEMMA. Let A be a left Auslander-Reiten category, and let
I'4 have an infinite sectional path containing only left stable objects
as follows:

= Xy == X = X
If there exists some i > 1 such that X; — X;_1 is of finite global left
degree, then Xy has at most two left stable immediate predecessors in
I'x, moreover, X1 — Xg is trivially valued in case © > 1.

Proof. Assume that X; — X; 1 with ¢ > 1 be of finite global
left degree. It follows from Lemma 3.8 that del x, = 1. We claim
that the middle term of the Auslander-Reiten sequence ending with
X has at most two (including multiplicity) left stable indecompos-
able summands. Indeed, let j > 0 be such that 7/ X; — 77X;_; or
91X, 1 — 77X, is of finite left degree. Note that I4 contains an
infinite sectional path

o TIXy, o = T X - TXG
By Lemma 3.5, 7/t X, | — 77X; is of infinite left degree, and con-
sequently, 77 X; — 7/X,_ is of finite left degree. Applying Lemma
3.5 to the sectional path 771Xy — 712X, —» ... - 7HX;, 5 —
79 X;_1 (which is trivial in case i = 1), we see that 777 ~1X; —
771X, is of finite left degree. If the claim is false, then the middle
term of the Auslander-Reiten sequence ending with 7771 X, has a
summand of the form 777~1 X I1Y; I1 Y, where Y}, Y5 are left stable
and indecomposable. By Lemma 3.4(2), there exists an irreducible
morphism f : 771Xy — Y, 1 Y; of finite left degree, and by Lemma
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3.7, we have an irreducible morphism g : 7Y; I 7Y5 — 771X, with
di(g) < di(f). On the other hand, I" contains an infinite sectional
path
N FALD (N LD, CIEE S LD ()

such that A has an irreducible morphism from 7Y; IT 7Y I 771X,
to 771 Xy. By Lemma 3.5, d;(g) = oo. This contradiction establishes
the claim. In particular, X has at most two left stable immediate
predecessors in I4. If ¢ > 1, applying the above claim to X;, we get

/rXo,Xl =1, that is dx, x, = 1. The proof of the lemma is completed.

If P is a path in a valued translation quiver (I, p,v) containing
only left stable vertices then, for each i > 0, we denote by p'P the
path in I' obtained by applying p* to P.

3.11. LEMMA. Let A be a left Auslander-Reiten category, and let
I’ have an infinite sectional path containing only stable objects

P = Xy == X — Xo.

If P contains infinitely many arrows of finite global left degree, then
so does TP for every m > 0.

Proof. Assume that P contains infinitely many arrows of finite
global left degree. Fix a positive integer m. To show that 7P
contains infinitely many arrows of finite global left degree, it suf-
fices to show that if Xgy1 — X, is of finite global left degree for
some s > m, then there exists some ¢ with s — m < ¢ < s such that
7" X411 — 77X, is of finite global left degree. Indeed, let » > 0 be
such that 7" X, y1 — 7" X, or 771X, — 77X, 1 is of finite left degree.
Applying Lemma 3.5 to the infinite sectional path

o T X1 2T Xy o o T Xo = T Xy,

we see that it is 7" X117 — 7" X which has finite left degree. If r >
m, then 7" X117 — 7" X5 is of finite global left degree. Otherwise,
applying Lemma 3.5 to the sectional path

TmXS—m-H‘ — Tme—m-l—r—‘rl — = TT+1X5_1 — TTX87

we see that 7" X _mart1 — 77" Xs_mar is of finite left degree with
s—m < s—m+r <s. The proof of the lemma is completed.
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4. SEMI-STABLE VALUED TRANSLATION QUIVERS

The objective of this section is to describe semi-stable valued trans-
lation quivers. Let (I', p,v) be a valued translation quiver. We say
that (I', p,v) is left stable (respectively, right stable, stable, p-periodic)
if each vertex in I" is left stable (respectively, right stable, stable, p-
periodic). Given a valued quiver (A,v) with no oriented cycle, one
defines a stable valued translation quiver ZA as follows. The ver-
tices are pairs (n,x), where n € Z and = € Ayp; each arrow x — y
with valuation (vgy,vy,) in A induces, for each integer n, two arrows
(n,x) = (n,y) and (n+1,y) — (n,z) in ZA with valuations (v, vy,)
and (v;y, Uzy), respectively; and the translation is defined by sending
(n,z) to (n+ 1,z), for all n € Z and x € Agy. Next, we recall the
definition of the orbit graph O(I") of I'. For each vertex x in I, the
p-orbit o(x) of x is the set of vertices of the form p"x with n € Z. Now
the vertices in O(I") are the p-orbits in I", and O(I") contains an edge
01— 02 if and only if I' contains an arrow x1 — x2 or xo — x1 with
x; € 0, 1 =1,2. Note that O(I") is not necessarily locally finite even
if I' is locally finite. Furthermore, a wvalued translation quiver mor-
phism ¢ : (X, 0,u) — (I', p,v) is a quiver morphism ¢ : X' — I" such
that ¢(X) is a valued translation subquiver of I'. Such a morphism
is called an embedding if its action on the vertices is injective, and an
embedding ¢ : (X, 0,u) — (I',p,v) is called orbit-complete if p(X)
meets each p-orbit in I'. Finally, a full connected valued subquiver
A of I' is called a section if A is convex, contains no oriented cycle,
and meets exactly once each p-orbit in I'. In this case, there exists
an orbit-complete embedding I' — ZA sending p"z to (n,x), which
we call the canonical embedding; see [20, (2.1),(2.3)].

4.1. LEMMA. Let (I',p,v) be a valued translation quiver which is
connected and left stable.

(1) If x,y € Iy, then there exists v > 0 such that p"z is a prede-
cessor of y.

(2) If I’ contains a non-trivial path from x to y, then x = p™y with
n > 0 or I" contains a sectional pathx = xqg — -+ = 53 — X541 = p'yY
with r,s > 0.
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Proof. (1) Being connected, I' contains a walk y = zg—x1— -~
—x; = x. Since p is defined everywhere, an easy induction on ¢ shows
that I' contains a path p"z =ys — -+ — yo =y with r, s > 0.

(2) Let x = yg — -+ = y—1 — Yy = y with ¢ > 0 be a path in
I'. If t =1, then x — y is a sectional path. Assume that ¢ > 1 and
that either x = p™y;_1 for some n > 0 or there exists a sectional path
T =29 = - = Zs = 2s41 = p'x with s,r > 0. In the first case,
x — p"y is a sectional path. In the second case, I' contains a path
T =2z9— - —> 2s — 2g41 — py. If this path is not sectional, then
2o = p"tly. If s = 0, then x = p"Tly with r + 1 > 0. Otherwise,
T=29)— - — 251 — zs = p y is a sectional path. The proof of the
lemma is completed.

The following result describes the left stable valued translations
with no oriented cycle. This is a generalization of Theorem 3.4 stated
in [19], where the condition that I" contain at most finitely many
injective vertices is imposed.

4.2. THEOREM. Let (I', p,v) be a connected left stable valued trans-
lation quiver. If I' contains no oriented cycle, then there exists an
orbit-complete embedding I' — ZA, where A is a valued quiver with
a unique sink but no oriented cycle, and if in addition the paths in I’
with injective end-points have bounded number of hooks, then A can
be chosen to be a section in I'.

