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Abstract. In this paper we discuss the Mather problem for stationary
Lagrangians, that is Lagrangians L : R™ x R"™ x 2 — R, where Q is a
compact metric space on which R™ acts through an action which leaves
L invariant. This setting allow us to generalize the standard Mather
problem for quasi-periodic and almost-periodic Lagrangians. Our main
result is the existence of stationary Mather measures invariant under
the Euler-Lagrange flow which are supported in a graph. We also obtain
several estimates for viscosity solutions of Hamilton-Jacobi equations
for the discounted cost infinite horizon problem.

1. Introduction

Let M be a complete compact manifold, and L : TM — R a C3 La-
grangian, fiberwise strictly convex and coercive. A probability measure on
TM is called holonomic if

/ v- Dodu =0,
™

for all o € CY(M). A central result in Aubry-Mather theory [Mn96] (see
also [FS04)), is the fact that any holonomic probability measure p on T M
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which minimizes the action fTM Ldyp is supported on a Lipschitz graph
and is invariant under the Euler-Lagrange flow. Certain results in Aubry-
Mather theory have been extended for non-compact manifolds, see for in-
stance [FMOT7], [Mad06], or the very interesting paper [DS09] which ad-
dresses a problem related to ours in one dimension. However, as far as
the authors know, there is in the literature no satisfactory construction of
Mather measures for general non-compact manifolds.

In this paper, rather than considering Lagrangians on the tangent bundle
of compact manifolds, such as in the original paper of Mather [Mat91], we
consider Lagrangians defined on R™ x R™ x (2, where (2 is a suitable compact
metric space on which R" acts trough an action 7,,. The main result of this
paper is Theorem in which we establish the existence of stationary
Mather measures invariant under the Euler-Lagrange flow.

Stationary ergodic problems were considered in [LS03] in the context of
homogenization of random stationary ergodic Hamilton-Jacobi equations.
The authors (in particular DG) are thankful to several enlightening dis-
cussions with P. Souganidis on this issue. Generalized Mather measures
for stationary ergodic problems were also considered in the homogeniza-
tion setting in [GV07]. The stationary ergodic setting was consider in
[DS09] where the construction of critical (or critical approximate) viscos-
ity solutions of Hamilton-Jacobi equations is carried out in detail for the
one-dimensional case. The stationary ergodic setting has been extensively
studied in the context of homogenization of Hamilton-Jacobi equations, see
[BDLLSO08, [LS05al, LS05b, [Sou06l, [CSW05, [Var08| [KV0S8, [KRV06].

A simple example (taken from [LS03]) which illustrates the main diffi-
culties in the stationary setting is the Lagrangian

o]

L =" —cos(z+wi) — cos(vV2z + wy).

Consider w € R?/Z? = T? as a fixed parameter. It would be natural, as
in Mather’s problem, to look for probability measures g on R™ x R™ which

minimize the action
/ Ldp (1)
R xR™

under the holonomy constraint

/ v - Dydp = 0,
R™ xR™

for all ¢ of class C'!, bounded with bounded derivatives. This problem can
be solved explicitly, and in fact we have the following two cases: if there
exists a solution z to the overdetermined system

T+ wy = 2mm, V2T + wo = 2m™m,
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for some m € Z, the Mather measure on R x R is simply pg = dz(z)do(v);
otherwise there does not exist a Mather measure since L > —1 for all (z,v),
and the infimum in is easily shown to be -1.

To overcome these issues, which are due to the lack of compactness
of R™ we will instead define stationary Mather measures as measures on
(v,w) € R™x Q, which minimize the action and satisfy a suitable holonomy
condition. It turns out that if ) is compact and the Lagrangian satisfies
certain stationarity hypothesis this is the natural way to generalize Mather
measures. Before proceeding, we must make precise our framework.

Let 2 be a compact metric space, and let L = L(z,v,w) : R” x R™ x
Q) — R be a continuous Lagrangian, C? in the first two coordinates. The
Lagrangian L is also required to be strictly convex and superlinear on the
velocity v, and nonnegative. In our setting, this last condition can be
achieved without changing the nature of the problem by adding a constant
to L. We assume further that

L(z 4+ y,v,w) = L(z,v,w) < |y[ (C + CL(z,v,w)). (2)
We suppose that there exists an action 7: Q x R® — € which is contin-
uous, satisfies the semigroup property
Togyw = TpTyw and 7o(-) = Id.

Since €2 is compact and the action is continuous, the action is uniformly
transitiveﬂ in the following sense:

Ve > 0,3M > 0,Vwi,ws € 2,3z € R”,
such that |z| < M, and d(m,w1,ws) < €.
A first example of such an action is the following: we take Q = T¢,
the d-dimensional torus, let n < d and we will construct an action 7 :
R” x T¢ — T?. To start with, we identify the torus T¢ with its universal

covering R?, and consider a constant coefficient d x n matrix A. Assume
that {Az : 2 € R} is dense in T¢. Then we define

Tw=w+ Az.

A second example is the following. We take Q to be the space of all
sequences w = (wy) on T!, endowed with the following metric:

o0
d(w, @) = 27 F|wy, — @y.
k=1

IThe authors are grateful to Albert Fathi that pointed out to us that uniform transi-
tivity holds under the compactness assumption.
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It is simple to verify that with this distance the space €2 is compact. A
sequence A of real numbers is called irrational if for any N the vector
(A1,...,An) is is linearly independent over the integers. Let A be an irra-
tional sequence. Define the following action from R into € by
T W =W + Z.

This action is also uniformly transitive.

A function ¢ : R" x R"™ x Q — R, is stationary if

oz +y,v,w) =p(x,v,7y(Ww)), Yo,y € R", w e Q.

We assume that the Lagrangian L is stationary.

Denote, in the strong topology,

CHR™ x Q) = {p : R" x Q — R, stationary, C'in the first variable,

continuous in w, and such that D,y (0,w) is continuous in w},

with an analogous definition for CL(R" x R™ x Q).

If the action is given as in the first example by m,w = w + Az, given v :
T¢ — R, the function ¢(z,w) = ¥(w + Az) is stationary, and, furthermore,
@ € Clif 1 is C'. In the second example we can construct an example of
a stationary function in the following way: let ¢ : T — R be a sequence
of periodic functions uniformly bounded in k. Let

p(x,w) = p(wr + Apz)27" !
P

1+ | A

Furthermore, if ¢}, is C' and its derivatives are uniformly bounded in k,
o€ CL
To motivate the stationary Mather problem, let z:(¢) be a globally Lips-
chitz trajectory on R™. Let wy € €2 be an arbitrary point. Consider ergodic
averages to define an occupation measure p on R™ x ) corresponding to
z(+) in the following way
T

1 I
lim — ¢(x, &, wp)dt = lim / gzﬁ(O,:i;,wao)th/ #(0,v,w)dpu,
T Jo R7xQ

T—o0 0 T—o0

where the limit is taken trough an appropriate sequence. Of course, the
measure p could depend on the point wy or the sequence through which
the limit is taken. Nevertheless, such probabilities p, satisfy an integral
constraint, the holonomy condition:

/ v-Dyp(0,w)du =0, (3)
R7xQ

for any stationary function ¢ € CH(R" x Q).

S&o Paulo J.Math.Sci. 6, 2 (2012), [301H334
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The stationary Mather problem can be formulated as follows: minimize

[ rowwdu.)
R x )

over all probability measures that satisfy the holonomy constraint . A
minimizing measure for this problem is called a stationary Mather measure.
A similar problem arises also in [GV07] for the homogenization of Hamilton-
Jacobi equations.

