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Abstract. Quite recently Bolotin and N. developed a variational ap-
proach to the existence of second species periodic solutions for the
nonrestricted 8 body problem [2]. An important part of this paper is
based on an analog of Shilnikov Lemma (also called strong A- lemma)
for hamiltonian systems possessing a non degenerate normally hyper-
bolic critical symplectic manifold. The complete proof of the Lemma
was postponed to a future publication [3]: in this paper we anticipate
a part of the results.

1. Introduction

Consider the plane 3-body problem with masses mi, ma, ms, ms much
larger than mi,mo, i.e. = (my 4+ mg)/ms is a small parameter. Without
loss of generality set

mg =1, mi1=poay, mg=puxz, a1+ ay=1.

Let r; € R? be positions of the bodies m; and assume that the center of
mass is at the origin. Call

qr=7T1—73,q4q2=T2—1T3
the positions of my, mg with respect to ms (Poincaré’s heliocentric coordi-

nates) and let p; = «;7; be their scaled momenta. The motion of my,mg
with respect to ms is described by hamiltonian system (H,):

H,(q,p) = Ho(q,p) + phiq,p), (1.1)
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where
2 2
« «
Hy = |p1] _71+|p2| _ 92
200 |q1] 202 |qof
2
I Ip1 + P2 oo . (1.2)
2 lg1 — g2

In (11) (12)7 q = (Q17QQ)7 P = (p17p2)7 Di S R27 qi S Q’L = ]R2 \ {0} The
configuration space of the perturbed hamiltonian system (H,) is Q \ A,

where

Q=Q1xQs A={¢€Q:q = g}
so that A represents collisions of mi, mg. Therefore uh(q,p) is the per-
turbation of the unperturbed hamiltonian system (Hp) which describes 2
uncoupled Kepler problems.

Close to the collisional set the classical perturbation theory does not work:
h becomes large, and so it can not be ignored even in the first approxima-
tion. However the neighborhood of A is very important to build up special
periodic solutions, the so called second species periodic solutions. The idea
of exploiting the singularity in H,, belongs to Poincaré who only sketched
the proof of their existence.

For small 4+ > 0 but small, the orbits of the 3 body problem can be described
as follows. The bodies mi, my move close to nearly Kepler orbits and
almost collide. After the near collision, they start moving nearly along a
new pair of Kepler ellipses passing through the collision point. If the new
frequencies are still incommensurable, then new Kepler orbits will again
nearly collide, and the process starts again. Considering a periodic chain
of near collisions we can gain a second species periodic solution. Rigorous
proofs of the existence of such solutions appeared much later and only for
the restricted 3 body problem (see for instance [1], [4], [5]) until the existence
of second species periodic solutions for the nonrestricted 3 body problem
has been studied in [2]. To investigate the orbits close to the collisional set
the authors made use of a Lemma which is a generalization of Shilnikov
Lemma [7] to systems with a normally hyperbolic critical manifold. In the
next Section we present the complete proof of the Lemma (see Theorem
(2.1)) and in the last Section we show its application to the 3 body problem.

2. The Shilnikov Lemma

We begin the Section recalling some results of the hyperbolic theory for
systems possessing a non degenerate normally hyperbolic critical manifold
(see [2]).

Let ng,n_,n4 be three positive integers, let r be a positive number, r €
(0,1). Let D be an open subset of R having compact closure and for any
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z € D let BY (z) in R™ be the ball of center z, radius 2r. Let M be a
compact set such that B9 (z) C M for any z € D.

Let Bif C R™* be the ball of center 0 and radius  , set B, = B, x B} and
let X = (Xo,X_,X,) € C*(M x B,,R™ x R x R"). We consider the
system:1

z = X0(27X)
X— = A(Z)X— +X+(Z7X)
X+ = —A@)x+ +Xi(z,x) (2.1)
where x = (x—, x+) € B", z € M. We assume:
X = in A(z) =6 . 2.2
O2(x), min A(z) =6 >0 (2.2)

Then we can perform the time change dr = A\(z) dt and transform system
(2.1) to the system

Z/ == Z0(2:7X)
Xo = x-+Z(zx)
Xy = —X++Z(2,x) (2.3)

where vector field Z has the same properties of X. From now we will refer
to system (2.3).

Let zg € D. The local stable and unstable manifolds W;”"(zg) of system
are represented by C? functions g¢°, f*:

Wie (z0) = {(2: x=, x+) : 2 = ¢ (20, x£), X=
= f""(20,x+), x& € Bj%[}?
720, xx) = O2(xx)s  6°"(20, x2) = 20 + O2(x+). (2.4)
For any x4+ € B; let

77 [0,00) = Wiie(20),
V(1) = 0120, X+) = &7(9°(20, 75 (7)), £*(20,75 (7)), 5 (7)) (2.5)

be the solution of (2.1) on the stable manifold such that v7(0) = x4.