Proof. Assume that I' contains no oriented cycle. We shall first
construct the valued quiver A from the orbit graph O(I") with the
canonical orientation and valuation. For this purpose, fix arbitrarily
a vertex a in I'. For n > 0, let A™ be the full valued subquiver of
I" generated by the vertices « for which there exists some r > 0 such
that p"x is a predecessor of p""a while there exists no s > 0 such
that p°z is a predecessor of p*T"+la. Since I' contains no oriented
cycle, p"a € AM for every n > 0. Now we divide the proof into
several sub-lemmas.

(1) For each n > 0, A™ is convex in I'. Let x,z be vertices in

A and y a vertex lying on a path from z to z. If r > 0 is such
that p"z is a predecessor of p"*"a, then p"y is a predecessor of p" ™a.
If there exists some s > 0 such that p®y is a predecessor of p*T"+lq,
then p°z is a predecessor of p*T"*1qa, a contradiction. Thus y € A,
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(2) If x € A™ for some n > 0, then pmx & A™ for every m # 0.
Let » > 0 be such that p"z is a predecessor of p"™a. If m > 0,
then p"(p™z) is a predecessor of p" ™" +t™q, and hence a predecessor of
Pt g, Therefore, p™z & A™. Since z € A™ | this in turn implies
that p"'zx & AM for m < 0.

(3) If 2 € A™ for some n > 0, then pr € APV and p~z €
A=Y whenever n > 0 and x is non-injective. Let r > 0 be such
that p"z is a predecessor of p"™"a. Then p"(px) is a predecessor of
Pt If s > 0, then p*(pz) = p*T'z is not a predecessor of
plEtDintly — pst(tD+ly - Thus pr € AMHY . Suppose now that
n > 0 and x is not injective. Then p"T!(p~z) = p"z is a predecessor
of prtma = prt+(=1g  Moreover, if there exists some s > 0 such
that p*(p~z) is a predecessor of p*t("=D+lg = p5t7q then pz is a

predecessor of pst" g, a contradiction. Thus p~z € A=,

(4) If x — y is an arrow with y € AM | then z lies in A™ or
A+ Let # > 0 be such that p"y is a predecessor of p"t"a. Then
p'x is a predecessor of p"t"a. Suppose that z ¢ A™. Then pSz is
a predecessor of p*t"tlq = pst("tg for some s > 0. If ptz is a
predecessor of p!T("tD+1g for some ¢ > 0, then pitly is a predecessor
of ptt+n+1g 4 contradiction. Hence z € A+,

(5) For each vertex x in I', there exist some s,n > 0 such that

piz € AW, Moreover, ((z) = n — s is well-defined such that {(pz) =
{(x)+1. By Lemma 4.1(1), there exists some s > 0 such that p°z is a

predecessor of a. Since a € A we deduce from (4) that p°z € A
for some n > 0. Furthermore, let r,m > 0 be such that p"x € Alm),
We may assume that m > n. By (3), p™ "z € A and by (2),
r=m-—n-+s. Thatisn—s = m —r. Thus {(x) is well-defined.

Finally, by (3), p*(pz) = p(p*z) € A®TD. Hence l(pz) = (n+1)—s =
(n—s)+1=14(x)+1.

(6) Let x — y be an arrow in I'. If r,s > 0 are such that p"x, p°y €
A" for somen >0, thenr = s orr =s—1. By (4), p°z lies in A™
or A On the other hand, by (3), prtiz e At By (2),r=s
orr+1=s.
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(7) If o1 — 09 is an edge in O(I'), then oy # o9, and some AM™
with n > 0 contains an arrow r — y ory — x with x € o1 and
y € o0g. By the definition of O(I"), we may assume that I" contains
an arrow x — y with € 01 and y € 02. Suppose that 0; = 02. Then
y = p"x for some integer r. Since I' contains no oriented cycle, we have
r < 0. Thus z is a predecessor of p"t'z. This yields an oriented cycle
from p"Tlx from p" 1z passing through z, a contradiction. Therefore,
01 # 09. Furthermore, by (3) and (5), there exist 7, s,n > 0 such that
oz, p'y € AW, By (6), either » = s or 7 = s — 1. Note that
p'x — ply and p"tly — p'z are arrows in I'. Thus either p"z — py
or p*y — p'x is an arrow in A,

Now, let 01 — 02 be an edge in O(I"). By (7), there exists some
n > 0 such that A™ contains an arrow x — y or y — z with z € oy
and y € 0y. We orient the edge 01 — 02 from 01 to 09 with valuation
(Vzy, vy, ) in the first case, and from oy to 01 with valuation (vy.,vy,)
in the second case. It follows from (3) and (2) that this orientation
and the valuation do not depend on the choice of n. Hence, we have
a well-defined orientation and valuation for O(I"), and we denote by
A the resulted valued quiver.

(8) A contains no oriented cycle and has o(a) as an unique sink.
Assume that o — - -+ — oy is a path in A. It follows from (3) and (5)
that there exists some n > 0 such that A" contains vertices x; € o,
i = 1,...,t. By the definition of the orientation on A, there exists
apath r1 - 29 — -+ = 24 in A I particular, A contains no
oriented cycle. Now let o = o(y) be a vertex in A. By (5), there exist
s,n > 0 such that py € A™. Thus there exists some r > 0 such
that I' contains a path p" ™Sy = y9 — y1 — -+ — Ym = p" " "a. By
(3), p"tsy, prta € AU By (1), the preceding path lies entirely in
AU+1) - This gives rise to a path o(y) = o(y1) = --- — o(a) in A.
Hence o(a) is the unique sink in A.

(9) There ezists an orbit-complete embedding ¢ : I' — ZA. For x €
Ig, we define po(x) = (£(z), o{x)). By (5), po(pr) = ({(pr), ofp)) =
({(z)+1,0(z)). Thus ¢ is compatible with the translations. Let z,y
be vertices in I'. We claim that I' contains an arrow « : x — y if and
only if ZA contains an arrow o : (£(z),0(z)) = (¢(y),0(y)) and we
define ¢1(a) = /. First, assume that o/ exists. By construction, A
contains either an arrow o(z) — o(y) with ¢(x) = ¢(y) or an arrow

Sao Paulo J.Math.Sci. 4, 3 (2010), 425-472



Auslander-Reiten theory in a Krull-Schmidt category 451

o(y) — o(x) with ¢(x) = £(y) + 1. By the definition of the orientation

on A, there exists t > 0 such that A®) contains an arrow pPz — ply
with ¢(x) = £(y) or an arrow ply — pPx with £(z) = £(y)+1 where p, ¢
are integers. If the first situation occurs, then t —p = {(z) = {(y) =
t — g that is p = ¢, and hence x — y is an arrow in I'. If the second
situation occurs, then t—p = ¢(z) = ¢(y)+1 = t—q+1 that is g = p+1,
and consequently, + — y is also an arrow in I'. Conversely, assume
that a exists. Let s,n > 0 such that p’y € A Since p’r — p’y is
an arrow in ', by (4), p’z lies in A or A+ n the first case, A
contains an arrow o(x) — o(y) with £(z) = £(y), and hence o' exists.
In the second case, ¢(x) = (n+1)—s = (n—s)+1=4{(y)+1. By (3),
p*ty € AP and hence A Y contains an arrow p*tly — pSz. By
definition, o(y) — o(x) is an arrow in A, and hence ZA has an arrow
((y) + 1,0(z)) — (L(y),o(y)), that is, o’ exists. This establishes our
claim, and yields a valued translation quiver morphism ¢ = (g, 1)
from I' to ZA such that ¢(I") is a valued translation subquiver of ZA
which meets every translation orbit. Finally, let =,y be vertices in I’
such that (¢(x),o(x)) = (U(y),0(y)). We may assume that y = p™xz
with m > 0 and py € A™ with s,n > 0. Then p"™ 5z € A . Hence
n—(m+s) =L(x) =Ly) =n—s, and consequently m = 0. This
shows that ¢ is an orbit-complete embedding.