Let v : R” — R be a positive function such that

lim =0, and lim —————= = +o0, 4
ol =00 ¥(v) oo (V) W
where the last limit is uniform in w € Q by compactness. We denote by
CY(R™ x ) the set of the continuous functions ¢ with

[p(v, w)] _o(v,w)|
= -/ 7 1 — 2 0.
Il pn ) e ) 0

We will need also to consider the discounted Mather problem, see [Gom08]
for a discussion of related generalizations of Mather’s problem. For that,
let a be a positive number. Consider the operator AV : C}H(R" x Q) —
CY(R™ x ) given by

o — A%(w) = v Dyp(0,w) — (0, w).

The discounted stationary Mather problem consists in minimizing

/ L0, 0,0)du(v,w)
R xQ

over all probability measures that satisfy the discounted holonomy con-
straint

/ Ap(w)dp(v,w) = —a/ 0(0,w)dv(w), (5)
R™xQ2 Q

for all ¢ € CL(R™ x ). A minimizing probability measure for this problem
is called a discounted stationary Mather measure. The measure v is called
the trace of p. If & = 0 we call these measures stationary Mather measures.

The main result of this paper is the construction of stationary Mather
measures invariant under the Euler-Lagrange flow. Usually, this flow is
defined in R™ x R™. However, since the stationary Mather measures are
measures on R™ x ) we must now discuss the natural extension of the
Euler-Lagrange flow to this space.

Séo Paulo J.Math.Sci. 6, 2 (2012),



306 D. A. Gomes and E. R. Oliveira

Given a stationary vector field W : R” x R" x @ — R™ x R", let & =
(P1,P2) : R x R® x R™ x 2 — R™ x R"™ be its flow. We define the flow
U:RXxR"x O — R"x Qinduced by W in R™ x Q) as

\Ij(ta v, w) = ((I)Q(ta 0,v, w)? T<I>1(t,0,v,w)w)'

We denote by C} (R x Q) the set of bounded continuous functions ¢(v, w)
in R™ x Q such that D,¢(v,w) is also continuous and bounded. A measure
w is invariant under the flow U if,

/ St 0,w))dp(v, w) = / 60, w)du(v, w),
R xQ

R7 <2
for all ¢ € C}(R" x Q) and for all ¢ € R.
Let 1 be a measure in R™ x  and W : R” x R® x Q@ — R"™ x R" be
a stationary vector field in R™ x R™. Then p is invariant under the flow

induced by W in R™ x €, if and only if,
[ 960,0.0) W0, 0.0)duo,0) = 0 (6)
R7 %)

(where the gradient in the previous formula is taken both in = and v) for all
NS CP/ (R™ x R™ x Q). A proof for this classical fact for the case of vector

fields on a manifold M can be found, for instance, in [BGO8]. The proof in
our setting follows exactly along the same lines and we will omit it.

In this paper we will need to consider the discounted Lagrangian L, =
e L(xz,v). The corresponding Euler-Lagrange equation is

%DvL(L v,w) = Dy L(z,v,w) + aD,L, (7)

for each w € . For a = 0 we obtain the usual Euler-Lagrange equations.
We have a w-parametric Lagrangian vector field Wle that is given by:

ke — Xla(z,v,w) =v
T\ Yhe(x,v,w) = (D2, L) N (DyL + aDyL — Dy Lv).

We say that a measure y in R™ x € is invariant under the Euler-Lagrange
flow if it is invariant under the flow ¥® induced by Wre in R™ x €.

The outline of this paper is as follows: in section [2] we describe briefly
the duality theory for the stationary Mather problem and its connections
with viscosity solutions of Hamilton-Jacobi equations. Proofs of some the
results, since they are standard, are outlined for completeness in appendix
In section |3| we make some formal computations in the spirit of [EGO1].
These computations suggest that for certain discounted stationary Mather
measures one may be able to extend the regularity results in [EG01]. Holo-
nomic discounted stationary Mather measures are constructed in section [
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Using these measures we obtain regularity results for viscosity solutions in
section |bl These imply that the discounted stationary Mather measures are
supported in a (partially) Lipschitz graph whose Lipschitz constant is in-
dependent of the discount factor «. Finally in the last section we construct
stationary Mather measures invariant under the Euler-Lagrange flow.

2. Duality and viscosity solutions

The stationary Mather problem is an infinite dimensional linear program-
ming problem. As usual in these problems (see [Gom08], for instance), the
duality theory plays an important role and will be developed in this section.

Theorem 1. Let v be a probability measure on 2 and « > 0. Define

H, = inf/ L(0,v,w)dp(v,w), (8)
R7™ %<2

where the infimum is taken over all probability measures on R™ x € which
satisfy the discounted holonomy condition . Let

Hlp@,w) = sup (=A%(p)(z,w) = Liz,v,w))

= H(z, Dyp(,w),w) + cvp(, w),

with H(l‘,p,w) = SuvaR"(_p U= L(CC,’U,CU))-

Then, the infimum in is achieved at some probability measure p
satisfying and furthermore

peCl 0 Q

The proof of this Theorem is similar to analogous results in [Gom08], for
instance. For completeness, however, we present the proof in the Appendix

[Al
In this paper we will need to consider viscosity solutions to the equation
H(u,0,w) = H(0, Dyus(0,w),w) + auq(0,w) = 0. (10)

As in the standard Mather problem, viscosity solutions yield important
information concerning the value of the variational problem , and help
characterize the support of the measure.

Before we proceed, we make some remarks concerning the regularization
by convolution of stationary functions.

Remark 1. To approximate a stationary function u : R® x  — R by

smooth stationary functions we are going to use a convolution with a stan-
. . . _ 1

dard mollifier 7° : R" — R, that is, n compactly supported, n°(x) = -n(%),

Séo Paulo J.Math.Sci. 6, 2 (2012),
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and [p, n(x)dz = 1. We define the convolution between u and 7° by

u®(z,w) = /n u(x, Tyw)n°(y)dy.

Observe that, u¢ € Cl. Moreover, we have

E(m,w) Y= — /n u(z, Tyw)Dyn® (y) - v dy.

We consider two different types of viscosity solutions for H(u,0,w) =
A. Firstly recall the usual definition of viscosity solution: a function u :
R™ x  — R, continuous in = (not necessarily C*') for each w € €, is a
viscosity solution in x of H(u,z,w) = X if for each wy € Q, any C* function
1 : R™ — R and any zp € R” such that u(z,wp) — ¢(x) has a strict local
minimum (resp. maximum) at z¢ with u(xo,wo) — ¥ (z9) = 0 we have

H(Y, zp,wo) > A (resp. < ).

For our purposes we need a modified version of viscosity solution: a sta-
tionary (not necessarily C!) function u : R® x Q — R, continuous in , is
a wiscosity solution in w of H(u,0,w) = X if for any ¢ € CH(R" x Q) and
any point wy € Q such that u(0,w) — ¢(0,w) has a local minimum (resp.
maximum) at wo with u(0,wp) — ¢(0,wp) = 0 we have

H(S()?Oaw()) > A (resp. < A)
Proposition 2. Suppose that u : R™ x 2 — R is a viscosity solution in x of

H(u,0,w) = X\ and assume furthermore that u is stationary and continuous
in Q. Then wu is also a viscosity solution in w of H(u,0,w) = A.