IThis system is highly nongeneric, however it appears in our main applications to
Celestial Mechanics (see [2], [3]).
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Similarly for x_ € B, let
2

7 (=00,0] = Wige(20)
7)) = du(z0,X-) = ¢7(9"(20,72(7)), 72 (7), f* (20,72 (7)) (2.6)
be the solution of (2.1) on the unstable manifold such that v*(0) = x_.
We recall that %, v* satisfy:

Vi(r) = eyt /Te-T+Gz+<vs(e>>de
0

@ = - [ ez

6 = w0 [ " Zo(r°(6))do

V) = / T (1(0))d6

—0o0

Vi) = TRt /0 T (4 (0))db

W) = 2+ / Zo(+"(6))d6 (2.7)

—00
and the estimates:
WD < ClRele™, ()] < Cr2e™, [y5(7) — 20l < CrPe™, 720
Wi < Cr?e?T, (7)) < CIR-|eT, (1) — 20| < Cr?e®™, 7 <0
(2.8)
where C' is a positive constant.?
Now we state the main Theorem:

Theorem 2.1. There exists v € (0,1) such that for any zy € D, for any

couple X—, X+ such that |x+| = § and any T' > 1:

e There exists a unique solution
Y1) = (0(7),7-(7),74(7)) E M X By, 7€ [T, 1]
to system (2.83) such that
0(0) =2,  ¥=(FT) =X (2.9)
Furthermore ~ smoothly depends on (20,X—,X+,1") € D x B x
[1,00).

2From now onward C is the biggest of all possible constants entering in the inequalities
of this section.
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o We have the following representation of :
Y1) = (T + 1) + (=T + 1) + V(20, X—s X4, 7> T"), (2.10)
where v5.(0) = X+, v4(0) = X— and V is C? bounded on D x B, X
x[=T",T'"] . Moreover there exists a positive constant C' such that
V < CT'e T'r2. More precisely:

Vo < Cr2T'e 2T Ve < Or2e 2T, (2.11)
The solution + is said to be a connecting solution to system (2.3).

Remark 2.1. Of course, coming back to the original time t we gain the
same results for system(2.1). To be explicit, setting (t) = ~(7(t)) and
analogous for ", we get from (2.10) the result:

:Y(T) = :YS(T +t) + :Yu(_T—i_ t) - (207070) + ‘7(2,07>A(—7>A(+7t7T)7 te [_T7 T]v

(2.12)
T’ !
do T ~ -
T= / = 1+ 0(r?)), Vo < Cr2Te 2Ty,
o @) A O
< Crle” 2G0T (2.13)
Proof. The proof of Theorem (2.1) is divided in two steps.
2.1. First step. Fix 7" > 1 and consider the boundary conditions
z2(0) = =z
X-(T") = x-
X+(=T) = x4 (2.14)
The equivalent integral version of the problem is:
Ar) = e+ [ Zoe(s) xe)ds
0
T Tl
X-(r) = e{e " x—— [ e Z(2(s),x(s))ds}
W) = TRt [z )

Consider the Banach space X

X = {¢ = (¢07 ¢—a ¢+) € CO([_TlaT/]7R2n) :
maX{maXTE[—T’,T’] ’¢O(T)|7maXTE[—T’,T'] |p+(7)|} < oo}}
(2.16)
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with the uniform norm

191l :=max{ max  |go(r)l, max |é=(r)l}

Te[-T", 1" Te[-T",T]
Then consider the closed subset of X

X = {Qb S
(i) @o(r) e M, |pL(1)] < 2re~ 1" cosh T, Vrel-T,T,
(1) ¢0(0) = 20, ¢+ (FT') = X+ }. (2.17)

Solution of system (2.15) is obtained as the fixed point in X of the map
T : ¢ — ¢, acting on X, and defined by:

i) = =0+ [ Za(ots)is

~ , T’

o_(1) = eT{eT)Z_—/ e *Z_(¢(s))ds}

G = TRt [ eZuds). (2a8)
First of all we prove

T:X — X,. (2.19)
We recall:

max{|Z(z, x)|, |D-Z(z,x)} < C‘XP»%%UDXiZ(Z’XN} < Clx| (2:20)

where C'is a positive real constant. Therefore for || < T" we have :

Tl
/ e | Z_(¢(s))]ds < Cr2e T coshr

/ e T Zu(p(s))|ds < Cr?e T coshr, (2.21)
T
and
6+(T)| < 2e7T coshr{|Xx| + Cr?} < r(1+2C7)e " coshr.
(2.22)
Moreover
I7|
[ Zatoto)s| < St sinb2ir| + 7). (2.23)
0

Finally thanks to (2.22) and (2.23) considered for r small enough, recalling
also that Vzo € D we have B,(z9) € M we get