To conclude the proof, assume that the paths in I" with injective
end-points have bounded number of hooks. We shall show that there
exists some ¢t > 0 such that A with n > t contains no injective
vertex. Suppose that this is not the case. Let ¢y be an injective
vertex in A) with ng > 0. Since I' is connected and contains no
projective vertex, there exists some mgy > ng such that I' contains a
non-sectional path from p"0a to qg. Now there exists some n; > mg
such that A™) contains an injective vertex ¢f. Let r > 0 be minimal
such that I" contains a path ¢ from p"¢} to p"™™ a. By the minimality
of r, the path ( contains an injective vertex q;. Therefore, I' contains a
non-sectional path from ¢; to ¢g. Repeating this argument, I" contains
paths with injective end-points which have arbitrarily many hooks, a
contradiction.

Let o be an p-orbit in I'. By (5) and (3), there exists some n >
t such that A™ contains a vertex z lying in 0. If n > ¢, by (3),
p 2 € A1), Using induction, we see that p!™"z ¢ A® . Thus
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A® meets every p-orbit in I'. Furthermore, let = be a vertex in
A® . Let r > 0 be minimal such that p"x is a predecessor of p"Ta.
Since p"z, p""a € AT with r 4+ ¢ > ¢, any path from p"z to p"ta
contains no injective vertex. Thus r = 0 by the minimality of r. This
shows that A® is connected and has pla as an unique sink. Since I’
contains no oriented cycle, by (1) and (2), A® is a section in I". Now

the canonical embedding I' — ZAW® is a desired embedding. The
proof of the theorem is completed.

A valued translation quiver is called smooth if it is trivially valued
and each vertex has at most two immediate predecessors and at most
two immediate successors.

4.3. LEMMA. Let (I', p,v) be a connected left stable valued transla-
tion quiver which is smooth and contains a path p"x1 — T — -+ — 21
with v > s. If the p-orbits of x1,...,xs are pairwise different and not
p-periodic, then they are the only p-orbits in I'.

Proof. Assume that the p-orbits o(z1),...,0(zs) are pairwise dif-
ferent and not p-periodic. Applying repeatedly p”, we get an infinite
path

T W e S L A S

in I', which is sectional since the x; are not p-periodic. Let = be a
vertex in I'. By Lemma 4.1(1), there exists some ¢ > 0 such that
plx is an predecessor of x1. It suffices to prove the following claim:
if I' contains a path of length n > 0 from a vertex y to z1, then y
lies in one of o(z1),...,0(xs). This is trivially true if n = 0. Assume
that n > 0 and the claim holds for n — 1. Then y is an immediate
predecessor of some p’x;, where 1 < ¢ < s and j is an integer. If
j < 0, then p~Jy is an immediate predecessor of ;. Thus we may
assume with no loss of generality that j > 0. Suppose first that ¢ = 1.
Let m > 0 be such that j + m = rq with ¢ > 1. Then p™y is an
immediate predecessor of p"™x;. If s > 1 then, since I' is smooth,
py = prla Dy or pMy = play. If s = 1, then p™y = p"@tgy
or py = p"@=D+1z . Therefore, y lies in one of o(z1),...,0(zs).
Suppose now that 1 < ¢ < s. Since I is left stable, there exists
another infinite sectional path

e Ty g s p ey s P Py

Sao Paulo J.Math.Sci. 4, 3 (2010), 425-472



Auslander-Reiten theory in a Krull-Schmidt category 453

in I'. If i <s, then y = plwyq or y = ptlay_ 1. If i = s, then
y = p't7xy or y = pPTla,_1. This proves our claim. The proof of the
lemma is completed.

Next we shall deal with semi-stable valued translation quivers con-
taining oriented cycles. Recall that a vertex x in I is a coray vertex
if I' has an infinite sectional path, called a coray,

= Ty 2 Tp—1 7 T2 > T =T,

with pairwise different vertices and trivially valued arrows such that,
for each ¢ > 1, the path ;11 — x; — -+ — 22 — 1 is the only
sectional path of length ¢ in I' ending with x. Let this be the case.
For each positive integer n, we construct a valued translation quiver
I'[x,n] as follows. The vertices of I'[z,n] are those of I" plus the new
vertices (i,7), where i > 1 and 1 < j < n. The arrows of I'[x,n] are
the arrows in I' with the same valuation which are different from the
arrows y — x; with y # ;41 and i > 1, plus the following new arrows
with trivial valuation:

(1) i 4+1, j) = (i, j), wherei > 1and 1 < j <mn;
(2) (4, j+1) = (i+1, j), where i > 1 and 1 < j < n;
(3) (n+i—1, 1) = xz;, where i > 1;

(4) y — (i, n), where ¢ > 1 and y — x; is an arrow in [’ with
) 7é Li41-

The translation o of I'[z,n] is defined so that, for z € Iy, we
have 0z = pz in case pz is defined and z # x; for every ¢ > 1, and
oz =(n+1i, 1) in case z = x; for some i > 1, and o (i, j) = (i, j+1)
for i > 1 and 1 < j < n, and finally, o(i, n) = px; whenever px; is
defined. We say that I [m,n] is obtained from I' by inserting n co-
rays at x. Note that if I is left stable, then I'[x, n] is left stable and
contains n new injective vertices (1,1),...,(n,1). Dually, we have the
notions of a ray vertex and a ray, and construct a valued translation
quiver [x,n|[" from " by inserting n rays at a ray vertex z. If I is
right stable, then [z, n|I is right stable and contains n new projective
vertices.

One calls I' a stable tube if I' =2 ZA/<o™>, where o is the
translation of ZA,, and n is a positive integer called the rank of I'.
We shall say that I' is a coray tube (respectively, ray tube) if it is
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obtained from a stable tube by a finite number of successive coray-
insertions (respectively, ray-insertions). The ray tubes and co-ray
tubes do appear as Auslander-Reiten components of artin algebras;
see [24]. They can be characterized by the following result and its
dual.

4.4. THEOREM. A connected valued translation quiver (I',p,v) is
a coray tube if and only if it is left stable, smooth, and contains a path

PTG = pTegs = - = pM e = P,

where 1 < s <r, and 0 < m; <mg < -+ < mg < 1+ my, and
qi,---,qs are pairwise distinct injective vertices.