Proof. Let u : R™ x  — R be a viscosity solution in z of H(u,0,w) = A.
Consider an arbitrary function ¢ € CH(R" x Q) and a point wy € € such
that u(0,w) —¢(0,w) has a local minimum (resp. maximum) and u(0,wp) —
©(0,wp) = 0. Define ¥(z) = p(z,wp). We claim that u(z,wy) — ¥ (z) has a
local minimum (resp. maximum) in g = 0 € R™. In fact,
u(z,wo) —Y(z) = u(z,wo) — w(x,wo) = u(0, Tzwo) — (0, Tzwo)
> u(0,wp) — ¢(0,wp) = u(0,wp) —1(0), (resp. <.)

Then, because u is a viscosity solution in x we have

H(1,0,wp) = H(p,0,wp) > A (resp. < A).

S&o Paulo J.Math.Sci. 6, 2 (2012), [301H334
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Consider the infinite horizon optimal control problem

+oo
ug(z,w) = inf e~ L(x(t), #(t),w)dt, (11)
z(0)=z Jo
where the infimum is taken over all globally Lipschitz trajectories with
initial condition z(0) = x. Then u, : R® x Q — R satisfies the dynamic
programing principle

T
Ug (T, W) = (ior)lf </ e L(x(t), &(t),w)dt + e_aTua(az(T),w)> , (12)
z(0)=x 0

among all globally Lipschitz trajectories with initial condition z(0) = .
It is standard, see [BCD97], that the function w, is a viscosity solution of
H(p,0,w) = 0 in x. Furthermore, the optimal trajectories are solutions to
the discounted Euler-Lagrange equations (7). Finally, for 0 < t < T we
have additionally that D u,(z(t)) exists and

#(t) = —DpH(Dyua(2(t)), 2(t))-

The next proposition is also a well known result, see, for instance,
[BCDI7] for similar results:

Proposition 3. For each w fixed, let us(x,w) be a viscosity solution (in
x) of

HY(u,z,w) = H(z, Dyug(z,w),w) + aug(z,w) = 0. (13)
Then aug is uniformly bounded and wu, is uniformly Lipschitz in x, as
a— 0.

Using standard techniques we can establish the following proposition,
whose proof is presented in appendix

Proposition 4. Let u, : R" x 2 — R be a solution of . Then wu,, is
a viscosity solution (in w) of H(p,0,w) = 0, and uq(0,w) is Lipschitz in w
with Lipschitz constant (in w) bounded by K/a, where K is independent
of o, for all @ > 0.

Proposition 5. Let u, be a viscosity solution in w of Then

inf Sup{—a /Q gp(O,w)du(w)+H°‘(g0,0,w)} —a /Q 1o (0, ) ().

peCl Len

Proof. Consider a viscosity solution u,, of . Then for any ¢ € C! there
exists a point w, of minimum for u(0,w) — ¢(0,w). Consider ¢'(z,w) =
o(z,w) + (ua — ©)(0,wy). Then uy(0,w) — ¢’(0,w) has a minimum equal
to 0 in wy,.

Séo Paulo J.Math.Sci. 6, 2 (2012),
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Since u, is a viscosity solution we have H*(¢’, 0,w,) > 0 or equivalently
HQ(% 0, wgﬁ) + oz(ua - gp) (07 Ws@) = 0.
Therefore

—q/wmme+H%%aw@+awa—¢mmw>z—q/wwwmm
Q Q

which implies
sup —a/ ©(0,w)dv + H*(p,0,w) > —a/ ©(0,w)dv + a(ua — ¢)(0,w,,),
weN Q Q
and so

sw—g/wmww+ﬂﬂ%mwz—g/%mwmu

weN Q Q
which finally yields

inf sup {—a/ ©(0,w)dv(w) —f—Ha(cp,O,w)} > —a/ Uq (0, w)dv.
Q Q

peCl yen

In order to get the other inequality we use the functions u® = ug * 7e.
Then H(u,0,w) < o(1) owing to the convexity of the Hamiltonian and
the uniform Lipschitz estimates on u,, we have

inf sup {—a/ »(0,w)dr(w) + Ho‘(go,(),w)} <o(1) — a/ u (0, w)dv.
PeCs weQ Q Q

Then, the inequality desired is obtained by sending € to 0, and ends the

proof. O

Corollary 6. We have

H, = a/ Ua (0, w)dv
Q

where u,, is the unique viscosity solution of H (0, Dyu (0, w), w)+au.(0,w) =
0.

Proof. In fact, if we apply Proposition [5| we have the formula
inf sup {—a/ (0, w)dr(w) +Ha(<p,0,w)} = —a/ Ua (0, w)drv(w).
PECS weQ Q Q

Remembering that H, = — inf o1 supeq —a [, 0(0, w)dv(w)+H (,0,w),
we get

H, = a/ Uq (0, w)dv.
)

S&o Paulo J.Math.Sci. 6, 2 (2012), [301H334
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We state next, without proof, a partial converse to Proposition [2| The
proof is rather technical and, in this paper, its only application is in Remark

2
Proposition 7. Suppose that,

(a) There exists § > 0 such that, for all x # 0 with |z| < 0, 7.(:) : @ — Q
does not have fixed points.

(b) For each wy € €, there exists § > 0 and a set ¥5(wp) 3 wp, such that,
for all z # 0 with |z| < ¢, and wi,ws € Xs(wp), if 7x(w1) = wa then
w1 = wWy.

(¢) The set

Us(wo) = {z(w)| w € Es(wo), || </2} (14)
is an open neighborhood of wy.

If u: R™ x Q — R is a viscosity solution in w of H(u,0,w) = X then u is
also a viscosity solution in x of H*(u,0,w) = A.

Remark 2. Note that in some cases H*(u,w) = A does not admit viscosity
solutions in w, as pointed out in [LS03]. In their example Q = T?, L =
L(z,v,w) : R x R x T? — R is the Lagrangian given by L(z,v,w) = 10 +
cos(wy + x) + cos(wa +v/22), with the associated Hamiltonian H (z, p,w) =
1p? — cos(wy + ) — cos(wa 4+ v/2x), and the action 7 : R x T2 — T? is given
by Tz (w1, ws) = (w1 + ,ws + V/21).

In this case the viscosity solutions in « are unbounded. So, if there where
a viscosity solution in w, then it would be a solution in « by Proposition
[7l By compactness, any stationary continuous function is bounded, which
would be a contradiction.

3. Some formal computations

In this section we adapt the formal computations in [EG01] to motivate
the regularity results in the following sections. Consider the periodic case
of a C? Lagrangian L : T x R — R, given by L(z,v) = 1v? — V(z), and the
associated Hamiltonian H(z,p) = 3p? 4+ V(). The stationary case follows
along the same lines, as we will see in later sections.

Let u be a solution to the discounted Hamilton-Jacobi equation %ufc +

V(z) 4+ au = 0. Let u, be a discounted Mather measure with trace 6, and
such that the projection of p, in the x coordinated is denoted by 6, that

[ e@ine = [ elaas.

Séo Paulo J.Math.Sci. 6, 2 (2012),
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Note that 6 in general does not agree with 6,. In this section we assume
that po has the special property that 8, = 6. Under this assumption pu,, is

holonomic, that is
/ v (x)dpe =0,
TxR

for all C! periodic functions ¢(x).