T:X — X,
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Consider now ¢ = (¢o, ¢—, ) and ¥ = (o

their images through 7, ¢ = (¢o, ¢—, d4), ¥
account (2.20) we have:

() — $(r)|
T/
< orfer / {16 (5) — ()] + |64 (5) — 4 (s)]]ds

s [ 09— v-(5)]+164(5) — v ()lds)

T

v )~belonging to X, and

e
= (40,9, +). Taking into

7]
+ Cre’ T / cosh s|go(s) — tho(s)|ds

0
< 2Cr|lo —4|l. (2.24)

Therefore if r is small enough the map 7 is a contraction and we get in X
the fixed point 7(-) = ¢ (|a) = (0(-|a), 6" (-/a), 7= (|a)), where
a= (207 )%—7 >A<+7 T/)

The proof for continuous and differentiable dependence on a follows by
taking into consideration the variational equations of (2.15) (see [3]). O
2.2. Second step. Let wus introduce the following function
A e CY[-T",T",C*(M x B,)):

A(r) =4(1) =7 (r+T") = +"(r = T") + (20,0,0). (2.25)
We take the following norm for A(7):

|A(T)] = [y4(7) =9 (T +T7) =25 (r = T'))
+1y(T) =T+ TT) =42 (7 = T)]

+ vo(7) =5 (r +T7) - 76‘( —T') + 2. (2.26)
We recall that from (2.17), (2.2 ) we have
ye(r)] < 2reT
[70(7) — 20| < 20T2€2(|T| N, rel-1,1. (2.27)

Moreover, considering 7, (6):
M(O) = M (0) + (1 = Ny (0 +T), A € [0, 1],
from (2.20) we have:
0z

S O(6)] < Cr2e T2,
z

| 07,
Ox+

(3a(0)] < Cre™THOL (2.28)

S&o Paulo J.Math.Sci. 6, 2 (2012), 351-363



358 P. Negrini

Therefore if o € {0, —, +} we have:

|Za(1(8)) = Za(y*(0 + T'D]| < Crel! =T {|7,.(6) — %0 +T"))|
+2(0) =2 (0 +T")] + [0(6) — 8,(9+T’))I7“e'0' ™1,

|Za(4(0)) = Za(v*(0 = T < Crlel=T{|7.(8) = 7£(0 — T"))]
+Z(0) =20 = T)] + [0(0) — 78(9—T’))|7‘€'9“T)}-

Consider 7 € [-T",0] and set:

Ao(r) = /OT[Zow(e)H / Zo(y"(0 —T')) + /°°ZO<78<9+T’>>1d0

—0o0

+ /OO e 0Z_(*(0+T"))do

'/

i) = = [ eTIZ0) - 2o 6+ T)) - 24276~ )9
+ / T g 0 — T, (2.30)

We start with the evaluation of Ag(7). We have:
0 0
B0l < [ 1Z02(0) — Zor* O+ N0 + [ |Zaf*(0 +1)1do
T 0
[ 1zl - Tlas

<Cr /0{6_(9+T){|’Y+(9) = 71O+ T + [7-(0) = v2(0 + T")[ }d6
+ ;’?”26727‘
<o L AW + (0 - T  llre 4T
+ YO =T 4+ 4(0 — T')|}dO + Cr2e T, (2.31)
Taking into account the properties of v* we get the conclusion:

|Ao(7)| < oﬂ{/o et A6)|dO + (7] + 1)e 2T}, (2.32)
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Consider now A_(7). We have

-
[A-(7)] < / " Z-(4(8)) = Z-(*(0 + T")) — Z-("(6 — T"))|d¥

+Cr2e™ T < I + I + Cr2e™ T (2.33)
where
0
L= / T2 (4(0)) — Z_(+*(0 + T"))|dB
T/
b= [ eNZG0) - 2o~ (230)
0
Let us show how we can estimate I;. We have:
0
ho< O [ @ T 0) -0+ 1) (2.35)

£ E(0) =120+ T+ ho(8) — 16(6 + T)lre™*+D) }p
0
< Or [ T NG+ O - T+ 0 - T)

+ 1" T 0 +T)) — 20| }db. (2.36)

Again taking into account the properties of v*%, we get the conclusion:
I <Cr / ’ 2T A(9)|dO + Cr2e 2T (2.37)
In analogous way we obtl:ain the estimate for Iy
L < CreT / " |A@)|d6 + Cr2e?T (2.38)
Finally we obtain ’
L<Cr / D 0T | A )] 4+ Cr2e2T (2.39)

T

In the same way we obtain the estimate for Is:
L < Cre T / " IA0)] + Cr2e 2", (2.40)
In conclusion we get the result: ’
) < e ) + / NG

+ Cr?e M 7 e -T,0]. (2.41)
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Finally we go to Ay (7). We have:

B0 [ eTHIZ ) - Zee O+ TdO + O (242

and in the same manner as before we gain the result:

AL (7)< Or / e AB)| + Cr2e ™ 1 e [<T',0l.  (2.43)

For 7 € [0, 7] similar inequalities are obtained interchanging the roles of
(@ + T') and ¢“(@ — T') in (2.30). Finally, denoting by
M = max c_p 71 |A(T)], we obtain:

[Ao(7)] < CrPM(T'e™™) + Cr?T'e "

IAL(T)] < CrM 4+ Cr2e 2" (2.44)

for any 7 € [=T",T']. Then for r small enough we get the result:
|Ao(r)| < CrPTe™?"
IAL(T)] < Cr?e T, (2.45)
([

3. The application to the three body problem

In this section we show how results Section (2) can be applied to the H,
hamiltonian system.

We perform the symplectic change of variables (q1, p1, q2,p2) — (z,y,u,v):
T = o1q1+a2q2, Yy =p1+p2, U=q¢—q
v = QP2 — Qopi. (3.1)

The variables (u,v, z) are a version of Jacobi’s variables. In the new vari-
ables the hamiltonian takes the form
1+ 2 v|? o o o
H, — A+ plyl” | [l 1 2 1 (3.2)

2 200 Jowu—z| Joqu+a|  |ul’

where we denoted o = ajae. Consider negative energy F.

Collisions of m1, mo with nonzero relative velocity correspond to the region
Mg where

5 2] < FE
Physically, K is the Hamiltonian of motion of the center of mass of the
bodies m1, mo when they are glued together, forming a single body of mass
a1 + ag = 1 which moves according to Kepler laws. The bodies mq, mso

K(z) = > 1
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collide if K < FE (if this is not the case, relative motion of planets is
impossible). We introduce the function A(z) = E'— K(z), define a function

§ of E (for instance §(E) = 3[V/E2 +2 + E]) and consider the compact
region Dp € Mpg:

DE:{ZGMEt)\(Z)>(5 |LU‘ 25}
Then we perform the Levi-Civita regularization on the fixed energy level

Yr = {H = E}, identifying u,v € R? = C with complex numbers and
making the symplectic change of variables

n
g(&un)z):(u7v7z)7 u:§27 v:?57 fﬂ?ec
In the new variables (&,7, z) the hamiltonian H,, becomes

g WAyl W e e opa
g 2 8alé]?  agf? -z |2+ [§F

Orbits of system (H,,) with energy E are transformed into orbits of system
(H,), whose regularized hamiltonian is

A Il 1€? aq an (14 p)lyl?
e L iy > + -
|aag? — x| | €2 + 2

B 8a2 «a
(3.3)

and p is the new energy. To eliminate this dependence, one solves the
equation H, = p for p = H(§,n, 2) in a tubular neighborhood U of Dg
obtaining H:

_ (In? €2 |2 €2|y|? -1
i) = (5 = 5 (P4 i + it — ) (12 9625)
(3.4)

The level sets of H and ﬁu are the same in U:
S, NU={H,=p}nU={H=p}nU

and the orbits of system (H,) with energy E which are near collision of
m1,my are transformed into orbits of system H with energy u. Introduce
the new variables x = (x—, x+):

X+ = 2(6V2Mz)a —m, L/ 2M(z)a — n2)
X— = 2(&V2M2)a+ 01,820 (2)a+1n2), z € Dg. (3.5)
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After a suitable rescaling of time the hamiltonian system reduces to the
system (2.1) having the energy first integral of the form:

H = —(X+,x=) + Q2 x=, x+)
Q(Z7X—7X+) = OQ(X—aX-‘r)' (36)
We have to find connecting solution lying on the energy level set u therefore

we select time T” so that the corresponding connecting solution ~ in (2.10)
lies on the level set . To this purpose we consider the equation:

Hly = 1 (3.7)
that is , )

e {{Xe, X-) + O3(X) + e R(X-, X4, T')} = oo (3.8)
(with R(X—, X+,T") = O2(X), uniformly with respect to 7").

We set
r

’," . .
)A(Jr = 5619+’ )A(f = 56167, 0= 9+ - 977

R(qy,p_,T") = r*C(r,04,0_,T"),
G being a bounded function, and we write equation in the form

/ 1 /
r2e” " {cos 9(1 +e "G 0.,0_,T") +O1(r)} = u. (3.9)

Assume cos := e > 0, write u = ker?, k being a non negative parameter,
so that (3.9) becomes:

e_QTI{% + 1e_TlC(r, 0+,0-)+ Ol(r))} = k.
€ €

The Lh.s. of the equation is a monotone decreasing function of T”, for
T’ > 0. Therefore there exists a function 7" = T"(k), which uniquely solves
the equation in a right neighborhood of k£ = 0. Moreover lim;,_,q+ T"(k) =
Q. O
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