Proof. For the necessity, let ro p® . pim — p pe valued
translations quivers, where ' is a stable tube of rank n while I'®)
with & > 0 is obtained from I'*~Y by inserting sy, (> 1) corays. By
construction, the I'®) are left stable and smooth. We shall prove
by induction that I’ (%) with k > 0 contains a desired path. Indeed,
the injective vertices in I')) are g1 = (J,1), j=1,...,s1, and ro
contains a path p""1q11 — ¢s; 1 — @s;—11 — -+ — q11 with n+s1 >
s1 > 1. Suppose that I'®) with k > 1 contains a path

,OTQH — pnkQSk,k " pnquk — pnk71QSk_1,k—l — .
— p"qi2 = sy = > 11,

where 0 <mng <--- <mny <r,and s1+---+s; <, and the gj; with 1 <
1 < kand 1l <j <s; are the injective vertices in I'®) Then the coray-
vertices in I"®) are the pqul with 0 <[ < r—nj—2 and the plqli with
l1<i<kand 0<[<n; —n;—1—2. We consider only the case where
kD — F(k)[pl_lqu, Spr1] withl <i<kand1<I[l<mn;—n;—1—1,

since the case where ¢ = 1 is similar. Let q1 g11,--.,s,,, k+1 be the

new injective vertices of kD), By construction, I'*+1) contains
paths plqsiﬂ- — = plqlﬂ' = Qspir k1l —> 0 = G141 and

pirrrtniTnici=lg = el
> Qs;_1i—1 " q1i—1.
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Thus I'*t1 contains a desired path

p7"+3k+1q11 - p8k+1+nkqsk e — p3k+1+nkq1 B

= PTG e ptR gy
1 b

— peertniTlg e = e o el

— pni—lqsi_hi_l S . pniilqui—l - ..

— Qs;,1 = 7 Q11

Conversely, assume that [ is left stable, smooth and contains a path
(x): plxpg > xs— - =1

as stated in the theorem. Applying repeatedly p” to this path, we get
an infinite sectional path

P: s pm s prs— s S — o1
in I'. Rewrite the path (x) in the following form:

(o) P TquL = PGk = = PG = P s k1

— p"qi2 = p"qs 0 — - = P,
where 0 <ny <no <---<nip <r+ni,and s1+---+s; =5 <r, and
the ¢;; with 1 <i <k and 1 < j < s; are pairwise different injective
vertices. Set ngi1 = r 4+ ny and sgr1 = s1. If ny —n—y < s for
every 2 < i < k+1, then r = Zf;l(nz —ni—1) < Zles,;, which is a
contradiction. Hence ny — ng_1 > s; for some ¢t with 2 <t < k+ 1. If
t <k, then I' contains a path

PUHLqy = PRI g e T gy
— pnk+1*ntqsl 1= — pnk+1*ntq11
— pnkintQSk k’_> T pnkint(hk —
— PTG p 1 = Gyt > > e,

where ngi1 — (g1 —ng +n4—1) = ng —ng—1 > s¢. Therefore, with no
loss of generality, we may assume that n; = 0 and r — ng > s1 in the
path (xx). In particular, r — ng > 2. If y is an immediate predecessor
of p"~™2qy1, then py is an immediate predecessor of p" ™ lgy;.
Since I' is smooth, we have py = ¢4, 1 or py = p" ™1z where z
is the immediate predecessor of ¢11 in the path (x). The first case
does not happen since ¢, 1 is injective. This shows that pr T 2g1
has exactly one immediate predecessor p" ™ 2z in I'. Since I is left
stable, for each 1 <[ < r — ng — 2, the vertex plqn has exactly one
immediate predecessor p'z in I'. Since s; — 1 < 7 —ny, — 2, we get 51
co-rays p' P ending with p'qi1, 1 =0,...,s1 —1. Since P is a co-ray, we
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see that g1 has no successor in case s1 > 1, and ¢;; with 1 < j < 51
has exactly one immediate successor gj_1,1. Set y1 = pr_lqn if k=1,
and otherwise y; = p"?~!qi2, that is 4, is the non-injective immediate
successor of gs, 1. Let

(k%) DY D Y1 Y2
be the infinite sectional path with y2 # ¢, 1, and let
C = Zp = Zpo1 = = 22— 21 = pPlqn

be the infinite sectional path p®' P. We shall construct a new valued
translation quiver (7,0) with trivial valuation. The vertices in T
are the vertices in I" which do not belong to any of the corays p'P,
I =0,...,51 — 1. The arrows in 7 are the arrows a — b in I with
a,b € T, plus the new arrows z; — y;11, 1 = 1,2, -- . Finally, for each
vertex x in T, we define ox = z; in case x = y; for some ¢ > 1; and
otherwise, oz = pz. It is easy to see that T is connected, left stable
and smooth. Moreover, the path (x % *) becomes a coray in 7 such
that I' = T[yy, s1]. If k=1, then z; = oy; and

Y = prflqll _ prfs1fl+51q11 —0a 1.
Similarly, we have y; = " Sly; for ¢ > 2. This implies that 7T is
a stable tube of rank r — s1, and hence I' is a coray tube. Assume
that k > 1. Then p®lq11 = 21 = oy1 = 0™qo1. Hence p" "2q;; =
prTSiT2 S g = o™ S1qy9. In view of the path (x), we see that T
contains a path

r—s1—1 r—s
1—1, 1

1=0

0" g = 0 TR g = = 0T =
= 0" T3 = s, 2 = Q12

withr —s1 >80+ +spand 0<ng—ng <---<np—n9g <r—sj.
By the inductive hypothesis, T is a coray tube, and so is I'. The proof
of the theorem is completed.

5. AUSLANDER-REITEN COMPONENTS

Let A be a Krull-Schmidt R-category. We wish to have a general
description of the shapes of the connected components of I4. This
can be achieved by studying certain subquivers of I4. We say that a
full subquiver I' of Iy is left (respectively, right) stable if it is closed
under 7 ( respectively, 77 ), stable if it is left and right stable, and
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semi-stable if it is left or right stable. It is easy to see that semi-stable
subquivers of I4 are locally finite. We start with stating a well known
result; see, for example, [23, (2.2)].

5.1. LEMMA. Let A be a connected Krull-Schmidt R-category. If
I' is a finite connected component of 14 in which every object admits
both a source morphism and a sink morphism, then I' = I 4.

If A is abelian, then every irreducible morphism is a monomorphism
or an epimorphism, and consequently, I4 contains no loop. This
is, however, not the case in general. On the other hand, if A is a
connected left or right Auslander-Reiten category, then we shall be
able to determine completely I4 if it contains a loop. For this purpose,
we say that A is AR-ezact if every Auslander-Reiten sequence is a
short exact sequence. For instance, an abelian category is always AR-
exact; see (1.5). Moreover, we say that an indecomposable object X
in A is homogeneous if TX = X, and A is a homogeneous Auslander-
Reiten category if every indecomposable object in A is homogeneous.

5.2. THEOREM. Let A be a connected left or right Auslander-
Reiten category. If I'q contains a loop, then A is an Auslander-Reiten
category which is homogeneous but not AR-exact, and I4 is smooth
of the following shape:

T T
[ ] ® --- 0 [ ]
e o

Proof. We consider only the case where A is a left Auslander-
Reiten category. Let X — X be a loop in I4. By Theorem 2.8,
X — X — X is not pre-sectional. Thus 7X = X and dy, = 1.
Then dxx = d;xx = dyyx = 1. Let f: X — X be an irreducible
morphism, which embeds in an Auslander-Reiten sequence:

f
X (u7f1) XHYl (g) X.