We will first show that for p, almost every (z,v) € T x R, we have
v = —ug(x). To see this we will argue by contradiction. In this case if
v # —ug(x), there would exist a set of positive measure p, in which

L(z,v) + vuy > —H (ug, x).

Since L(x,v) + vuy > —H (ug,x), integrating with respect to p, yields

/ Ldpug +/ VUzpdpg > a/ Ud g .
TxR TxR TxR

This would yield
/ Ldpg, > a/ udBy,
TxR T

which contradicts the optimality condition.
Therefore the holonomy constraint can be written as

/R (oo + ) d0(z) = /R od0,(z).

By differentiating twice the Hamilton-Jacobi equation we have
Uy (Ugy)w + 12, + V" (2) + aug, = 0. Integrating with respect to p, yields

R

or, equivalently,

/R (1) () + /R W2, 4 atlaad(z) = — / V' (2)d6(x).

R

Since the trace of i, 04 = tr g, is equal to its projection 6(z), then the
measure i, is holonomic and so

/R gty )d0(z) = 0.

S&o Paulo J.Math.Sci. 6, 2 (2012), [301H334



Mather problem and viscosity solutions in the stationary setting 313

Using —aty, < %ufm + %042 we get,
/ W2, d0(z) = — / V" (2)d6(z) — / Ot ()
R R R

< —/ V" (z)d0(z) —l—/ 1ufm—i- lanH(x),
R R 2 2

which yields a L?(#) bound for u,:
/uixde(x) < / o —2V"(z)dl(x).
R R

In order to derive L™ estimates to u,, we proceed as follows: first we mul-
tiply the second derivative of the Hamilton-Jacobi equation by a function

U (Uga ),
/ Uy (Ugr) 2 ¥ (U )dO () + / (U2, + auge + V" (2)] V' (ugy)dO(z) = 0.
LetR\Il : R — R be such that ’
R
where A > 0 is fixed. Choose ®(z) = ¥'(z) (actually one should to use a

C* approximation of ¥/(z)). Observe that (uzz):®(tzz) = V(Ugy), and
50 [ Ua(Uaz)e W (Uze)dO(z) = 0. Define A = {x|uy, < —A}. Thus,

1 ifx< =X
0 otherwise,

0= / (U2 + V" () + atigs) P(uze)df(z)
R

= / (w2, + V"(2) + aug,) d().
A

Since ugy < —\, and using aug, < —iu2. — 1a2, one can show that
’ 2 Yrx 2% s

0> ()‘72 — 2a% + ¢)0(A), where, |V"| < c. Since A is arbitrary , we get
6(A) = 0. Thus, there exists A > 0, such that, uyz, > —\, f-a.e.

The solutions of au+Fu2+V (z) = 0 are semi-concave (this is a standard
result, see [BCDI7] or the survey paper [BG08]), so we get that there exists

B > 0 such that u,, < (3, and so, for some C > 0, |uz,| < C, 6 almost
everywhere.

4. Holonomic discounted stationary Mather measures
Motivated by the formal computations in the previous section, we will

now establish the existence of holonomic discounted stationary Mather mea-
sures. In the paper [FCGO0S]|, these measures were called invariant, we did
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not keep this name here to avoid confusion with invariance with respect to
Euler-Lagrange equations.

Given a probability measure v, and a corresponding discounted station-
ary Mather measure p with trace v, we say that u is a holonomic discounted
stationary Mather measure if

[ eowinto.e) = [ 0w,

R2xQ Q

for all p € CH(R"x Q). In particular, u satisfies the undiscounted holonomy
constraint.

Theorem 8. There exists a holonomic discounted stationary Mather mea-

sure.

Proof. Fix w € Q. Consider a sequence T,, — oo and a sequence x,(t) of
minimizing trajectories for the dynamic programing principle , that is,

Tn
U (0,w) = /0 efatL(:cn(t), En(t),w)dt + efaT”ua(xn(Tn),w).

Because u,, is Lipschitz and
in = —DpH(Deu®(zn(t)), 2n(t))

the |Z,| is uniformly bounded.
Define a probability measure p by

Th
| otvwdntw) = tim o [ G, o)t
R x Q)

n—oo T}, 0

for any ¢ € Cg(R” x ), where the limit is taken through an appropriate
subsequence. This sublimit exists and is a probability measure because §2
is compact and |&,| is uniformly bounded.

Let ¢ € CL. Observe that %cp(xn(t),w) = @n(t) - Dep(0, 74, yw)- So, if
(Z)(U?w) =v - Dyp(0,w), then

1 [T
/ d(v,w)du(v,w) = lim / T (t) - Dap(0, 7, (yw)dt
R x Q) n—oo Ty Jo

1 (T d . p(@n(Th)) — (2n(0))
J

o(zp(t),w)dt = lim =0.

dt n—o0 T,
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Since AYp = v - Dyp(0,w) — a(0, w),
[ apdu= [0 Dap(0.0) - ap(0.)due,0)
R™ %) R™ %)

1 (T
= lim / @n(t) - Dep(0, 7, (1yw) — (0, 7, (yw)dt
0

n—oo TTL

N
= _O‘T}L@mﬂl/o @(0, 73, (pyw)dt = —a/QsO(O,w)dV(w),

where v is given by,

for all continuous function g : @ — R. In particular, [5,. o ©(0,w)du(v,w) =
Jo (0, w)dv(w).

We must prove that p is minimizing. To do so, fix first n and consider
a partition {0 = tg,t1,....,tx—1 = Ty} of [0,T,], where t;11 = t; + h, and
h =T, /N. The restriction of z,(t) to each sub-interval is minimizing, i.e.,

tir1
Ua(2n (t),w) = / e Lz (t), don (1), w)dt 4+ €M ug (@n (tisr), w).
t;

We have,

T Ua(@n(ti),w) = ta(@n(tiv1),w) + (1 — eiah)ua(xn(ti-&-l)aw) =

_ i=N-—-1
e ah

1 —
= ua(xn(o)vw) - ua($n<T)aw) + Q(T) ZO hua(xn(ti—&—l)yw)-
Sending h — 0 we get

i=N—-1

i alTn(ti), _—aha n(ti 5 =
fig 3= a1 ) — ). )

Tn
Ua (2r(0), w) — ug(zn(Th),w) + a/ Ua (0, 7y, (pyw)dt.
0
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On the other hand, we have
i=N-1

tit1 Tn
im > / 0= [ (0 (8), (), )t / L(wn(t). ion (1), w)dt.
U =0 Yt 0

7

Thus,
oz/ua(O,w)du:

Tn
lim Ti {ua(xn(O),w) — U (2 (Th),w) + a/ uq (0, Tmn(t)w)dt}
n—oo n 0
I
= lim / L(mn(t),atn(t),w)dt:/ L(0,v,w)du(v,w).
n—c0 T Jo R" X0

By Corollary |§| we have H, = « J ua(0,w)dv. Thus p is minimizing. O

We should note here that the theorem does not assert uniqueness. Fur-
thermore the measure p may depend on the choice of w €  or in the par-
ticular sequence we choose to extract the weak limits. For our purposes,
however, existence is sufficient.

Theorem 9. Let u, be a holonomic discounted Mather measure as con-
structed in Theorem [§l Then p, is invariant under the discounted Euler-
Lagrange flow.

Proof. Tt suffices to prove that for any bounded function ¢(x,v,w) € CL(R"x
R™ x w) we have

/ WLQV:E,ngS(O,U,w)d,ua = 0.
R7xQ
This follows, from the identity

(i) (L), ) = 0z 0)0(0),) = [ L 0(on(t) 20

Tn
0

Tnd

ox ov’
dividing by 7, and letting n — oo. ([

5. Graph property, regularity and stationary Mather mea-
sures

In this section we establish that the discounted Mather measures are
supported in a graph of a (partially) Lipschitz function. As we are using
similar techniques to [EG01] (see also [BGO8]) we will present in this section
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the main differences and technical points and postpone to Appendix [C| the
detailed proofs. We will use the discounted Mather measures to construct
a stationary Mather measure invariant under the Euler-Lagrange flow.

We assume that
L(Qj‘ + y,v,w) - L(l‘,’U,w) S (C+ CL)|y|

Lemma 10. Let u, be the viscosity solution of H(0, Dyuq(0,w),w) +
i, (0,w) = 0 given by Proposition [4f Then

lim auq (0, w)
a—0
does not depend on w.

Proof. We know that cu, is uniformly bounded, so auq (0,w) — &(w) point-
wise for some function. On the other hand, fixed wy €  we know that
Ua(y,wp) is uniformly Lipschitz in z, uniformly as o — 0, that is,

|t (21, wo) — ua(z2,wo)| < Clz1 — 22|
Thus, if |y| < R then,
lim |awua (y,wo) — auq (0, wp)| < lim aCly| = 0,
a—0 a—0
that is, lima—0 (0, Tywo) = limg—.0 aua (0,wp) for |y| < R.
From Propositionwe know that uq(0,w) is Lipschitz in w with Lipschitz
constant K/« that is,
K
[ua (0, w1) — uq (0, ws)| < Ed(wl,wg).
Consider € > 0 and y € R", such that d(rywp,w1) < €. Observe that,
|atg (0, wp) — aug(0,wr)]| <
< o (0, wp) — a0, Tywo)| + |aua (0, Tywo) — e (0, wr)| <
K
< o (0, wp) — e (0, Tywo)| + aEd(Tng,wl).

Sending o — 0, and then e — 0 we get limg—,¢ au (0, wy) = limg—¢ @t (0, wy).
Thus, £(w) is constant.

Lemma 11. Let u, be the viscosity solution of H (0, Dyuq(0,w),w) +
au(0,w) = 0 given by Proposition |4 Then

lim cu,(0,w) = H,
a—0

H = inf/ Ldy,
R xQ

and the infimum is taken over all stationary holonomic measures.

where
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Proof. Denote by H the limit as o — 0 of aug, which is constant by the
previous lemma. Let p, be a holonomic discounted stationary Mather
measure. Then, because p, is holonomic we have

H < lim Ld, = lim a/ Uadfte = H.
R™x

a—0 Jpnw a—0

Let p be a stationary Mather measure. Then, because p is a discounted
holonomic measure with trace p we have

H= Ld,uza/ Uadp — H,
R xQ R?xQ2

as & — 0. This shows that H = H. O
Lemma 12. Let pu, be a sequence of discounted stationary Mather mea-

sures with trace v,. Suppose that p, — g when o — 0, then u is a
stationary Mather measure.

Proof. First we must prove that p is a holonomic probability measure. In
fact, for any ¢ € C},

/ v Dyp(0,w)dpe = a/ ©(0,w)dpe — a/ ©(0,w)dvy — 0,
R7 xQ R" xQ Q

when o — 0.

Using Corollary [6] we get

/ Ldp = lim Ldpe = lim H, = lim | auq(0,w)dv,(w) = H.
R xQ a—0 Jrn w0 a—0 a—0 Jo
Thus p is a Mather measure. O

Theorem 13. Let u, be a discounted Mather measure with trace v, (or
if & = 0 a stationary Mather measure). Then p, is supported in a graph,
that is, there exists a measurable function V,, : 2 — R" such that,

supp fia = {(v,w) € R" x Qv =V, (w)}.
Proof. As in [BGO08], for instance, we just observe that the result follows

from the fact that the Lagrangian is strictly convex in v, whereas the dis-
counted holonomy constraint is linear in v. ([l

Since the holonomic discounted measures are also holonomic, the same
techniques in [EGOI] (see also [BGO§|) can be adapted to establish the
following regularity result:
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Theorem 14. Let u, be a holonomic discounted Mather measure. If u,
is a viscosity solution of , then for each y € R,

| Datia(y,w) — Dyua(0,w)| < Clyl,
0 almost everywhere and uniformly in a.
The proof of this theorem follows (almost) exactly the same steps as in
[EGO1] (see also [BGO8]) and is presented for completeness in appendix
The only difference is the term au in the Hamilton-Jacobi equation, which

can be controlled, as discussed in section |3 because we are using holonomic
discounted measures. As a corollary to the previous theorem we have

Corollary 15. Let p, be a holonomic discounted Mather measure. Then,
there exists a function V,, : Q@ — R", such that supp po = {(v,w) € R™ x
Qv = Vu(w)}. Furthermore, V,, is partially Lipschitz in the following sense:

Va(ryw) = Va(w)| < Clyl,

for all w in the support of u,, and C is uniformly bounded as o — 0.

Finally, our last result concerns the existence of stationary Mather mea-
sures invariant under the Euler-Lagrange flow.

Theorem 16. There exists a stationary Mather measure p which is in-
variant under the Euler-Lagrange flow. Furthermore p is supported on a
graph.

Proof. Let pqo be holonomic discounted Mather measures as constructed in

Theorem Consider a weak limit y. By Lemma i is a stationary
Mather measure. Because for any ¢(x,v) we have

/ Whov, ,6(0,v,w)dus = / (D?,L)" D, LD,¢(0, v, w)dpiq.
R xQ R xQ

we conclude that
/ Wy, ,é(0,v,w)du = 0.
R xQ

The graph property of stationary Mather measures follows from Theorem
O

A. Proof of Theorem (1]

In this appendix we present the proof of Theorem [l| as well as some
background material.
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Let v be as in . Let M be the set of weighted Radon measures on
Q xR", ie.,

M = {signed measures on R" x 2 with / yd|p| < oo}.
R7x Q)

Note that M is the dual of the set C9(R"™ x Q).

We introduce the following sets

My ={p € M| pis a positive probability measure},
and
My = {p e M| v+ Dpp(0,w)du(v,w) = 0, for all p € CHR™ x Q)}.
R7 %)
Using this notation the Mather problem can be reformulated as

i L(0,v,w)dp(v,w).
MinM /RQ (0.0 )dulv, )

Consider the following subset of functions ¢ : R" x  — R,
C=clp| d(v,w) =v- Dyp(0,w), for some ¢ € CLR" x Q)}.
Observe that C is a closed convex set.
For ¢ € Cg let

h(¢> - ﬂgsnufg(_¢(v’ w) - L(07 v?"")))' (15)

Since h is the supremum of linear functions, it is a convex function on C’g .
As we will see bellow in Lemma [I8] & is a continuous function.

For ¢ € CEY), let
0 if ¢€cC

—o00 otherwise.

o(6) = { (16)

As C is a closed convex set we have that g is a concave and upper semi-
continuous function. Therefore its Legendre-Fenchel transform is given by

=it (<[ sdn—ste)). (17

Since h is a convex and lower semicontinuous function, its Legendre-Fenchel
transform is given by

v = s (<[ o). (18)

PeCO(R™ xQ)
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Proposition 17. Let g and h defined as in and . Then
B () = {fRnxQ L(0,v,w)du(v,w) if 6‘./\/11
400 otherwise,

and
0 if pe Mo
—oo otherwise.