If Y1 = 0, then the loop X — X alone is a connected component
of I'y. By Lemma 5.1, I'4 consists of this loop. Hence A is a homo-
geneous Auslander-Reiten category, which is not AR-exact since f is
not an epimorphism.
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Consider now the case where Y; # 0. By Lemma 3.3, d;(f) < oc.
Suppose that Y7 has a summand Z; I Z, with Z1, Z5 indecomposable.
By Lemmas 3.4(2) and 3.2, there exists an irreducible morphism h :
X — Z1 U Zy with d;(h) < di(f). By Lemma 3.7, there exists an
irreducible morphism A’ : 77 11 77y — X with d;(h') < dj(h). In
particular, 7Z; II 7Z5 is a summand of X IT'Y;. Since dyy = 1, we
have X 2 Z;, and hence X 2 77;, i = 1,2. Therefore, 721 Il 725
is a summand of Y;. By Lemma 3.4(2), there exists an irreducible
morphism f’: X — X such that d;(f") < d;(h’). This yields d;(f') <
d;(f), a contradiction to Lemma 3.6. Thus Y] is indecomposable and
Y1 2 X. Since d;(f) < o0, it follows from Lemma 3.5 that there exists
a maximal integer n > 1 for which I4 contains a pre-sectional path

(%) Y, =Y, 11— =Y =Y, =X

Moreover, the Y; with 0 < ¢ < n are not pseudo-projective. For
0 <i < n, denote by ¢; the Auslander-Reiten sequence ending with Y;.
Setting Y_1 = X, we claim that ¢; is of the form V; - Y; 1 1Y, —
Y;,i=20,1,...,n — 1. Indeed, this is the case for i = 0. Assume
that there exists a minimal 0 < r < n for which the claim does not
hold. Then the middle term of ¢,_1 is Y, _o I1Y,.. Since 7Y; = Y;, for
—1<i<r, wehave Y, s I1Y, 2 Y, 5 I 7Y,, and thus 7Y, = Y.
Therefore, the middle term of ¢, has a summand Y,_y 1 Y, I Z,
with Z, indecomposable. By Lemmas 3.5 and 3.4(2), there exists an
irreducible morphism w, : Y, — Y;11 II Z, such that dj(u,) < di(f),
and by Lemma 3.7, there exists an irreducible morphism v, : 7Y, 41 11
7Z, — Y, such that dj(v,) < dj(u,). Since 7Y; 2 Y;, i = —1,0,...,r,
there exists in I a pre-sectional path X - X - Y71 —» .- =Y, 1 —
Y;. Since Y, 1 I 7Y, 1 I 7Z, is a summand of the middle term of &,
by Lemma 3.5, there exists an irreducible morphism A : X — X such
that d;(h) < di(v,), and hence d;(h) < d;(f), which is again contrary
to Lemma 3.6. Our claim is established. In particular, Y,,_o I1 7Y}, is
isomorphic to Y;,_2I1Y,,, the middle term of ,,_;. Hence 7Y,, 2 Y,,. It
follows from the maximality of n that ¢, is of the form Y,, — Y,_1 —
Y,,. Therefore, the full translation subquiver of I’4 generated by the Y;
with ¢ < 0 < n is a connected component. By Lemma 5.1, the Y; with
1 < 0 < n are the indecomposable objects in A up to isomorphism.
In particular, A is a homogeneous Auslander-Reiten category.

Next, we claim that the Y; with 0 < ¢ < n are pairwise non-
isomorphic. If this is not the case, then there exists some minimal
s with 0 < s < n such that Y, = Y; for some ¢t with s <t < n. Since
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the middle term of ¢, is indecomposable, we have t < n. If s = 0,
then t > 1 and Y341 = X or Y41 = Y1. By Theorem 2.8, Vi1 = X,
and thus I4 has a pre-sectional path

X—>X->Y1—- =Y —>X—>X,

which is contrary to Theorem 2.8. Thus 0 < s < t < n, and then
Ys 1 Yy Y1 Y. Therefore, Y51 £ Y g or Yo = Vi,
which contradicts the minimality of s. Our second claim is proved.
In particular, Iy is trivially valued. This shows that I4 is of the
shape as stated in the theorem. It remains to show that A is not
AR-exact. Setting fy = f and applying repeatedly Theorem 1.4(2),
we find Auslander-Reiten sequences

()

(pis fit1) Y, 1Yy —— Y, i=0,1,...,n—1,

Y
and Y, 22 Y1 ELN Y,,. Dually, setting ug = f, we get Auslander-
Reiten sequences
(“H—l

(s, us) Y;+1HY71‘71 L} Y;, 1;:071,...,71—17

Y;
and Y, % Y1 2 V,,. This yields

fn(gn-1---g190hoh1 - hn) = pn—1---P1P0G0G1 - * * Gn—1Unhn = 0.
Since gn—1 -+ g190hoh1 -+ - hn # 0 by Lemma 2.7(1), f,, is not an epi-
morphism. That is, €, is not a short exact sequence. The proof of
the theorem is completed.

REMARK. The above result was established by Xiao and Zhu for
triangulated categories having Auslander-Reiten triangles; see [27].

EXAMPLE. (1) Let A be a Krull-Schmidt category over a field k
with an unique indecomposable object X whose endomorphism alge-
bra is the quotient of k[z] modulo z2. Setting f = Z € End(X), we

see that X i) X i) X is the unique Auslander-Reiten sequence in
A. Therefore, A is a homogeneous Auslander-Reiten category with
I’y consisting of a single loop at X.

(2) Let S be a complete discrete valuation commutative ring with
quotient field K. In [26], Wiedemann gave a complete description of
the two-sided indecomposable S-orders A in a semi-simple K-algebra
which admit an irreducible map from some indecomposable A-lattice
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to itself. Moreover, the Auslander-Reiten quiver of such an order A is
of the shape as stated in Theorem 5.2.

5.3. LEMMA. Let A be a left Auslander-Reiten category, and let
I' be a connected left stable subquiver of Iq containing an infinite
sectional path

= Xy == X — Xo.
If the path contains infinitely many arrows of finite global left degree,
then I' is smooth and contains no double infinite sectional path.

Proof. Assume that the path contains infinitely many arrows of
finite global left degree. For i,5 > 0, by Lemma 3.11, the infinite
sectional path in I" ending with 77X, generated by the objects 77X,
with n > ¢ contains infinitely many arrows of finite global left degree.
By Lemma 3.10, 77 X; has at most two immediate predecessors in I'.