9" (p) = {

Proof. First we assume that u € M. As h is a convex function, its Le-
gendre transform is given by . Using the definition of h, equation ,
we get

v = s (<[ odi s (<o) - L0.0w) ).

$ECO (R xQ) R xQ)
Consider the family of compact subsets of R x €2 given by
K, ={(v,w) € R" x Q| |v] <n},

and let , : R® x @ — R be a continuous function such that 0 < n, <1,
Nn = 1 in K, and suppn, C K,+1. Then define

L, = L(0,v,w) - Ny (v,w).

Observe that the sequence L, is increasing and pointwise convergent to
L(0,v,w).

Is easy to see that L, € Cg(R” x Q). Furthermore, for fixed n, one can
write any function ¢ € Cg(R” x Q) as ¢ = —Ly, 41 where ¢ € C’g(R” x Q).
From this observation we get

()= sup )(— [ Lt v sup (Lot ) - 1))

¢€C§(R“><Q R xQ

= sup </ Lypdp — / Ydp — sup (Ly, — L — 1/1))
HeCI(R™ x Q) R xQ R xQ R™ x Q2

= / Lypdp + sup / (—1/} — sup (L, — L — qp)) dpu.
R*XxQ PeCH(RxQ) JR™ < R?xQ

(19)
If we take ¢ = 0 in ([19)) we have

R () > / Lndp +/ (— sup (Ln, — L)) dp > / Lndp.
R xQ R™xQ R7xQ R x ()
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Thus using the monotone convergence theorem we get

B () > / Ldp.
R xQ

In order to get the other inequality we can rewrite as follows

W (p) = /anLndqu sup /RHXQ ((S—w —5)— sup (S—w)> du

’lﬁECQ/ R %)
— / L,du + sup / <(S — 1)) — sup (S — Qb)) dp
R X YpeCy JR™xQ R %)

- / Sdy,
R xQ

where S = Ln — L. Since I c Ml, we have
Jrrsg ((8 =) = supgn,q(S —¥)) duw < 0. Therefore

h*(p) < / Lndp — / Sdu = / Ldy.
R x ) R x ) R %)

If w ¢ My, we have two possibilities. First, if u ? 0 then we can
find a positive function ¢ € CI(R™ x Q) such that [¢du < 0. Define

o = ntp € COR™ x Q), then

(—/ Undp — sup (= — L)>
R™xQ R xQ

1
- —apd inf L
n(/ﬂwﬂ w+RngQ<w+n )>H+oo,

B ()

v

when n — oo.
On the other hand, if © > 0 but [du # 1 we take ¢ = k € R, then

092 (= b= )

:k<1—/ du>+infL—>+oo
R xQ R7xQ

when k& — 400, because L > 0.

Now we compute the Legendre transform of g. As g is concave we com-
pute its Legendre-Fenchel transform using . First we suppose p € Mas.
In this case we have two possibilities, if ¢ € C then

- / ¢dp — g(¢) =0,
R xQ
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else if, ¢ & C then

—/ pdp — g(¢) = —/ ¢pdp — (—00) = 400
R xQ R xQ
thus g*(u) = 0.

Otherwise, if u ¢ My there exists ¢(v,w) = v - Dyp(0,w) € C such that
fRnxQ ¢dﬂ > 0. Deﬁne ¢)\ = v - DxSO(O,W C then
g (1) < (—/ Prdp — g(da > pdp — —o0
R xQ R"XQ
when \ — +00. O

Remark 3. Observe that

min /R D0 vw)dlow) = min(h ()~ g (1)

MiNMa
In fact,
fL(()?an)d:UJ(v,w) -0 if peMinNnMs
R (p) — g* () JL(0,v,w)dpu(v,w) — (—o0) if pe Mpandp & Mo
S +o00 — (0) if p& Miandp e My
+00 — (—00) if pg Miandpu & Ma.

Lemma 18. The function
h(¢) = sup (¢(v,w) — L(0,v,w))
R xQ

1S continuous.

Proof. Let ¢g be an arbitrary, but fixed, function in Cg(R” x ). Suppose
¢n - ¢05 that is ||¢n - ¢0||'y - 0. Let
B.(¢0) = {qb € CS(R” x Q)| |on — ¢l < 5} be the ball of radius € cen-
tered in ¢g. Take ¢ € Be(¢o). Since, limyy| o % = 0, limy,| o, 202 =

y(w)
400 and limj, o % — 0 uniformly on w € Q, given §, M > 0, there

exists R > 0 such that

) 1 if v >R

[v]

\¢0<”’W|<5 if v >R

L<3(”)“’>>M if |v] >R
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Then, for |v| > R,
—p(v,w)—L(0,v,w) =
{—qﬁ(v,w) + ¢o(v,w) N —¢o(v,w)  L(0,v,w)
v(v) ¥(v) v(v)

V()
|v]
when |v| — +o0.
As

(e+d—M)y| - —0

|(¢n - ¢0)(U7w)|
v(v)
we have that, for n big enough, we can choose R in such way that

h((b) = sSup (—(25(?), w) - L(Ov v,w)),
{lv|<R}xQ

—0

[¢n — dolly = sup
R xQ

and

h(¢n) = sup (_(z)n(vvw) - L(O,v,w)).
{lv|<R}xQ

Since the convergence —¢,, — L(0,v,w) — —¢g — L(0,v,w) is uniform on
the compact {|v| < R} x Q, we have

nlLHOIO h(d)n) = lim sup  (—¢n(v,w) — L(0,v,w)) =

" (el <RYXQ
= sup lim (=¢n(v,w) — L(0,v,w)) = h(¢o).
{lo|<RyxQ ">

Thus the lemma is proved. O

The last ingredient of the duality is the Legendre-Fenchel-Rockafellar
Theorem, see for instance [Vil03].

Theorem 19. (Legendre-Fenchel-Rockafellar) Let E be a locally convex
Hausdorff topological vectorial space over R with dual E*. Suppose that
h : E — (—o00,+00] is convex and lower semicontinuous and g : E* —
[—00, 4+00) is concave and upper semicontinuous. Then

min(h* — ¢*) = sup(g — h),

E* E
provided that h or g is continuous at some point where both functions are
finite. It is part of the theorem that the left hand side is a minimum.

Lemma 20. Define the functional, S(¢) = g(¢)—h(¢). Then S is uniformly
continuous in the interior of C.
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Proof. In fact, given € > 0, if ||¢1 — ¢2||y < ¢, that is, —ey(v) < ¢1(v,w) —
¢2(v,w) < ey(v), for all (v, w), then
15(¢1) — S(2)| < {inf~(v)}e.
In particular
supg(¢) — h(¢) = sup  g(¢) — h(e).
¢pec ¢=v-Dzp(0,w)
peC}

B. Proof of Proposition

Proof of Proposition [}, We must prove that the function u, is stationary.
Since L > 0, uy is well defined as an infimum. On the other hand the
stationarity is an easy consequence of the correspondence between the set
of all globally Lipschitz trajectories with initial condition z(0) = z and
the set of all globally Lipschitz trajectories with initial condition y(0) = 0,
given by, {z(t)} — {y(t) = z(t) — z}. In fact,

400
Uq (0, Tw) = inf/ e L(y(t), y(t), Tow)dt
y(0)=0Jo

. Foo —at .
= :p(lor)lix/o e “L((x(t) — ) + z,2(t),w)dt = up(z,w).