Let X be an object in I'. We claim that there exists some r > 0
such that 7" X is the ending-point of an infinite sectional path in I’
with infinitely many arrows of finite global left degree. Indeed, by
Lemma 4.1, there exist r,s > 0 such that either 77X = 7°Xy or I
contains a sectional path

7TX =Y 1=V =Yy =7X,

with ¢ > 1. If Y1 = 7°X4, then 7" X = 75X, and the claim follows.
Otherwise, I' contains an infinite sectional path

e X 5 T Xy s Y 5 7Y 5 TTX

which, by Lemma 3.11, contains infinitely many arrows of finite global
left degree. The claim is established. Since I is left stable, it follows
from Lemma 3.10 that X has at most two immediate predecessors
and at most two immediate successors in I'. Let now X — Y be an
arrow in I'. In view of our claim, it is easy to see that there exists
some r > 0 such that I" contains an infinite sectional path which ends
with the arrow 77X — 77Y or 77t'Y — 77X, and has infinitely many
arrows of finite global left degree. It then follows from Lemma 3.10
that X — Y is trivially valued. This shows that I" is smooth. Finally,
suppose that I' contains a double infinite sectional path P as follows:

Then there exists some r > 0 such that 772, — 77 Zy or 7771 Zy —
7" Z1 is the ending arrow of an infinite sectional path @ in I' which
has infinitely many arrows of finite global left degree. If () ends with
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7t Zy = 77 Z1, by applying Lemma 3.8 to Q and the path generated
by the 7" Z,, with n > 1, we see that () has no arrows of finite global
left degree, a contradiction. Thus ) ends with 7"Z; — 77Zy. Since
I is a smooth, @) coincides with the path generated by the 7" Z,, with
n > 0, which is contained in the double infinite sectional path 7" P, a
contradiction to Corollary 3.10. The proof of the lemma is completed.

5.4. LEMMA. Let A be a left Auslander-Reiten category, and let
I' be a connected left stable subquiver of I'x. If I' contains oriented
cycles but no T-periodic object, then I' contains an infinite sectional
path

Xi— = Xs=1mTX = o7 XX
where r,s > 0 and the T-orbits of X1, ..., Xs are pairwise different.

Proof. Suppose that I' contains oriented cycles but no 7-periodic
object. By Theorem 5.2, I" contains no loop. Let X be an object lying
on an oriented cycle. Since X is not 7-periodic, by Lemma 4.1(2), I’
contains a sectional path

(*) X:X1—>“‘_>Xs—>Xs+17

where s > 1 and Xg11 = 77X, for some r > 0. We assume that s is
the minimal length of such sectional paths in I'. Suppose that » = 0.
Then s > 1. By Theorem 2.8, X; = 7.X5. Since X5 is not 7-periodic,
we have s > 2, which contradicts the minimality of s. This shows
that » > 0. Assume now that there exists some 1 < i < j < s such
that X; and Xj lie in the same 7-orbit. By the minimality of s, we
get X; = 77PX; with p > 0. Since X, # 7771 X5, we have a sectional
path X; — -+ = Xy = 77Xy — .-+ = 77X of length s — (j — i) with
7" X; = 7"TPX;, which is contrary again to the minimality of s. This
proves that the X; with 1 < ¢ < s lie in pairwise different 7-orbits.
Applying repeatedly 7" to the path (%), we get an infinite path

Xi= = Xs=1mX = o7 X7 X

which is sectional since the X; are not 7-periodic. The proof of the
lemma is completed.

We are now ready to state our main result on a general description
of the shapes of semi-stable subquivers of I4. This generalizes the
results on semi-stable components of the Auslander-Reiten quiver of
an artin algebra which can be found in [11, 19, 28].
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5.5. THEOREM. Let A be a Krull-Schmidt R-category, and let I’
be a connected left stable subquiver of I4.

(1) If I’ contains no oriented cycle, then I' embeds in ZA, where
A is a valued quiver with an unique sink but no oriented cycle.

(2) If I' contains T-periodic objects, then I is a stable tube or I' =
ZAJG, where A is a valued Dynkin quiver and G is an automorphism
group of ZA containing a positive power of the translation.

(3) If I' contains oriented cycles but no T-periodic object, then I' is
smooth and not stable, and contains an infinite sectional path

o TTX T X s =TT X 5 X = X,

where v > s > 0, and X1,...,Xs form a complete set of representa-
tives of the T-orbits in I.

Proof. Let B be the full additive subcategory of A generated by
the objects which have no summands isomorphic to objects lying in
I'. By Lemma 1.9(2), the ideal Z of the morphisms factoring through
objects in B is admissible. We then deduce from Proposition 1.8 that
I’ is the Auslander-Reiten quiver of A/I. In particular, A/ is a left
Auslander-Reiten category. Hence we may assume with no loss of
generality that A is a connected left Auslander-Reiten category.

Statement (1) follows immediately from Theorem 4.2. For proving
Statement (2), assume that " contains a 7-periodic object. Since I is
locally finite, the objects in I" are all 7-periodic. If I" contains a loop
then, by Theorem 5.2, I' is homogeneous, smooth, and of the shape

A A
[ ] ® --- 0 [ ]
S ~——

Let n be the number of vertices in I', and consider the trivially valued
quiver

Ayy: 20— - —n+1—n— - — 1.

Denote by o the unique automorphism of ZAs, satisfying the con-
dition that o(i,j) = 2n —i+ 1,57+ 2n — i), for 1 < i < 2n and
j € Z, and let GG be the group generated o and the translation of
ZAsgy. It is then easy to see that I' = ZAy,/G. Consider next the
case where I' contains no loop. Choose an object M in I'. Let r
be the 7-period of M and set N = HZT:lTiM. For each object X
in I, put d(X) = ¢r(Hom(X,N)). We claim that d(X) > 0 for
every object X in I'. Being 7-periodic, I' contains a non-trivial
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path from X to M. If X = 7'M for some i > 0, then it is evi-
dent that Hom 4(X, N) # 0. Otherwise, by Lemma 4.1(2), I" has a
sectional path X = My — --- — My, — 7'M with s,t > 0. Hence
Hom 4(X, 7'M) # 0 by Lemma 2.7(1). This establishes our claim. If

X i> Y —£5 Z is an Auslander-Reiten sequence in A, then

Homu(Z, N) 25 Homu(Y, N) 25 rad(X, N) — 0

is an exact sequence in the category of finitely generated R-modules.
Therefore,

d(Y) = Lx(Homu(Y, N)) < Lr(rad(X, N)) + d(Z) < d(X) + d(Z),

where the last inequality is strict whenever X is a summand of N.
This shows that d is a subadditive function on I" which is not additive
in the sense of [11]. In this case, Statement (2) follows from the
theorem stated in [11, Section 2J; see also [5, (VII.3.3)]. For proving
Statement (3), suppose that I' contains oriented cycles but no 7-
periodic object. By Lemma 5.4, I' contains an infinite sectional path

Vi=- =Y, 57V = oY, Y —

where t,s > 1, and Y1, ..., ¥ lie in pairwise different 7-orbits. Setting
X; =771, i=1,...,s, we get an infinite sectional path

o X 5T X o = T X 5 X o= X
in I', where r =t + s > s. For each j > 0, the path

P;: U X 5 707X, — = 77X

induces an oriented cycle from 70+t X, to 7UTD" X passing through
797+5 X which, by Lemma 3.3, contains an arrow of finite left degree.
Thus P; contains an arrow of finite global left degree. By Lemma, 5.3,
I' is smooth and contains no double infinite sectional path. Therefore,
X1i,...,X, are not all stable. Moreover, by Lemma 4.3, every object
in I' lies in one of the 7-orbits of Y7,...,Y,. That is, X1,..., X, form
a complete set of representatives of 7-orbits in I'. The proof of the
theorem is completed.