In order to prove that u, is a viscosity solution in w, let ¢ : R x 2 — R
be a stationary function such that u(0,w) — ¢(0,w) has a local minimum
(resp. maximum) in w, € § and uq(0,w,) — ©(0,w,) = 0.

Consider a trajectory satisfying 2(0) = 0 such that x(t) is a finite time
minimizing, globally Lipschitz trajectory, for the dynamic programing prin-

ciple , that is,
T
Ua (0,wy) = / e’atL(x(t),x'(t),ww)dt + efaTua(x(T),ww), (20)
0

for T small enough.

Suppose that H(yp,w,) < 0, by continuity there is a neighborhood B of
wy in ©Q and ¢ > 0 such that H(p,w) < —0 for all w € B. Since H(p,w) =
H(0,D;p(0,w),w)+ap(0,w) we have —vD,p(0,w)—L(0,v,w)+ap(0,w) <
—d, for all w € B and v € R™. If we choose v = #(t) and w = 7w, then

x(t)ngo(O, Tz(t)wgo) + L(.I‘(t), 'i‘(t)a wsD) - 0590(35(75)7 ws@) > 51
for0 <t <T.
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Integrating this expression and using %(p(:n(t),w) = @(t) Dpp(0, To(pyw)
we get,

T T
go(O,Tm(T)w@)—cp(O,ww)—i-/o L(:c(t),a%(t),ww)dt—a/o o(x(t), wy,)dt > 0T

Since u4(0,w) > ¢(0,w) in B and u(0,w,) = ¢(0,w,), we have

T T
(0, T 1)) — 1t (0, ) + /0 L((t), (), w,)dt—a /0 o(a(t),w,)dt > 6T,

Using in the last inequality we get,
T
(1- eiO‘T)ua(O,Tx(T)wcp) —|—/ (1 — e ™) L(x(t), 2(t), wy)dt
0

T
- a/o o(x(t), wy)dt > 6T.

Writing
T 1 [T ot .
Ua(oﬂ'x(T)Wgo) + mf ) (1 —e ") L(x(t), 2(t), wy)dt—
T e T
047(1 p— T/o o(x(t), wy)dt > 671 p—y
T 1
and using %iirb [ oaT = o’ we get

)
ua(07wtp) - @(07(“)30) > a

contradicting uq (0,w,) = ¢(0,w,,).

The proof for the maximum case is analogous and so the theorem is
proved. O

C. Proof of Theorem [14]

In this last appendix we give a proof of Theorem Before that we need
to establish some additional results. We note here that we will be using the
techniques in [EGO0I] (see also [BGOS|) adapted to the stationary setting.

Remark 4. Let u, be a viscosity solution in w of , then, because
it is also a viscosity solution in z (Proposition and it is Lipschitz,
D uq (0, Tyw) is defined Lebesgue almost everywhere and

H(ya Dzua(yv w)a w) + aua(y, w) =0,
for Lebesgue almost all y € R™.
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For any probability measure p, we can define a new measure of proba-
bility & in R™ x € given by,

/ (p,w)dfi(p,w) = / $(=DyL(0, v, w), w)dp(v, w).
R xQ R xQ

In this case, the integral holonomy constraint can be rewritten as
[ DHOp.0) - Dapl0.)di.) =0,
R xQ

Vo € CLR" x Q).

Theorem 21. Let u, be a holonomic discounted stationary Mather mea-
sure. Denote the projection in the coordinate w of u, by 6,, that is

[ etwrita = [ olone.

If u, is a viscosity solution of , then Dyuqy(0,w) exists 0,-a.e, and
fo~a.e, p= —Dyua(0,w).

Proof. By the strict uniform continuity of H there exists v > 0 such that
for any p,q,y € R" and w € ) we have

Y
H(()’p, Ty(d) Z H(O,Q,TyW) + DPH(Oa quyw)(p - Q) + §|p - Q|2

Let u® = ux*n, by Remark for almost every w and y, let p = Dyun (0, Tyw)
and ¢ = Dyu, (0,w). Then

H(O; Dzua(oa Tyw)aTyw) > H(07 D:cuz (07 W)a Tyw)
+ D,H (0, Dyug, (0, w), Tyw) (Dypta (0, Tyw) — Dayuf, (0, w))
+am%m@@—m@@@ﬁ

Multiplying by n°(y) and integrating we get

H(0, Do, (0, w), 7)) dy + /
RYL
— D,ug,(0,w)|*n° (y)dy

S H(07Dwua(oaTyw)vaw)na(y)dy
Rn

+ D,H(0, Dyus, (0, w), Tyw) [Dyug, (0,w) — Dy (0, 7yw)] n° (y)dy.
]R’Vl

%|D¢ua(0, Tyw)

n
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Remark (4| implies that, H(y, Dyuq(y,w),w) = —aus(y,w) almost every-
where y. Thus

H (0, Dyug, (0, yw), Tyw)n®(y)dy + % (w) < —aug,(0,w) +ou(e) (21)
Rn
where

5@) = [ F1Dstta(0.70) — Dot 0,70) P (),
On the other hand, the convexity of H, implies that,

y -
[ 2D 00) - pPdjap.)
R xQ

< / H(0, Datif (0, ), ) — H(0, p,w)
R xQ
Dy H(0, p, ) (Dt (0,0) — p)] dfie(p, )

= / H(O,DIUZ(O,w),w)dﬂa(p,w)
R xQ

[ UHO.00) + DHOp.) Do 0.0) = DyH(O.p ) diia(p.)

X

= / H(0, Dyui,(0,w),w) + L(0, =D, H (0, p, w),w)dfiq(p, w)
R x Q)

= / H(O, DZU‘Z(O, w),w)d/}a(p, W) + Ea- (22)
R x Q)

Integrating with respect to & and adding , we get
[ UDa00) - pPdatp) + [ F@)i8() < ofc).
RxQ 2 Q

So, 6, almost everywhere we have Dyuq(0,w) = 1111(1) Dgu,(0,w), in partic-
E—
ular p = D,us(0,w) in the support of fi. O

Theorem 22. Let i, be a holonomic Mather measure for the discounted
stationary Mather problem. If u, is a viscosity solution of , then for
each h € R,

|t (hyw) — 2uq (0, w) + ua(—h,w)| < C|R|?,
0 almost everywhere.

Proof. If h # 0 then we define,

U (T,w) = ug(x + hyw) and Uy (z,w) = ug(x — h,w),
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and @5, (z,w) and @5, (z,w), the corresponding smoothings (see Remark [I)).
Remember that
H(h, D,u;,(0,w),w) + atg,(0,w) < ce,
and
H(—h, Dyu,(0,w),w) + aug,(0,w) < ce.
Thus,
H(0,D,u,(0,w),w) — 2H (0, Dyuq (0, w),w) + H(0, Dy, (0, w),w)
=H (0, D,u,(0,w),w) — H(h, Dyu,(0,w),w) + H(h, Dyug(0,w),w)
+ ot (0,w) — atf, (0, w) + 2au (0, w) — a1, (0, w)
+ au,(0,w) + H(—h, Dyu,(0,w),w) — H(—h, Dy, (0,w),w)
+ H(0, D4, (0,w),w) < 2ce — a (45,0, w) — 2uq (0, w) + 1S, (0,w))
— (D H (0, D, (0, w),w) — Dy H (0, D5, (0, w),w)) h + O(yhP)(.
23

On the other hand the convexity of H implies that

H(0, D,a;,(0,w),w) >H (0, Dyua(0,w),w)
+ D,H (0, Dyua(0,w), w)(Dytg, (0,w) — Dyug (0,w))
+ 21D45,(0,) = Dt (0,w)

and

H(0, Dy4;,(0,w),w) >H (0, Dyus(0,w),w)
+ D,H (0, Dy (0, w), w)(Dyty, (0,w) — Dyug (0, w))

+ 21D215(0,w) — Dauia(0,w) .