As an application, we shall describe the connected stable subquivers
of I'y. Note that the T-periodic ones have already been described in
Theorem 5.5(2).

Sao Paulo J.Math.Sci. 4, 3 (2010), 425-472



464 Shiping Liu

5.6. COROLLARY. If A is a Krull-Schmidt R-category, then the
connected stable subquivers of I'q are either T-periodic or of shape
ZA, where A is a locally finite valued quiver with no oriented cycle.

Proof. Let I' be a connected stable subquiver of I4. If I' is not
T-periodic then, by Theorem 5.5(3), I" contains no oriented cycle. By
Theorem 4.2, I' contains a section A. Since I' is locally finite and
stable, A is locally finite and the canonical embedding I' — ZA,
which sends 7" X to (n, X), is an isomorphism; see [20, (2.3)]. The
proof of the corollary is completed.

Let I' be a connected component of I'4. By abuse of language, we
shall say that an Auslander-Reiten sequence X — Y — Z lies in I' if
X, or equivalently Z, lies in I'. Moreover, we say that I is left reqular
or 1ight reqular if I', as a subquiver of Iy, is left stable or right stable,
respectively. Furthermore, I' is called semi-regular if it is left or right
regular, and regular if it is left and right regular. The semi-regular
components of I4 which are 7-periodic or contain no oriented cycle
are well described in Theorem 5.5. However, the description for those
containing oriented cycles but no 7-periodic object is less satisfactory.
We can do a better job if the Auslander-Reiten sequences lying in the
component are all short exact sequences; compare [19, (2.5)].

5.7. THEOREM. Let A be a Krull-Schmidt R-category, and let I’
be a semi-reqular component of I’y which contains oriented cycles but
no T-periodic object. If the Auslander-Reiten sequences lying in I’ are
all short exact sequences, then I' is a ray tube or a co-ray tube.

Proof. We consider only the case where I is a left regular compo-
nent in which every Auslander-Reiten sequence is short exact. Let B
be the full additive subcategory of A generated by the objects whose
indecomposables summands are isomorphic to objects lying in I'. It
is clear that B is a Krull-Schmidt R-category. Let X be an inde-
composable object in B lying in I'. Since I' is left regular, there
exists an Auslander-Reiten short exact sequence Z — Y — X in A.
Since X,Y,Z all lie in B, it is easy to verify that Z — Y — X is
an Auslander-Reiten short exact sequence in B. This implies that B
is a left Auslander-Reiten category which is AR-exact and has I" as
its Auslander-Reiten quiver. As a consequence, we may assume with
no loss of generality that A is a left Auslander-Reiten category. By
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Theorem 5.5(3), " is smooth and contains an infinite sectional path
(%) e X 5 T X o = T X 5 X == X

with infinitely many arrows of finite global left degree, where r > s,
and X1,..., X, are not all stable and form a complete set of represen-
tatives of the 7-orbits in I'. For convenience, rewrite (x) as follows:

= Xogpr = Xos = = Xg1 = X =0 = X,

where X 1, = 773 X; with 5 > 0and 1 < i < s. For each ¢ > 0, we
claim that if 779X, is defined for some ¢ > 1, then 779X, is also
defined. If this is not the case, then we can find a minimal m > 0
for which there exists some n > 1 such that 77X, is defined but
77" X 41 is not. By the minimality of m, there exists in I" an infinite
sectional path

(xx) P SIAED (ISR S R LD ¢

Set Yy = 77X, and let 1Y) £> Y: 25 Y, be an Auslander-
Reiten sequence in A, which is a short exact sequence by assump-
tion. In particular, fi is a monomorphism. Since I is smooth and
left regular while 77" X,,41 is not defined, Y7 is indecomposable and
Y1 2 7™ X, 1. Since (%) contains infinitely many arrows of finite
global left degree, so does (#x*). By Lemma 3.8, I" contains no infinite
sectional path ending with Y7 — Yy. Hence there exists a maximal
integer ¢t > 0 such that I' contains a sectional path

Y ==Y =Y.
Since I' is smooth, the middle term of the Auslander-Reiten sequence
ending with Y; is 7Y;_1 I1'Y; 4, j = 1,...,t — 1. By the maximality of
t, the middle term of the Auslander-Reiten sequence ending with Y;
is 7Y;_1. Choose irreducible morphisms g; : Y; — Yj_1, h; : 7Y; —

7Yj_1,and fj: 7Y;_1 = Y;, j=1,...,t, such that 7Y} N 7Y N
Y; and
o h 9ixt)
7y Py ey P Y =1, 1

are Auslander-Reiten sequences in A. Then h,, --- hyf; = 0. Since f
is a monomorphism, A, - - - hy = 0. This is contrary to Lemma 2.7(1).
Our claim is established. If X is stable for some 1 < ¢ < s, then it
follows from the claim that X; is stable for all j > 7. As a consequence,
the X; with 1 < 7 < s are all stable, a contradiction. Therefore,
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X, =71, i =1,...,s, where I; is some object in I' for which 7~
is not defined. Using the claim again, we have ms > --- > mg > m;.
By Theorem 4.4, I' is a coray tube. The proof of the theorem is
completed.

6. SPECIALIZATION TO TRIANGULATED CATEGORIES

In this section, we shall apply the previously developed theory to
triangulated categories. Recall first that an additive category is trian-
gulated if it is equipped with an automorphism T, called shift functor,

and a class of sextuples X L vy 27z M orx , called ezxact trian-
gles, satisfying the axioms TR1, TR2, TR3 and TR4 stated in [10,
(1.1)]. A classical example of a triangulated category is given by the
derived category D?(A) of the bounded complexes of finitely gener-
ated modules over an artin algebra A; see [10]. We call a triangulated
category triangle-connected if it can not be decomposed as a product
of two non-zero triangulated categories; and triangle-simple if it ad-
mits exactly one indecomposable object up to isomorphism and shift,
and the non-zero morphisms between indecomposable objects are iso-
morphisms.

For the rest of the paper, A denotes a Krull-Schmidt triangulated
R-category. The shift of an object X by an integer n is written as

X|[n]. Consider an exact triangle X Ty Sz X[1]in A. Tt is

important to note that X i> Y L Zisa pseudo-exact sequence; see
[10, (1.2)]. Moreover, f is a source morphism if and only if g is a sink
morphism; see [10, (4.5)], and in this case, the exact triangle is called
an Auslander-Reiten triangle; compare [10, (4.1)]. The connection
between the Auslander-Reiten sequences and the Auslander-Reiten
triangles in A4 is established in the following easy lemma.

6.1. LEMMA. A sequence X Loy 9 7 withy # 0 in A is
an Auslander-Reiten sequence if and only if it can be embedded in an

Auslander-Reiten triangle X Ly Sz M X[1].

Proof. The sufficiency is evident. Let X i> Y %5 Z be an
Auslander-Reiten sequence in A. By the axiom TRI1 stated in [10,
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(1.1)], f embeds in an exact triangle X Loy Lo hy X[1],

which is an Auslander-Reiten triangle since f is a source morphism;

see [10, (4.5)]. In particular, X Ty vy 94 77 is an Auslander-Reiten

sequence. By the uniqueness stated in Theorem 1.4(1), we get a com-
mutative diagram

N
X Y zZ X1]

in A, where u,v are isomorphisms. Therefore, the upper row is an
Auslander-Reinten triangle. The proof of the lemma is completed.