Adding these two formulas we obtain the following inequality:
gqm@@@—mwuwﬁﬂm@@@—m%@@ﬁ
+ DpH(0, Dyua (0,w),w)(Dyaf,(0,w) — 2Dpua (0, w) + Dyl (0,w))
< (H(0,D,u,(0,w),w) — 2H (0, Dyun(0,w),w) + H(0, D4, (0,w),w)) .
By we have,
%q&@@m—m%mmﬁﬂm@@w—m%@@ﬂ
+ DpH (0, Dyua (0, w), w)(D,us,(0,w) — 2D5uq (0, w) + Dy, (0, w))
< 2ce — a(ug,(0,w) — 2un(0,w) + 45, (0, w))
— (DaH(0, D5, (0,w), w) — DeH(0, Dyl (0,w),w)) h + O(|h|?).
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Or equivalently,

g (1D25,(0, ) — Dyt (0, )| + | Dyt (0, w) — Dyt (0, w)[?)
+ DpH (0, Dyua (0, w), w)(Dyus,(0,w) — 2D3uq (0, w) + Dy, (0, w))
+ o (7,0, w) — 2uq(0,w) + 45,(0,w))

< 2ce — (DyH(0, Dyiif, (0, w), w) — Dy H(0, Dyif, (0, w),w)) (h) + O<|hf>-)
24

Define, °(z,w) = @, (z,w) — 2uq(z,w) + 45, (2, w), SO can be rewritten
as

% (1D, (0,w) — Datig (0, w)|? + | D1 (0, w) — Dxua(O,w)|2)
+ DpH (0, Dyua(0,w),w) D, 5°(0, w) + af°(0,w)

< 2ce — (D, H(0, D,i5,(0,w),w) — Dy H(0, D05, (0,w),w)) (h) + O(\h(|2)>
25

Applying the inequality

| (Do H (0, Dy, (0, w), w) — Dy H (0, Dy, (0, w), w)) |
<[ D*pxH(0, Dyig, (0,w), w) || - [ Daiig, (0, w) — Dy, (0, w)| - |l

1
g%nyag(o,w) — Dyt (0,w)|* + ;IDxﬂZ(O,w) — Dyig(0,w)|* - |h|?
<7 (1D25(0,0) = Daa (0,)[2 + | Dyt (0,w) = Dytta(0,0)/?)
Lo ,
+ ;\D:cuz(oaw) — Dyag(0,w)[* - |hf%,

to we get,

% (ID47i5,(0,w) — Datin(0,w)[? + [ Dy, (0,w) — Dyt (0,w)]?)
+ DpH (0, Dyt (0,w),w) Dy f7(0,w) + af%(0,w) < 2C(e + |h[?).  (26)
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Consider a function ¥ : R — R, such that ®(s) = ¥'(s) > 0. We can
multiply by ® (B Elg‘)’;‘)) ) and integrate with respect to 6,

/ 7 (|D$ﬂ’2(07w) - D:cuoc(oaw)P
o4

HD.50) - Do) @ (Z 5 ) as

+ [ D0, D001 0,570,000 (2 Y ao

+ [arowe (T ) <aoe+wp) [0 (50 a0, )
We have
0 [ D0 Dutaf0.0).0) D000 (S0 )
:/QDPH(O,Dzua(O ), @)D, xp('f;) (0,w)df = 0.

Thus, can be restated as,
[ ipaz0.0) - Dz, (F 55 ) as
Q

+/ aF(0,w)d (ﬂe‘(}?{f)) o < 20(c + yhy2)/9<1> (66‘(;3'2 )> do. (28)

Define, Ay = {w|Z0¢) < _ )} and consider the function ¥ defined by

|R[2
W(s) = {s if s < =\,

1 otherwise.

Fix a positive constant ~y such that the functions (2, w) = U (z,w) —
7\1’]2 and 5, (z,w) = @5 (z,w) — %|z|? are concave. Observe that a point w
isin Ay only if

Ty ) — 200(0,0) + T(—h,w) < —(A+ )Ih[
Define F&(t) = @&, (t it w). Since F¢ is concave and (F°¢)” < 0 we have
u;,(h,w) — 2u,(0,w) + u (—h,w) > (Dyus,(h,w) — Dyut,(—h,w))h.
Subtracting this inequalities we get,

A+ )R? < 2035 (0,0) = @0 (0,w)| + | Doty (h,w) — Dytig,(—h, w)| [A].
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Since wu, is stationary and uniformly Lipschitz continuous we have
|ug, (0, w) — 1q(0,w)| < Ce. thus we can choose € in such way that

A
‘Dxag(h,CU) - Dmﬂa(_hvw” > (5 + ’7)|h‘

and

A
1Dt () — D (=h,)| = (5 +)hl

Using this estimates in (6) we get

(5 +IRPO(AL) — aABPO(A) < 20(e + [)B(AY)

Observe that, if #(Ay) > 0 then the left hand side of this inequality con-
verges to +0o when A — +00, so there exists a value A\ such that 6(A,) = 0,
that is, —Ao|h|? < @ (7, w) — 2uq(z,w) + @5, (7, w), O almost everywhere.
The upper bound comes from the semiconcavity of u,. Thus there ex-
ists C' > 0 such that |uq(h,w) — 2ua(0,w) + ua(—h,w)| < C|h|%, 6 almost
everywhere, which completes the proof of the theorem. U

Proof of Theorem|[14 Let 6 be the projection of p,. By Theorem
D,uq(0,w) exists f-a.e. On the other hand, fixed w € supp €, Dyuq(y,w)
exists Lebesgue almost everywhere.

We claim that
|ta(y,w) — ua(0,w) + ua(—y,w)| < Clyl>.

This claim is a consequence of Theorem by choosing h = y and of the
semi-concavity of u,. In fact, we have

- C’h’2 S uoé(va) - QUCM(O:‘*‘)) + ua(_va) S C‘h‘za (29)
Ua(y,w) — e (0,w) — Dyua(0,w)y < Cly|, (30)

and
ua(_yaw) - ua(07w) + Dacuoc((),w)y < C’y‘Q‘ (31)

The claim is obtained from and from the difference between and
B1).

Let z € R be a point such that |z| < 2|y|. The semi-concavity of u,
implies that,

U (2,w) < ta(y,w) + Datia(y,w)(z — y) + C|z — y|2. (32)

Using, ua (2, w) = 1 (0,w)+Dyuq (0, w)z+0(]2]?) and ug(y, w) = ua (0, w)+
Dyua(0,w)y + o(ly[?) in (4) we get

(Datia(0,w) = Dyta(y,w))(z — y) < Cly|*. (33)
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Dzun (wa)szua (va)
Dy (O,W) —Dzuq (va)

If we take 2 = y + |y|‘  then we obtain | Dy (y, w) —

Dyua(0,w)] < Cly|. O
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