Note that a triangulated category (for instance, the bounded de-
rived category of a simple algebra) may have Auslander-Reiten trian-
gles of the foorm X — 0 — Z — X[1]. However, this occurs rarely
according to the next result.

6.2. PROPOSITION. If A is triangle-connected, then the following
statements are equivalent.

(1) A is triangle-simple.
(2) A has a pseudo-projective object.

(3
(4
X[1]

Proof. Let A be triangle-connected. Assume first that A is triangle-
simple. Choose an indecomposable object X in A. By the definition
of triangle-simplicity, all non-zero morphisms Y — X are retractions
and all non-zero morphisms X — Y are sections. Thus 0 — X is a
sink monomorphism while X — 0 is a source epimorphism. That is,
X is pseudo-projective as well as pseudo-injective.

)
) A has a pseudo-injective object.
) A has an Auslander-Reiten triangle of the form X — 0 — Z —

Assume next that 4 has a sink monomorphism ¢ : Y — Z. Then

g embeds in an Auslander-Reiten triangle X Ty 8,7 M x [1];
see [10, (1.3),(4.5)]. Moreover, f = 0 since g is a monomorphism. By
Lemma 1.1, we get Y = 0. This proves that (2) implies (4). Dually,
one can show that (3) implies (4).
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Finally, let X — 0 — Z Mx [1] be an Auslander-Reiten triangle

in A. Then X — 0 is a source morphism. Since 0 — Z N X[1] =0
is an exact triangle in A; see [10, (1.1)], h is an isomorphism. Thus
0 — X[1] is a sink morphism. As a consequence, X[n] — 0 is a source
morphism and 0 — X|[n| is a sink morphism, for every integer n.
Therefore, the non-zero morphisms X[n] — M and N — X|[n| with
M, N indecomposable are isomorphisms. It is easy to see that the
full additive subcategory B of A generated by the X|[n| is a triangle-
component of A. Since A is triangle-connected, we get B = A. In
particular, the X [n] are the indecomposable objects in A up to isomor-
phism. This implies A is triangle-simple. The proof of the proposition
is completed.

From now on, we assume that A is triangle-connected but not
triangle-simple. If A is a left or right Auslander-Reiten category,
it follows from Lemma 6.1 and Proposition 6.2 that the Auslander-
Reiten quiver of A defined in this paper coincides with the one de-
fined in [10]. Note that if R is an algebraically closed field, then A
is a left Auslander-Reiten category if and only if A admits a right
Serre functor, that is an additive endofunctor F' : A — A such that
Hom4(X,Y) = Homu(Y, FX)* which are natural for all X,Y in A,
where U* = Hompg(U, R). Dually, A is a right Auslander-Reiten cat-
egory if and only if A admits a left Serre functor; see [22].

6.3. THEOREM. Let A be a Krull-Schmidt triangulated R-category
which is triangle-connected but not triangle-simple. If A is a left
(respectively, right) Auslander-Reiten category, then every component
of I'x is left (respectively, right) reqular, which is either T-periodic or
a coray (respectively, ray) tube, or embeds in ZA, where A is a locally
finite valued quiver with no oriented cycle.

Proof. Assume that A is a left Auslander-Reiten category, and let
I' be a component of Iy which is left regular By Proposition 6.2. It
suffices to consider the case where I' contains oriented cycles but no
7-periodic object. By Theorem 5.5(3), I' is smooth and not stable.
We want to show that I' is a coray tube. In view of the proof of
Theorem 5.7, we need only to show the following statement: given an
infinite sectional path

=X, =2 X = Xy
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in I" with infinitely many arrows of finite global left degree, if 777X is
defined for some i,p > 0, then 777X, is also defined. Assume that
this is false. Let m > 0 be minimal for which there exists some n > 1
such that 77X, is defined but 77" X,,41 is not. Then I' contains
an infinite sectional path

R (RN i CURE L alany

having infinitely many arrows of finite global left degree. Setting
Yo = 77" X,, and arguing as in the proof of theorem 5.7, we see that
I' contains a sectional path Y; — --- = Y] — Yy with ¢ > 1 and
Y7 # 77 ™H X, 1, and A has irreducible morphisms 9 Y; =Y 1,
hj + 7Y; — 7Y;_1, and f; : 7Y;_1 — Y}, j = 1,...,t, such that

Yo 5 v 25 v, and
9541

1,k j .
(Fi+1:h5) Y}'_HHTY}'—l L} Y%]:l,..-,t—L

Y,
and 7Y; £> Y1 i) Yy are Auslander-Reiten sequences. In particular,
we have hy---hyfi = 0. Applying first Lemma 6.1 then Lemma 1.3

stated in [10], we get an exact triangle Yp[—1] Y EEN v 25 v,
in A. Then h;---h; factors through Yp[—1]. By Theorem 2.10,
Yo[—1] = 7Ys for some 0 < s < t. Since the shift functor is an
automorphism of A, we see that Y1[—1] is the only immediate prede-
cessor of Yp[—1] in I'. Hence s = t, and 72Y;_; = Y1[~1]. Now I’
contains two sectional paths

Yy - 7Y = - 5 7YY - Y

and

Yi[-1] = Yiq[-1] — - = Y1[-1] = Yo[-1],
which end with the same arrow. Since I" is smooth, the two paths
coincide. In particular, 7/71Yy = Y;[—1]. This is absurd since 7Y}
has two distinct immediate predecessors 7i7'Y; and 70-™"*1Y, ;1 in
I', while Y;[—1] has only one immediate predecessor 7Y;_1[—1]. This
establishes the statement. The proof of the theorem is completed.

6.4. COROLLARY. Let A be a Krull-Schmidt triangulated R-category
which is triangle-connected but not triangle-simple. If A is an Auslander-
Reiten category, then every component of I'4 is reqular which is either
T-periodic or of shape ZA where A is a locally finite valued quiver with
no oriented cycle.
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EXAMPLE. Let A be a non-trivial Dynkin quiver and k£ an alge-
braically closed field. The cluster category C constructed as a quotient
of the bounded derived category D°(kA) of the path algebra kA is
a triangulated Auslander-Reiten k-category with I'c & ZA/ <o >,
where o is a non-trivial automorphism of ZA; see [9].

We conclude the paper with an application to the bounded derived
category of an artin algebra of finite global dimension.

6.5. THEOREM. Let A be a connected artin R-algebra. If A is
of finite positive global dimension, then the components of I'pb(4) are
either stable tubes or of shape ZA where A is a locally finite valued
quiver with no oriented cycle.

Proof. Assume that A is of finite positive global dimension. Then
Db(A) is an Auslander-Reiten R-category; see [10, (4.6)], which is
connected of infinite type as an R-category and not triangle-simple as
a triangulated category. Let I' be a component of I'py(4), which is
infinite by Lemma 5.1. If I" is 7-periodic, then it is a stable tube by
Theorem 5.5(2). Otherwise, by Corollary 6.4, I' = ZA where A is a
locally finite valued quiver with no oriented cycle. The proof of the
theorem is completed.
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